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Complex Numbers and Functions 


I.1 Definition 


Exercise 1.1.1. Express the following complex numbers in the form x + iy, where 
x, y are real numbers. 


(a) (—1 + 3i)" (b) +i) —1) 

(c) (1+ ii — 1) (d) G@ — 1) —1) 

(e) (7+ mila +i) (f) (2i + 1)ri 

(g) (W2i)(r + 3i) (h) @ + 1G — 2) + 3) 


Solution. (a) 3} — 4i. (b) 2. () —1 + 3i. (d) —1 + 3i. (©) 62 + i(7 + 7”). (f) 
—2n + in. (g) -3V2 + 2V2i. (h) —8 — 61. 


Exercise 1.1.2. Express the following complex numbers in the form x + iy, where 
x, y are real numbers. 


(a)(1+iy (sz (c) $4 (d) x5 
(e) # Ces; (8) $5 (h) 5 


Solution. (a) 4 — ti. (b) 3 — Hi. © 24 4. @ 24 4i.© 1-1. 34+ gi. 
(g) J + 3i. (hy 5S} - bi. 
Exercise 11.3. Let a be a complex number # 0. What is the absolute value of 
a/a? What is a? 
Solution. Let a = a + ib. Then 

a atib _ a* — b? + 2abi 

@ a-—ib  ar+b? 
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so 


E r _@—b)? +4ab? — (a2 +b?) 
= (a2 + b2)2 = (a2 + b2)2 aay 


Moreover, 


@=a—ib=a+t+ib=a. 
Exercise 1.1.4. Let a, B be two complex numbers. Show that aB = @B and that 
a+B=a4+B. 
Solution. Suppose a = a + ib and B = c + id. Then 
a@B = (a — ib)(c — id) = ac — bd — i(ad + bc) = ap, 
and 
@+B=a—ib+c—id=(at+c)—i(bb+d)=a+tPB. 


Exercise 1.1.5. Justify the assertion made in the proof of Theorem 1.2, that the 
real part of a complex number is < its absolute value. 


Solution. Suppose z = x + iy. Then 
wr<xty’, 

and taking square roots we obtain the inequality 
|Re(z)| < IzI. 


Exercise 1.1.6. [fa = a + ib with a, b real, then b is called the imaginary part 
of a and we write b = Im(a). Show that a — @ = 2i Im(@). Show that 


Im(a) < |Im(q@)| < la]. 
Solution. We have 
a-@=a+ib—a+ib=2ib. 
The first inequality is obvious, while the second inequality follows from 
Im(a)” < Re(w)” + Im(@)’. 
Exercise 1.1.7. Find the real and imaginary parts of (1 + i)!®. 


Solution. Since (1 +i)? = 2i we have (1 +i)! = 25759, But i5° = (—1) = -1 
so 


(1 +i)' = -2%, 
Exercise 1.1.8. Prove that for any two complex numbers z, w we have: 
(a) |z| < |z— wl + |w| 


(b) |z| — |w| < |z — wv] 
(c) |z| — |w| < lz + wv] 


1.2 Polar Form 3 
Solution. All three inequalities are obtained by writing z = z — w + w and 
applying the triangle inequality. 


Exercise 1.1.9. Leta = a+ ib and z =x + iy. Letc be real > 0. Transform the 
condition 


|z-—al|=c 


into an equation involving only x, y, a, b, and c, and describe in a simple way 
what geometric figure is represented by this equation. 


Solution. By definition we see that |z — a| = c is equivalent to 
VQ -aP +(y—byY =e, 
so the above equation describes the circle of radius c centered at a. 


Exercise 1.1.10. Describe geometrically the sets of points z satisfying the 
following conditions. 


(a) |z-—i+3|=5 (b) |z-i+3|>5 
(c)|z-—i+3| <5 (d)|z+2i| <1 
(e)Imz>0 (J Imz>0 
(g)Rez>0 (h)Rez>0 


Solution. (a) Circle of radius 5 centered at i — 3. 

(b) Complement of the closed disc of radius 5 centered at i — 3. 
(c) Closed disc of radius 5 centered at i — 3. 

(d) Closed disc of radius 1 centered at —2i. 

(e) Open upper half plane. 

(f) Closed upper half plane. 

(g) Open right half plane. 

(h) Closed right half plane. 


1.2 Polar Form 


Exercise I.2.1. Put the following complex numbers in polar form. 

(a)l+i (b) 1 +iV2 (c)-3 (d) 4i 

(ell —iV2 (f) —5i (g) —7 (h)-1 i 

Solution. (a) /2e7 (b) Let 6 € [0, 277) be the angle such that cos @ = 1 /V3 and 
sind = J2/73. Then 1 +i/2 = : V3e"*. (c) 3e'” (d) 4e7 (e) If 6 is as in (b), 
then 1 — i/2 = /3e!2-9) (f) 5e°F (g) Tei™ (h) V2". 


Exercise 1.2.2. Put the following complex numbers in the ordinary form x + iy. 

(a) esin (b) e2in/3 (c) 3ein/4 (d) ne it 

(e) e2in/6 (f) en in/2 (g) e7in (h) ein/4 

Solution. et ) 1418 (©) +15, @$-iPO}+iZO-i® 
—1(h) -% gti w 
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Exercise 1.2.3. Let a be a complex number 4 0. Show that there are two distinct 
complex numbers whose square is a. 


Solution. Suppose a = re'?. Then the two solutions to z2 = a are /re!“?/) and 
Jrei™+#/2). See Exercise 6. 


Exercise 1.2.4. Let a + bi be a complex number. Find real numbers x, y such that 
(x +iy)? =a + ib, 
expressing x, y in terms of a and b. 


Solution. Since (x + iy)? = x? — y? + 2ixy we have x? — y? = a and 2xy = b. 
Taking absolute values we also get x” + y? = Ja? + b?. These three equations 
imply 


2 at+va?+b? > vart+b?-a 


and therefore 


a+VJa?+b? : Va? +b*—a 
x= err Tas and y= (sign b) a 


solves our problem. 


Exercise 1.2.5. Plot all the complex numbers z such that z" = 1 ona sheet of 
graph paper, for n = 2, 3, 4, and 5. 


Solution. The equation z? = 1 has two solutions, 1 and —1 which we plot as 
stars. The equations z? = | has three solutions, 1, e?‘/3 and e**‘/3 which we plot 
as dots. 

The equation z‘ = 1 has four solutions, 1, i, —1 and —i which we plot as stars. 
The equation z> = 1 has five solutions, 1, e27'/5, e47!/5, e6*!/5 and e8*'/5 which 
we plot as dots. (See figure at top of next page.) 


Exercise 1.2.6. Let a be a complex number # 0. Let n be a positive integer. Show 
that there are n distinct complex numbers z such that z" = a. Write these complex 
numbers in polar form. 


Solution. We use the expressions z = re’? and a = se'¥. Then the equation 
z" = @ is equivalent to 
zn = rend = sel? 

hence 

n 

a a 

s 
Taking absolute values we get r" = s. Moreover nO — y must be an integral 
multiple of 277, so the set of solutions of the equation 2” = a is 


5 = [smei(B), simei(E+ 4), gtimel(Ero-08)) 


1.2 Polar Form 5 


Exercise 1.2.7. Find the real and imaginary parts of i'/*, taking the fourth root 
such that its angle lies between 0 and 1/2. 


Solution. Since i = e'"/? we see that we want to find the real and imaginary parts 
of e'*/8, Hence 


1+cos 2 1 2 
R pl/4) en ee a A Es SI 
ei’) 008 5 mi 5 a 

[1 — cos = 1 2 
Im(i!/*) = sin = = 3 — ri 2 


Exercise 1.2.8. (a) Describe all complex numbers z such that e* = 1. 
(b) Let w be a complex number. Let a be a complex number such that eX = w. 
Describe all complex numbers z such that e* = w. 


and 


Solution. (a) If z = x + iy where x and y are real, then e? = 1 is equivalent to 
e*e'Y = 1. Taking absolute values we see that e* = 1 hence x = 0 and therefore y 
must be an integral multiple of 277. Conversely, any complex number of the form 
2rki withk € Z is a solution of e? = 1. 

(b) The number w is nonzero because e* = w and therefore 

et = a — has —1 
e* w 

hence by (a) we must have Re(z) = Re(@) and Im(z) — Im(q) must be an integral 
multiple of 277. We can also express the solutions of e? = w independently of a. 
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Writing w = re!® and z = x + iy we see that 
x=logr and y=06 (mod 27). 
Conclude. 
Exercise 1.2.9. Ife? = e”, show that there is an integer k such that z = w+2rki. 
Solution. Writing z and w in the form a + ib we find after taking absolute values 
that 
eRe) — Rew) ang eilm@ — gi lm) 


therefore Re(z) = Re(w) and Im(z) — Im(w) is equal to an integral multiple of 
27, as was to be shown. 


Exercise 1.2.10. (a) If 0 is real, show that 
i0 4 ,-i0 id _ ,-i0 
cos 9 = a and sind = — 
(b) For arbitrary complex z, suppose we define cos z and sin z by replacing 0 with 
z in the above formula. Show that the only values of z for which cosz = 0 and 
sin z = 0 are the usual real values from trigonometry. 


Solution. (a) The two formulas follow from 
e!? +e? = cosO +i sind +cosé —isin@ = 2cos0 


and 


el? 6 


—e7? = cos6 + isin — cos@ +i sind = 2i sind. 


(b) If cos z = 0 then by definition we get e'? + e~!? = 0. Multiplying this equation 
by e!? and writing z = x + iy we obtain 
2i(x+iy) ix 


—-l=e =e Ye 


Taking absolute values we get y = 0 and therefore x = 2/2 (mod 7) as was to 
be shown. The equation sin z = 0 is equivalent to e'? — e~'2 = 0 hence e7/? = 1. 
Letting z = x + iy and arguing as we did before, we find that x = 0 and y = 0 
(mod 7). 


Exercise 1.2.11. Prove that for any complex number z # 1 we have 


etl oy 
ltzte-42"5 
z—1 
Solution. This formula follows from 
(Z-DU+zte¢ 2) H=2t 7H —1-z—-- 2" 
= zt! a]: 


Exercise I.2.12. Using the preceding exercise, and taking real parts, prove: 


_ 1, sin +1/2)6] 
1 + cos6 + cos 26 + ---+cosné = 2 + 2sin(6/2) 


1.2 Polar Form 7 


for0 <@ < 27. 


Solution. The real part of the sum )-j_o(e!*)* is 1 +cos 6 +-cos 20 +---+cosnd. 
The formula of the preceding exercise gives 


ye" = ei@tle _ 4 z eiln+1/2)0 _ 9—i9/2 
_ ~ gf 1 gid /2 _ 9-6/2 
eifm+1/2)0 _ 9—i0/2 


2i sin(9/2) 
oe 16/2 = ei(n+1/2)6 


2 sin(6/2) 
The imaginary part of e~'9/2 — ef"+1/299 is sin(—9/2) — sin{(n + 1/2)0], whence 


sin(6/2) + sin[(n + 1/2)6] 


1 0 26 +:--> 6= ; 
+cos6 + cos 26 + + cosn 2sin6/2 


and the desired formula drops out. 


Exercise I.2.13. Let z, w be two complex numbers such that Zw # 1. Prove that 


oii <1 if|z| <1and|w| <1, 
1—Zw 

Z—wWw 

——j=1 i =1 =1. 
low if |z| = 1 or |w| 


(There are many ways of doing this. One way is as follows. First check that you 
may assume that z is real, say z = r. For the first inequality you are reduced to 
proving 


(r —w)(r —w) < (l—-—rw)(1 — Tw). 


You can then use elementary calculus, differentiating with respect to r and seeing 
what happens forr = 0 andr < 1, to conclude the proof.) 


Solution. If z = re’® we make the substitution w < we!® and we find 


re’? — wei? r—w 


’ 


1 — re-9 wei? l-rw 
SO we may assume that z is a real number 0 < r < 1. We want to show that 
(r—w)(r —w) < (1 -—rw)(1 —rw) 


with = if and only if 7 = 1 or |w| = 1. We expand both sides, make the necessary 
cancellations and move all the terms to the right to see that the above inequality is 
equivalent to 


0<(1—r?\(1 — ww), 
hence 


0<(1—r7)(1 — |w)?). 
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Conclude. 


1.3. Complex Valued Functions 


Exercise 1.3.1. Let f(z) = 1/z. Describe what f does to the inside and outside 
of the unit circle, and also what it does to points on the unit circle. This map is 
called inversion through the unit circle. 


Solution. The inversion is defined on the complex plane minus the origin. If 
z = re’® then 
= 1-10. 
z or 
Let V = C—D, in other words, V is the complement of the closed unit disc. From 
the above formula we find we see that the image of D under the inversion is V and 
conversely, the image of V under the inversion is D. 
If r = 1, then 1/z = e~® so the image of the unit circle is the unit circle. 


Exercise 1.3.2. Let f(z) = 1/Z. Describe f in the same manner as in Exercise 1. 
This map is called reflection through the unit circle. 


Solution. The reflection is defined on the complex plane minus the origin. If 
z =re'®, then 


— 1 Lie 
F@) = ~e 


so if V = C — D, then we see that f(D — {0}) = V and f(V) = D — {0}. 

If r = 1, then f(z) = e!® so the image of the unit circle is the unit circle. 
Exercise I.3.3. Let f(z) = e?"'*. Describe the image under f of the set shaded in 
the figure on the facing page, consisting of those points x + iy with -} <x< 5 
and y > B. 

Solution. If z = x + iy, then 
f(z) = e2titxtiy) = e2hi p2mix 


But —} <x< 5 so —m < 2mx <7 and y > B so —2zy < —27B. From the 
above expression we see that the absolute value of f(z) is e~?"” and the argument 
of f(z) is 21x. So the image of the shaded region under f is the closed disc of 


radius e~?** minus the origin. 


Exercise 1.3.4. Let f(z) = e?. Describe the image under f of the following sets: 
(a) The set of 2 = x + iy such thatx < landO<y<n. 
(b) The set of z = x +iy such that 0 < y < x (no condition on x). 


Solution. If z = x + iy, then 


f(z) = et = e* el”, 
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So the absolute value of f(z) is e* and the argument of f(z) is y. 

(a) The image of the given set is the closed upper half disc of radius e minus the 
origin. 

(b) The image of the given region is the closed upper half plane minus the origin. 


1.4 Limits and Compact Sets 
Exercise 1.4.1. Let a be a complex number of absolute value < 1. What is 
lim, oo &" ? Proof? 
Solution. We write w = re’? with 0 < r = |a| < 1. Then 
Jor") = |r%e!9) =p", 

and since lim,_,.. r” = 0 we conclude that 

lim |a”| = 0, 

n—>00 
and therefore 

lim a” = 0. 

n> 00 
Exercise 1.4.2. If |a| > 1, does limy—.o. a" exist? Why? 
Solution. We write a = re!® with |a| = r. Then 

ja"| =r" 

SO |a”| — 00 asn — ov so the limit 


lim a” 
n->0O 
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does not exist. 


Exercise 1.4.3. Show that for any complex number z # 1, we have 


gti -—1 


l+zt-e-¢27= 
z—1 


If |z| < 1, show that 
: 1 
lim (1+ z+---+2") = ——. 
n-00 1-—z 
Solution. We have 


(2-4 zt--- $27 HZte- $e gz" —-1az--. 2" 
St A, 
so if z 4 | the first formula drops out. If |z| < 1, then 
lim gt = 0, 
n->0oo 


so 


F 1 
lim (1 +z +--+ +2") = —— 
n—00 1-—z 


as was to be shown. 


Exercise I.4.4. Let f be the function defined by 


= li : 
f() dim Tents 


Show that f is the characteristic function of the set {0}, that is, f(0) = 1, and 
F(z) =0ifz £0. 

Solution. We clearly have f(0) = 1. If z 4 0, then |z| 4 0 and for all large n we 
have 


1 
In?z +1) > n?\z] -1> 5M lel, 


so for all sufficiently large n we have 

1 | 2 
— < __—.,. 
nz+1 2Iz| 


Therefore f(z) = 0 as was to be shown. 


Exercise 1.4.5. For |z| 4 1 show that the following limit exists: 


Ff) = lim, (E = ‘). 


Is it possible to define f(z) when |z| = 1 in such a way to make f continuous? 


1.4 Limits and Compact Sets 11 


Solution. Suppose |z| < 1, then 


z"—1 22" 
—~(-1)| = 
2 +1 ) z +1 es 
asn — oo, so f(z) = —1. If |z| > 1 then 
nm] 
-1]= 20 
ged lz" + 1| 


asin — oo, so f(z) = 1. From these results we see that we cannot define f(z) 
when |z| = 1 so as to make f continuous. 


Exercise 1.4.6. Let 
? 2" 
f@) = lim ie 
(a) What is the domain of definition of f, that is, for which complex numbers z 
does the limit exist? 
(b) Give explicitly the values of f(z) for the various z in the domain of f. 


Solution. If |z| < 1, then z” + O0asn — ooso f(z) = 0. If |z| > 1, then 
f(z) = 1 because 


n 
z+ \z" + 1| 
as n —> 00. 

We now investigate what happens on the unit circle. Let z = e!® withO < 6 < 
2nx.Then 1 +z" =1+e"®, so if @ = 0 we immediately get f(z) = 1/2. 1f 6 #0 
then 

end 1 
and since e~”? goes around the circle we cannot define f at the points z = e’® 
with 6 # 0. So if Q denotes the unit circle minus the point 1, we see that the 
domain of definition of f is the set C — Q. 


f= 


Exercise 1.4.7. Show that the series 


ic.) gil 

» (= 2" — 21) 

converges to 1/(1 — z)* for |z| < 1 and to 1/z(1 — z)* for |z| > 1. Prove that the 
convergence is uniform for |z| < c < 1 in the first case, and |z| > b > 1 in the 
second. [Hint: Multiply and divide each term by | — z, and do a partial fraction 
decomposition, getting a telescoping effect.] 


Solution. (i) Let U, = z"/(1 — z")(1 — z"*!) and let D(z) = (1 — z")(1 — 2"*!). 
Then 


ve z"(1 — z) _ 1 S| 
"~~ D@yl-z) 1-zl D@) 


12 I. Complex Numbers and Functions 


1 ke =D d= ~] 


~T=zl G—-2yd—2"* 


- 1 1 i 1 
Tp gz J — zt! 1—z"]° 


. 1 1 1 
UES | — 
> P= Yes fe eal 
and therefore 
n k-1 
z 1 1 1 
Sn(z) = a ee a gg ee 
(z) ee ery aah =| 
If |z| < 1, then 1/(1 — z"*') + 1 asn — oo and therefore S,(z) > 1/(1 —z)* as 
n — oo. If |z| > 1, then 1/(1 — z"+') > Oasn > oo so S,(z) > 1/z2(1 — 2). 
(ii) Suppose |z| < c < 1. A little algebra and part (i) imply that 
1 1 
(1 — z)? z(1 —z) 
But |1 — z”*!| > 1 — |z|"*! > 1 —c"*!, so we get the estimate 


1 c 
i 
~1—cl—c"™! 


gti 


Sn(Z) — 


1— ntl 


Sn(Z) — 


1 
(1 —z)? 
for all z in the region |z| < c < 1. Nowc” — O hence the convergence is uniform 


in the region |z| < c < 1. 
If |z| > b > 1, then 


1 


1 grt 


1 1 
eget Sa SS 
~ b(b— 1) b"t! -1 


1 1 
ee ae a es 


and b"*! —» oo, so the convergence is uniform in the region |z| > b > 1. 


1.6 The Cauchy—Riemann Equations 


Exercise 1.6.1. Prove in detail that if u, v satisfy the Cauchy—Riemann equations, 
then the function 


f(z) = fx +iy) = u(x, y) + iv, y) 
is holomorphic. 


Solution. The Cauchy—Riemann equations are 


1.6 The Cauchy—Riemann Equations 13 


We use the notation of the section. Let ¢ = $4 — i$*. Then using the Cauchy- 


Riemann equations we find that f(z + w) — f(z) — ¢w is equal to 


[cx +h,y+k)—u(x, y)- ah - “a 


a 
+i [vee hy 44) = whey) = ae ay ; 
Ox dy 
which we can rewrite as 
\(h, k)lou(h, k) + il(h, k)lo2(h, k) 
where limi,4+0,0) 1(4,k) = O for i = 1,2, because both u and v are 
differentiable. For w 4 0 near zero we let 


o(w) = wh oi(w) + io2(w)). 
f(z+w) — f(z) -— Cw = wo(w) 


where lim,,.9 o(w) = 0. This proves that f is holomorphic at z. 


Il 


Power Series 


II.1 Formal Power Series 


Exercise II.1.1. Give the terms of order < 3 in the power series: 


(a) e* sinz (e) = 
(b) (sin z)(cos z) (f, ae 
(ce) (lee 
(d) <=2082 (h) e%/ sinz 


Solution. (a) e? sinz = z+ 27 + (—4 + 4) z + higher terms. 
(b) (sin z)(cos z) = z (—2 -t)2 ee higher terms. 

(c) a =1+3+3 st + ~ + higher terms. 

(d) =! = 14 (44 2) 2+ 32" + higher terms. 

(e) _— = 14 4224 + (3 + + +) 24 + higher terms. 

(f) 982 = 2+ (3 = n)z + higher terms. 

(g) 2 = 74 (1 — 1) z* + higher terms. 


cos Z 
(h) e*/sinz = 241+ (4+ 5)2+ $2 + (gy — + ah td) o + higher 
terms. 


Exercise 19.1.2. Let f(z) = )oa,z". Define f(—z) = oa (-z)" = 
>> an(—1)"2”". We define f(z) to be even if a, = 0 for n odd. We define f(z) 
to be odd if a, = 0 for n even. Verify that f is even if and only if f(—z) = f(z) 
and f is odd if and only if f(—z) = — f(z). 
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Solution. Suppose f is even. Since a, = 0 for n odd and (—1)" = 1 if n is even, 
we get 


f(-2) = Yo an(-1"2" = DS an(-I"'2" = YO anz" = FQ). 


Conversely, suppose that f(—z) = f(z). This implies that 


Ye" an" = Yo ay2" 


hence 2 >>, ogg @nz” = O which implies that a, = 0 for all n odd. 
When f is even, a similar argument proves the desired statement. 


Exercise 11.1.3. Define the Bernoulli numbers B,, by the power series 


co 
Zz - By n 
e—1 2» nt 
Prove the recursion formula 
B B B,- 1 ifn =1, 
ee cco es pe aes if 
ni0! (n—1)!1! I!~m — 1)! 0 ifn > 1. 


Then Bo = 1. Compute B,, B2, B3, By. Show that B, = 0 ifn is odd F# 1. 
Solution. We know that e? = )-™, z"/n!, so 

ee een 

e—1 eyet/nt g(a + DY 


Therefore by definition of the Bernoulli numbers we have 


I= bee Hin + ») (3: 2") 


Since we are multiplying power series we can use the formula given in the text so 


that 

> B, = ifn =0, 

too Kn -k +1)! 0 ifn > 0. 
Let m = n + 1 and conclude. Using the above formula we get By} = —1/2, 
By = 1/6, Bs; = 0 and By = —1/30. To show that B, = 0 ifn is odd # 1 we use 
Exercise 2. Let 


f= aera 


This eliminates the first term of ioe power series which defines the Bernoulli 
numbers, hence f(z) = Yoni 4:2". Some straightforward computations show 
that 
-l+e@+e7%-1 
= ———————_ = 0. 
IQ) Lee) 8 2a ea 
Conclude using Exercise 2. 
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Exercise I1.1.4. Show that 
z e2/? + et? 


& yee Bon zn 
laa Ss era (ny! ° ; 
Replace z by 27 iz to show that 


(2n)*" 
(2n)! 


co 
mzcotmz = ) (—1)" Bon 2" 
n=0 


Solution. In Exercise 3 we proved that 


oO 
= z z Bon 2 
1A sere = DS ami? 
n= 


We rewrite f as 


zf- 2 0 eI Sees ese 
fm=-|(—— +1 —__ 
2\ez-1 ~ Qet—1 2e/2—e-? 


Combining these two results we obtain the desired formula. Replacing z by 27iz 
in the left hand side of the above expression we obtain 


28 4 ei8 2 Bon or 
0149 _ 910 = a nyt ote) 


where 6 = zz. Euler’s formulas imply cot@ = ite and the desired formula 


drops out. 


Exercise II.1.5. Express the power series for tanz, z/sinz, zcotz, in terms of 
Bernoulli numbers. 


Solution. Replacing 7 z by z in the last formula obtained in Exercise 4 we get 


zcotz = yt Dt oa Baae™ 


The power series for tan z is obtained by using the above formula together with 
the identity 


tan z = cot z — 2cot2z. 


We find 


gen ic g2n 
stan = - 1)" a y! Bonz”. 


The constant term is 0, so 


Q2n 1 —Q2n 
tne = 1)" ae rl Braet! 
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Finally we find the power series expansion of z/ sin z. The trigonometric formula 
we use is 


2z 
sin 2z 


= 2zcot z — 2zcot 2z. 


The above results then imply 


nen(2 — 92 n) 
=e Gar oat 


sin = 


Replacing 2z by z we find 


—_ = 1 eee ge 
sin z = Onl (2n > Bani 
Exercise II.1.6 (Difference Equations). Given complex numbers ag, a), Uy, Uz 
define a, forn > 2 by 
An = UjAn—| + U2Qn-2. 
If we have a factorization 
T? —ujT —u. =(T —a\(T—a), andaxa', 
show that the numbers a, are given by 
a, = Aa" + Ba” 
with suitable A, B. Find A, B in terms of ag, a,, a, a’. Consider the power series 
Ce 
F(T) = 0 a,T". 
n=0 


Show that it represents a rational function, and give its partial fraction 
decomposition. 


Solution. The existence of A and B is proved in the next exercise. Since A+ B = 
do and Aa + Ba’ = a, we conclude that 
a, —a’a aap — ay 
A=———— and B= ———. 
a—a’ a—a’ 


If we consider the power series F(T) = )-°-.9 GnT”, we can write 


foe) oe) 
F(T) = > Aa"T" + )> Ba" T" 


n=0 n=0 
CO foe) 
=A)@T)! +B) @TY 
n=0 n=0 
A B 


{aT a l-—a’T 
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This gives us the desired representation of F as a rational function namely 
A+B -— Aa'T — BaT 
(1 —aT)(1 —a’'T) 


Exercise II.1.7. More generally, let ag, ..., a;—; be given complex numbers. Let 
uy,..., U4, be complex numbers such that the polynomial 


P(T) =T" —(uyT" | +--+ +u,) 


has distinct roots a, ...,a,. Define a, forn > r by 


F(T) = 


An = UjAn—-) + +++ +UyAn-p. 
Show that there exist numbers A,,..., Ay such that for all n, 
a, = Ajay +---+A,ar. 


Solution. The reader can find a solution to this exercise in the appendix of Lang’s 
book. Here we give another argument. 


Let (X) be the system 
Ag = Xi +--+ +X, 
Qy = XQ) + +++ +X-a, 
Gy = xy! ++ + x,a7! 
Since a,..., @, are distinct, 
1 wae 1 
Qa) eee a, 
= [|e — aj) 
ifj 
ai! oe an! 
is nonzero (this is the Vandermonde determinant), so (X) has at least one solution, 
say (A},..., A,). Now let S,, be the statement 
r 
an = > Agty . 
k=1 
By construction, So,..., S--1 are true. Suppose S, (n > r — 1) is true for all 
n < N. Then 


an+1 = Udy +--+ + UyAn+1-r 
= uy(AjoN +---+ Apo) +--+ +, (Aral tt 4.--+4+ Apa tt’) 
= Ayal aya! +++ tp) +e + Ara uyay! +++ + ur) 
= AjoNt 4.0.4 Apa! 


where this last equality follows from the fact that P(a;) = 0 forall 1 <i <r.So 
Sy 41 is true, and by induction we conclude that S,, is true for all n > 0. 
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II.2 Convergent Power Series 


Exercise II.2.1. Let |a| < 1. Express the sum of the geometric series 
oO 
Le 
n=1 
in its usual simple form. 


Solution. We simply use a geometric series 


m+1 


a atl 
PE rrr 
a—1l 


and since |a| < 1 wehavea”*! + Oasm — 00,80 )-, @” = a/(1 — a) which 
is the expression we want. 


Exercise 11.2.2. Let r be a real number, 0 < r < 1. Show that the series 


es) es) 
y rein? and » pit gin® 
n=0 n=—00 


converge (6 is real). Express that series in simple terms using the usual formula 
for a geometric series. 


Solution. We can use the comparison test because |re!®| = r and in Exercise 1 we 
showed that )~ r” converges. The expression of the series in simple terms is given 
by the following manipulation and the usual formula for the geometric series, 


(oe) CO : A ] 
eres a (re'®) caer INET C 

1—re! 
n=0 n=0 


The second series converges for the exact same reasons the first series converged. 
To express the second series in a nice way we split the sum, 


s plnleind = oe nly inO ae yr n ind =) ortenint +4 Sorrei™ 
n=-0 n=—0O n=0 n=! 
so that 
oo ; 1 rei? 
De rinlein? = =e + 70" 
<= 1—re 1—re 
Exercise 11.2.3. Show that the usual power series for log(1 +z) or log(1 —z) from 
elementary calculus converges absolutely for |z| < 1. 
Solution. We have 


2 aa 0° DES 
z (—1) co 
log(i+z)=z——+---+—~— 
og(1+z)=z Re eee ae 
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Taking the logarithm and using an elementary limit we find lim,_,..(1/n)!/" = 1, 
so the radius of convergence of the above series is 1. Clearly, the proof and the 
result is the same for log(1 — z). 


Exercise II.2.4. Determine the radius of convergence for the following power 
series. 


(a) \in"2" (b) So z"/n" 
(e) 0202" (d) 2 (log n)*z" 
(e) 2-"2" () one" 

(3) 2" (8) te 


Solution. In all of this exercise we let a, denote the coefficients of the power 
series which we are dealing with. 

(a) Since |a,|!/" = n it follows that the radius of convergence is 0. 

(b) In this case we have |a,|!/" = 1/n so the radius of convergence is 00. 

(c) We have |a,|'/" = 2 so the radius of convergence is 1/2. 

(d) For all large n,1 < logn < n holds sol < |a,|!/" < n?/". Since 
limy+o0n2/" = 1 (take the logarithm and use an elementary limit) we conclude 
that the power series has radius of convergence equal to 1. 

(e) Arguing like in (c) we find that the radius of convergence is equal to 2. 

(f) The radius of convergence of the power series is 1 because of the limit 
limyo0 n?/" = 1. 


(g) By Stirling’s formula, n! = n"e~"u,, with limy,_.00 uy!” = |. Then we see that 
no-n I/n 
la,|/" = (* e “) = enlyl/n 
n" 


which implies that the radius of convergence is e. 
(h) Using the notation of (g) we get 


3n ,—3n 3 I/n 
n-"e""u 1 
lal" = (ee) 7S> S 


(3n)"e-3"u3, 33 
so the radius of convergence of the power series is 27. 


Exercise 11.2.5. Let f(z) = )- anz" have radius of convergence r > 0. Show that 
the following series have the same radius of convergence: 

(a) Y) na_z” (b) Yon? anz" 

(c) > n4anz" for any positive integer d (d) SS Nn Zz"! 


Solution. We are given that )~ a,z" has a strictly positive radius of convergence 
so it is sufficient to investigate the limit of the term next to a,. We show that ir all 
four cases, the limit is 1. We do (c) first. We have 


log(n?/") = awe" >0 


asn — 00, So limy_,9.n7/" = 1. Letd = 1 or d = 2 to get (a) and (b). For (d) 
we want to find the radius of convergence of the power series }-¢-.9(1 + 1)n412". 
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We can write 
1 
(+ Dlaneil" = (2 + DVM fag g 1 [OPPO 
so the desired result follows. 


Exercise I1.2.6. Give an example of power series whose radius of convergence is 
1, and such that the corresponding function is continuous on the closed unit disc. 
[Hint: Try >" /n?.] 


Solution. The power series )~z"/n* has a radius of convergence equal to 1 


because 
; 1 I/n ; 1 2 
im, (=) = lim, (=z) a 1. 


To show that )~1/n? < 00 we can either use the integral test with h(x) = 1/x? 
or use the fact that 1/n? < Ein — 1) and that the partial sums of >> 1/n(n — 1) 
are telescopic. Let f,(z) = z"/n? and let D be the closed unit disc. Then on D we 
have 


Il fall < 1/n? 


for all n, where || - || denotes the sup norm on D. So the series > fn converges 
uniformly on D. Since the partial sums are continuous and the convergence is 
uniform, we conclude that the limit function, namely the power series )> z”/ n?, 
is continuous on D. 


Exercise II.2.7. Let a, b be two complex numbers, and assume that b is not equal 
to any integer < 0. Show that the radius of convergence of the series 
yo +1)---(@ uum, 
bb +1)---(b+n) 
is at least 1. Show that this radius can be oo in some cases. 
Solution. First, note that if a is equal to some negative integer, the series has only 


finitely many terms, and in this case the radius of convergence is oo. Suppose a is 
never equal to some negative integer. Let 


_ a(at+1)---@+n) 
" bb+1)++-(b+n) 
which is never equal to 0. Then 
_latat+l [ati 
Jbt+n+1) | + | +1] 


and the above ratio converges to 1 as n — oo. This concludes the proof. 


Cn+1 
Cn 


Exercise II.2.8. Lez {a,} be a decreasing sequence of positive numbers approach- 
ing 0. Prove that the series )~ anz" is uniformly convergent on the domain of Z 
such that 


\z| < land |z—1| > 6, 
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where 5 > 0. [Hint: For this problem and the next, use summation by parts.] 
Solution. Let 7,(z) = > foo az* and S,(z) = )~t_» z*. The summation by parts 
formula gives 


n-1 


Tn(Z) = OnSn(2) — > Se(z)(@e1 — ax) 


k=0 
hence if n > m some straightforward computations show that 


n—-1 


Tn(Z) — Tm(Z) = Gn(Sn(Z) — Sm(2Z)) + Se (Sk(Z) — Sm(Z))(@k — Ge-+1) 


k=m+1 


Summing a geometric series we find S,(z) = (z"*! — 1)/(z — 1), so using the 
assumption that |z| < 1 and |z — 1| => 6 we get the uniform bound |S,(z)| < 2/5 
for all n. Therefore |S,,(z) — Sn(Z)| < 4/6 for all m and n. Putting absolute values 
in the above displayed equation and using the triangle inequality and the fact that 
{a,} is positive and decreasing we get 


4) adres 
ITn(2) — Tm(2)| S ans + 5 22 (ak — 4x41) 
=m+1 
Sabah ) 
= ans 5 Am+1 an 
4 


= T4m+1- 


5 


Since dm — 0 as m —> oo we conclude that the series }*a,z" is uniformly 
convergent in the domain |z| < 1 and |z — 1| > 6 of the complex plane. 


Exercise 11.2.9 (Abel’s Theorem). Let )-”°.) az” be a power series with radius 
of convergence > \. Assume that the series er a, converges. Let0 < x < 1. 


Prove that 
[e,2} fc.¢] 
lim ) a,x" = ) an. 
lim Df anx" = Yan 
n=0 n=0 
Remark. This result amounts to proving an interchange of limits. If 


n 
k 
Sn(X) = Yo ax , 
k=1 
then one wants to prove that 
lim lim s,(x) = lim lim s,(x). 
nO x1 x>1n->0o 


Solution. Let f(x) = 772, axx*, A = po ay and A, = )-y_; ax. Consider 
the partial sums 


n 
Sn(x) = yas 
k=1 
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We first prove that the sequence of partial sums {s,(x)} converges uniformly for 
0 <x <1. Form <n, applying the summation by parts formula, we get 


n n—-1 
Sn®) — Sm(x) = DD hag = x"(An — Amt) + D> (Ag — Ama) = x4), 
k=m+1 k=m+1 


There exists N such that for k,m > N we have |Ay — Am+i| < €. Hence for 
0 <x <1landn,m > N we have 


n-1 


Isn(x) — Sm(x)l Sete DD = x*) 
k=m+1 


=e+ e(x™*! _— x") 
< 3€ 
This proves the uniform convergence of {s,(x)}. 
Now given €, pick N as above. Choose 5 (depending on N) such that if |x —1| < 
6, then 
|Sw(x) — An| <€. 
By combining the above results we find that 


Ife) — Al < | FQ) = Sn(*)| + In) — sw X)| + [sw (x) — An| + 1Aw — Al 
< IF) = 5n%)| + 5e 
for alln > N and |x — 1| < 4. Fora given x, pick n so large (depending on x!) 


so that the first term is also < €, to conclude the proof. This argument is in the 
appendix of Lang’s book. 


Exercise II.2.10. Let }° an,z" and )- b,z” be two power series, with radius of con- 
vergence r and s, respectively. What can you say about the radius of convergence 
of the series: 


(a) Y'(@n + bn)z" (b) >) Anbn2"? 


Solution. (a) The triangle inequality implies 


m m m 
Yo lan + Bal lzl" << S> lal Il" + D> [bal Izl". 
n=0 n=0 n=0 


If |z| < min(r, s), then )\(a, + b,)z” converges, so we can say that the radius of 
convergence of this last series is > min(r, s). 
(b) Since lim supu,v, < (limsupu,)(lim sup v,) it follows that the radius of 
convergence of the series )° a,b,2” is > rs. 


Exercise 1.2.11. Let a, B be complex numbers with |a| < |B|. Let 
fF) = D2 Ga" — 56")2". 


Determine the radius of convergence of f(z). 
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Solution. By Exercise 10 we see that the radius of convergence of the series is 
at least 1/|B|. We contend that this radius of convergence is exactly 1/|6|. Let 


an = 3a" — 5B". Then 
3 [a\" : 
5 \B 


and since |a/B| < 1 we have lim |a,|'/" = |B| thereby proving our contention. 


lan| = S|B|" 


Exercise 1.2.12. Let {a,} be the sequence of real numbers defined by the 
conditions: 


ag9=1, ay =2, and a, =4n,-1;+Q,-2 forn>2. 
Determine the radius of convergence of the power series 


(oe) 
Pane" 


n=0 
[Hint: What is the general solution of a difference equation? Cf. Exercise 6 of §1.] 
Solution. This exercise is a special case of Exercise 13. 


Exercise I1.2.13. More generally, let u,, uz be complex numbers such that the 
polynomial 


P(T) =T* —u,T — uz =(T — a)(T — a2) 
has two distinct roots with |a,| < |a2|. Let ao, a, be given, and let 
An = UjAn-; +U2an-2 forn > 2. 
What is the radius of convergence of the series )- a,T" ? 


Solution. We solve the difference equation as was done in Exercise 6, §1 of this 
Chapter, so that we find 


Gn = Aoi + Bory 
where A and B are complex numbers determined by ao, a), a; and a2. Then 
A {ai \" 
= (22) ae 
B (*) i 
But |a /a2|" — Oso |a,|!/" — |a2|. Therefore the radius of convergence of the 
series )\ aynz" is 1/|a2|. 


lan| = Blo” 
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Exercise 11.3.1. (a) Use the above definition of log z for |z — 1| < 1 to prove that 
exp log z = z. [Hint: What are the values on the left when z = x is real?] 
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(b) Let zo # 0. Leta be acomplex number such that exp(@) = Zo. For |z—Zo| < |Zol 
define 


logz = f (= -1) +a. 


Prove that exp log z = z for |z — zo| < |Zol. 


Solution. (a) For x real we have the usual series 


oe) se 
logx = > = (x—1)" forO<x <2. 


n=1 


We know that exp log x = x for all x > 0, so if z is real and |z — 1| < 1 then 
explogz = z. 


Combined with a translation to the origin, the uniqueness theorem (Theorem 3.2) 
implies the desired result. 
(b) The given inequality implies that |z/zo — 1| < 1, so by (a) 


exp log z = («ws (2 - 1)) ‘(expa) = ~ 2 =z. 
20 Zo 
Note that we have used the fact that exp(z; + Z2) = (exp Z1)(exp Z2) which can be 
easily proved using the uniqueness theorem twice. 
Exercise II.3.2. (a) Let exp(T) = )-p-.9 T"/n! and 


log(l +7) = )\(-D'T*/k, 
k=1 


show that 
explog(1 + T) =1+4+T and logexp(T) = T. 


(b) Let h,(T) and h2(T) be formal power series with 0 constant terms. Prove that 
log((1 + A,(T))(1 + ho(T))) = log(1 + Ai(T)) + log(1 + A2(T)). 
(c) For complex numbers a, B show that log(1 + T)* = alog(1 + T) and 


(+70 +T) =a +7)". 
Solution. (a) For all real numbers x > —1 we know that 
explog(l+x)=1+x 
so by the uniqueness theorem we have 
explog(1+7)=1+T. 
Since log e€xpx = x whenever x is real, we conclude that 


logexpT = T. 
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(b) To prove this assertion, we first note that substituting power series in part (a) we 
find that exp log(1 + h(T)) = 1 + h(T) for all power series h(T) with 0 constant 
term. Therefore 
exp log((1 + hi(T))(1 + ha(T))) = exp log(1 + hy(T) + ho(T) + hi (T )ho(T)) 
=1+h\(T)+ h2(T) + hi(T)h2(T) 
=(1+h\(T))0 + ho(T)) 
= exp log(1 + 41(T)) exp log(1 + h2(T)) 
= exp(log(1 + 41(T)) + log(1 + h2(T))) 
So log((1 + Ay(T))C + ha(T))) and log(1 + 41(T)) + log(1 + h2(T)) differ by a 
constant multiple of 277i. Evaluating at 0 we find that this constant is 0. 
(c) If @ is real, then for all real T we have the identity log(1 +7)* = a log(1+T), 
so when a is real, we have equality.of the two power series in T. Now log(1 + 
T)* is a power series with real coefficients which we may consider polynomials 
in a, namely log(1 + T)* = )\a,(a)T" where a,(a) are real polynomials in 
a. Similarly, a log(1 + T) is also a power series in T whose coefficients are 
real polynomials in the variable a, say, a log(1 + T) = >_ b,(a@)T". Then, since 
a, (a) = b,(a) for all real a, this equations also holds true for all complex a. Hence 
log(1 + T)* = a log(1 + T) for all complex a. 
Since (1+ 7) = 1+h.(T)and(1+T) =1 +hg(T) where hg(T) and hg(T) 
are power series with 0 constant term, we get from (b) 


log((1 + T)*(1 + T)*) = log(1 + T)* + log(1 + T). 
Since log(1 + T)* = @ log(1 + T) we find that 
log((1 + T)*(1 + T)*’) = wlog(1 + T) + Blog(1 + T) 
= (a + B)log(1 + T) 
= log(l + T)*t?. 
Exponentiating gives the desired result. 
Exercise II.3.3. Prove that for all complex z we have 
ez + ez elz = e7iz 
cos Z = a and sinz = aac tae 
Solution. We use the power series expansion of the exponential: 
; foe) zn ; [o.e} zt 
iZ on iz yyy 
=) ii a and e ea 1)"i = 
n=0 n=0 
Adding these two series we obtain 
zn ie.) zon 
iz 1 me. -2n ifn 
ev+e%= ZF ie pe Qn! > 20S Z. 


Use the same argument to prove the formula for the sine. 
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Exercise 11.3.4. Show that the only complex numbers z such that sinz = 0 are 
z = kx, where k is an integer. State and prove a similar statement for cos Z. 


Solution. By the previous exercise, the equation sin z = 0 is equivalent to e’* = 
e~? or simply e7 = 1. Writing z = x + iy where x and y are real we find that the 
equation sin z = 0 is equivalent to e7*e~” = 1. Since e”/* has absolute value 1 it 
follows that e~2” = 1 so y = O. Therefore the real part of z must verify e”* = 1, so 
x = kn withk € Z. For the cosine the exact same argument shows that cos z = 0 
if and only if z = km /2 where k is an integer. 


Exercise II.3.5. Find the power series expansion of f(z) = 1/(z + 1)(z +2), and 
find the radius of convergence. 


Solution. We use partial fraction decomposition to modify the expression of f, 
namely 


1 wed De ee 1 1 1 
(z+1(z2+2) z+l z+2° 1-(-z)) 21-(-2/2) 
The formula for the sum of a geometric series implies that for |z| < 1 we get 


f@= Diet - ; Ly 
Pa God 
-$[er-S]e 
=Y- pt (1- =i) 2". 
1 


Since lim sup (1 — 5a \ ” = 1, the radius of convergence of the power series is 
1. 


Exercise 11.3.6. The Legendre polynomials can de defined as the coefficients 
P,,(a) of the series expansion of 


1 
fD= (-tart ie 


= 14+ Py(@)z + Po(w)z? +--+ + Pr(a)z” +++. 
Calculate the first four Legendre polynomials. 


Solution. Squaring both sides we get 


ee -(Srex") = 2 aleve 


where Po(a) = 1 and d,(@) = )-y 9 Pn(a) Pn—x(o). Hence 


1 = (1 — 2az +2’) (3: itor) 


n=0 
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foe) foe) fo.e} 
= > d,(a)z” — 2a ye dy(a)z"t! 4 > d,(a)z"t2 
n=0 n=0 n=0 


= do(or) + (di (oe) — 2ordo(a)) + Y°(dn(r) — 2ordy_1(a) + dy(o))2”. 


n=2 
We get the recursive formulas 
do(a) = 1 
di (a) — 2ado(a) = 0 
dy (a) — 2ardn—1(@) + dy(a) = 0 
which allow us to find the desired Legendre polynomials. We find P\(a) = a, 


P,(w) = 5 (3a? — 1), P3(w) = $(5a3 — 3a) and for the fourth polynomial we find 
Py(a) = 3(35a* — 30a? + 3). 


Note. It can be shown that P,(w) = 54; D" [(a? — 1)"]. 


2"n! 


11.4 Analytic Functions 
Exercise II.4.1. Find the terms of order < 3 in the power series expansion of the 
function f(z) = z2/(z — 2) atz = 1. 
Solution. To find the expansion we must modify the expression on f. We write 
2=[(2-1) +1P =@-1%+2¢-1) +1 
and 
g-2=—()-(=— 1), 

so that we find 

ie.2} 

f@=(@-1° +2@-N)4 0 (- Yoe- »') 

k=0 

Therefore the beginning of the power series expansion of f is 
-1-(1+2(z2-D-+2+D@-1% —(4+24+1-D?. 


Exercise II.4.2. Find the terms of order < 3 in the power series expansion of the 
function f(z) = (z — 2)/(z +3)(2 + 2) atz = 1. 


Solution. We use partial fraction decomposition to get 


But 
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4 


and the same method shows that 
4 4 1 1 1 
oe 1 ee — 1 a: _ 1] 2 rae atl 1 3 hs . 
z+2 3 ( 3% + Be ) 33% a ) 


Therefore we find that the beginning of the power series of f at 1 is 
5 4 5 4 5 2 5 4 ; 
=--)-(s-ys 1 -1*-(—- = — 1). 
G 4) (3 )@- + (5-3 p)e-D) wa R)E-Y 


1.5 Differentiation of Power Series 


5 1 1 1 
=F (1-je-p4 Be-vP- Be- V+.) 


In Exercises I through 5, also determine the radius of convergence of the given 
series. 


Exercise 11.5.1. Let 


yon 
f= se On! 
Prove that f"(z) = f (2). 


Solution. The ratio test implies at once that the radius of convergence is oo. Let 
8n(Z) = 27" /(2n)!. Then 


an ant 1¢q) wz 202N =V an-2 
8n(Z) = Qnyi and = g,(Z) = “Ont | ee 1(2), 
which implies that f(z) = f”(z). 
Exercise I1.5.2. Let 
oo zn 
f@= ny? 


Prove that 


2 f'"(z) + ef (2) = 427 f (2). 


Solution. By the ratio test we see that the radius of convergence of the series is 
oo. Differentiating we find 


2n(2. 1 
fi@= ey at genni and f'O= ys ~ a ) an? 


so that 
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and 
HW S. 2n(2n — 1) 5, F 
2 f"2) = SGT on 3 ae —zf'@) 


Therefore 


n” = 1 n 
2y @+sO=4y ee =4) Gap ee 


n= 


as was to be shown. 


Exercise IT.5.3. Let 


5 z! 


3 
Zoi 
f@Mat-Z+sr-s 
Show that f'(z) = 1/(z* + 1). 

Solution. Since lim sup(1/n)!/" = 1 the radius of convergence is 1. Differentiat- 

ing term by term we get 
Pe Te eee ee 
= 1—(-z?) 142?" 


Exercise I1.5.4. Let 


Prove that 
ZI" (2) +2 (D+ 2I(Zz) =0 


Solution. The ratio test implies that the radius of convergence is oo. Let S(z) = 
22 J"(z) + zJ'(z) + 27 J(z). Then differentiating term by term, some elementary 
manipulations show that 


= (-1)” 
S(z) = Le + 2n + 2n(2n - Derm 
= ye + 4n?) Cont a 
However 
(—1)" yn = (-1" xm (iy 2n 
(2 + 4n°) on 222" * re (niy222"* piace (n— IpQe0-n* 


so we have a telescopic sum, which implies that S(z) = 0, as was to be shown. 


Exercise I1.5.5. For any positive integer k, let 


2. (-1)" Z\2ntk 
Ji) = > n\(n +k)! (5) ° 
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Prove that 
T(z) + 2Ii(z) + (22 — PAZ) = 0 
Solution. The ratio test implies that the radius of convergence is oo. Let 
(—1)" 

22ntknl(n + k)! 
Differentiating term by term we find that the coefficient of z2"** in the sum 
ZI 2) + 2I{(z) + (2 — k)J(Z) is 

= a,(2n + k)(2n +k — 1) + a,(2n +k) + ay_1 — ka, 

= (4kn + 4n?)a, + an—1 


But dp—1/an = —4n(n + k) 0 27S (z) + zz) + (22 — k?)(z) = 0 as was to 
be shown. 


an = 


Exercise I1.5.6. (a) For |z — 1| < 1, show that the derivative of the function 


— _ _ ~ on n-1%— 1) 
logz = log(1 + @ — 1) = Dy 


n=1 


is 1/z. 
(b) Let zo # 0. For |z — zo| < 1, define f(z) = Y(—1)""((z — z0)/z0)"/n. Show 
that f'(z) = 1/z. 


Solution. (a) Differentiating term by term we find that 
(logz)' = > paige =— = at 
Buk >t-EG=i) 2 
(b) Differentiating term by term we find that 
oO ay n—1 n-1 
, (-—1)” (-— ~ 
(oly = Ss “ (2-1) 
n=1 20 n=] 
oe Cee, | 
~ zg1—(z/~-1) 2 


II.6 The Inverse and Open Mapping Theorems 

Determine which of the following functions are local analytic isomorphism at the 
given point. Give the reason for your answer. 

Exercise II.6.1. f(z) = e? atz =0. 


Solution. By definition we have f(z) = > z"/n! and f’(z) = f(z), so f’(0) = 
1 #0. Therefore f is a local analytic isomorphism at 0. 


Exercise 11.6.2. f(z) = sin(z”) at z = 0. 
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Solution. For all z near zero we have sin(z”) = sin((—z)*) so there does not exist 
and open ball around 0 such that the given function is an analytic isomorphism in 
this ball. 


Exercise I1.6.3. f(z) = (z — 1)/(z — 2) atz=1. 

Solution. We write z — 2 = —(1 — (z — 1)) so that for all z near 1 we have 
f@=-@-D)[l+@-D+@-1% +++] 

so that f’(1) = —1. This proves that f is a local analytic isomorphism at z = 1. 

Exercise 11.6.4. f(z) = (sinz)* at z = 0. 


Solution. For all z near 0 we have (sin z)* = (sin —z)* and therefore f cannot be 
a local isomorphism at 0. 


Exercise 11.6.5. f(z) = cosz atz =. 


Solution. For all real x near 0 we have cos(z — x) = cos(x + x) so f is nota 
local analytic isomorphism at 0. 


Exercise II.6.6 (Linear Differential Equations). Prove: 


Theorem. Let ao(z), ..., ax(Z) be analytic functions in a neighborhood of 0. As- 
sume that ao(0) # 0. Given numbers co, ..., Cx—1, there exists a unique analytic 
function f at 0 such that 


D'f(O)=c, forn=0,...,k-1 
and such that 
ao(z)D* f(z) + ay(z)D*" f(z) +++» + ax(2) f@) = 0. 


[Hint: First you may assume ao(z) = 1 (why?). Then solve for f by a formal power 
series. Then prove that this formal series converges. ] 


Solution. The solution of this exercise is in the appendix of Lang’s book but for 
the sake of completeness we will repeat the argument here. Since a(0) # 0 we 
must have a(z) 4 0 in a neighborhood of 0 which shows after dividing through 
by do that we may assume ap = 1. We change notation a little to be in accordance 
with the appendix of the book. In fact, we prove the following 


Theorem. Let p be an integer > 2. Let go, ..., 8-1 be power series with complex 
coefficients. Let ao,...,@p-1 be given complex numbers. Then there exists a 
unique power series f(T) = > a,T” such that 


D? f = gp-DP'f +--+ B0f. 
If go, ..., 8p—1 converge in a neighborhood of the origin, then so does f. 


The coefficient a, (n > p) of f will be determined inductively and uniquely. 
Then we prove that the power series )~ a,z" converges in a neighborhood of the 
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origin. Proceeding formally we see that 


ioe) 


D? f(T) = Yinn — 1)---(n —pt 1a,T"?, 


n=p 


and therefore putting m = n — p, we get 


0° 
D? f(T) = ) (m+ pm + p—1)-+- (n+ Vana pT™. 
m=0 
Similarly, for every positive integer s with 0 < s < p — 1 we have 


co 


D f(T) = ok + sk +s —1)+- (e+ DagsysT*. 
k=0 


It will be useful to use the notation [k, s] = (kK+s)(k+s—1)-:-(K+1)fors > 1 
and [k,s] = lifs =0. 
Next we write down the power series for each g,, say 


8. . 
a= Soba jT!. 
j=0 


Then 
gsD° f(T) = Di csmT” where cm = > ky Slacisbsj- 
k+j=m 
Hence once we are given do, ..., @p—_; we can solve inductively for a,, in terms of 
ao, .--,4m—. and the coefficients of g),..., gs by the formula 
-1 
Com tes + Cp-1, f [k, s] 
Om+p = ps. a a fae Cee a Axa sds, j (2) 
[m, p] 0 ttFem [n, Pl 
which determines a,,, p uniquely in terms Of ao, ... , @m4p—1,Ds,1,-- ++ Dszm- Hence 


we have proved that there is a unique power series satisfying the differential 
equation. 

Assuming that the power series go,..., 8p-1 Converge, we must now prove 
that f(T) converges. We select a positive number K sufficiently large > 2 and a 
positive number B such that 


lag] < K,..., lapl <K 
and for alls =0,..., p — 1 and all j we have 
[bs j| < KB. 
We prove by induction that for m > 0 we have 
lam+p| < 2p"! K?K™ B™. (3) 


The standard m-th root test for convergence then shows that f (7) converges. 
We note that the expression (1) for cs, m and hence (2) for dm+p have positive 
coefficients as polynomials in ap, a), .. .and the coefficients b,, ; of the power series 
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gs. Hence to make our estimates, we may avoid writing down absolute values by 

replacing b, ; by K B/, and we may replace ao, ...,ap—1 by K. Then all values 

Qm+p (m > 0) are positive and we want to show that they satisfy the bound in (3). 
Observe first that forO0 < k < mand 1 <s < p —1 we always have 


Tks) 
[m, im, pl ~ = 


Hence the fraction [k, s]/[m, p] will be replaced by 1 in the following estimates. 
Now first we estimate a,,4, with m = 0. Thenk + j = 0,sok = j = 0 and 


p-l 
2 
aps Ds > A+sDs,j < pK 
s=0 k+j=0 


as desired. Suppose by induction that we have proved (3) for all integers > 0 
and < n. Then 


p-l 
Onsp <> >> Aessbs,j <p. 2! p"K?K* | BEKB! 
s=0 k+j=n k+j=n 


ao So KK BB! 
k+j=n 
n 
< BPA hay KR? >> K*B" 
k=0 
< Pe dy eae B" 


which is the desired estimate. We have used the elementary inequality 


ey R= ee ats kM? 2K", 


which is trivial. 
Exercise II.6.7 (Ordinary Differential Equations). Prove: 


Theorem. Let g be analytic at 0. There exists a unique analytic function f at 0 
satisfying 


fO)=0 and f'(z)=8(f(2)). 
[Hint: Again find a formal solution, and then prove that it converges. ] 


Solution. Again, the proof is in the appendix of Lang’s book, but we repeat the 
argument for sake of completeness. 
Let g(T) = >> T* and write f(T) with unknown coefficients 


f(T) = Yo anT™. 
m=1 
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Then f(T) = )\ ma,T"—! = Y\(n + 1)an41T”. The given differential equation 
has the form 


CO 
Yin t Vang T” = bo + bi f(T) + bof (TY +++. 
n=0 
Equating the coefficient of T” on both sides, we see that a; = bo, and 
(n + 1)an41 = Pr(bo,---, Dns ai,--+, 4n) 


where P,, is a polynomials with positive integer coefficients. In particular, starting 
with a; = bo, we may then solve inductively for a,4; in terms of a;,..., @, for 
n > 1. This proves the existence and uniqueness of the power series f(T). 

Assume next that g(T) converges. We must prove that f(T) converges. Let By 
be positive numbers such that |by| < B,, and such that the power series G(T) = 
d By T* converges. Let F(T) be the solution of the differential equation 

F(T) = G(F(T)), 
and let F(T) = > An» T™, with A, > 0 and |a;| < Ay. Then 
(n + 1)An41 = P,(Bo, Sane Bis At, Coa 3 An), 


with the same polynomial P,,. Hence |a,41| < An+i1, and if F(T) converges so 
does f(T). 
Since g(T) converges, there exists positive numbers K, B such that 


|b, < KB* forallk =0,1,.... 
We let B, = K B*. Then 


K 
1— BT’ 


G(T) =K 3 BYT* = 
k=0 
and so it suffices to prove that the solution F(T) of the differential equation 
K 
Se or 
converges. This equation is equivalent with 
F(T) =K+BF(T)F‘T), 

which we can integrate to give 


2 
F(T) = Kr +B ; 


By the quadratic formula, we find 


1—(1—2KBT)'? 
F(T) = +O IABD SRT +. 
We then use the binomial expansion which we know converges. This concludes 
the proof. 


Ill 
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IIl.1 Holomorphic Functions on Connected Sets 


Exercise III.1.1. Prove Lemma 1.5, that is, prove 


Lemma. Let S be a subset of an open set U. Then S is closed on U if and only if 
the complement of S in U, that is, U — S is open. In particular, if S is both open 
and closed in U, then U — S is also open and closed in U. 


Solution. Suppose S is closed, and let w € U — S. Since U is open, U — S is 
not empty. Then for some n the ball of radius 1/n centered at w is contained in 
U and this ball does not intersect S, for otherwise w is in the closure of S which 
contradicts the fact that S is closed and w € S. Hence U — S is open. 

Conversely, suppose that the set U — S is open, and let z € U and z € S, where 
S denotes the closure of S. If z is not in S then there exists a ball centered at z 
which is contained in U — S. So z is not adherent to S, a contradiction which ends 
the proof. 


Exercise III.1.2.. Let U be a bounded open connected set, { f,,} a sequence of con- 
tinuous functions on the closure of U, analytic on U. Assume that { f,} converges 
uniformly on the boundary of U. Prove that { f,} converges uniformly on U. 


Solution. We use Cauchy’s criterion for uniform convergence. Let ||: |lay and {{- lv 
denote the sup norm on the boundary of U and the sup norm on U respectively. 
Let ¢ > 0 and choose N such that for all n, m > N we have || f, — fnllau < €. 
By the maximum modulus principle, the function f,, — f», attains its maximum on 
the boundary of U, so we have || f, — finllu < € for all n,m > N which implies 
the uniform convergence of the sequence { f,,} on U. 
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Exercise III.1.3. Leta), ...,a, be points on the unit circle. Prove that there exists 
a point z on the unit circle so that the product of the distances from Z to the a; is 
at least 1. (You may use the maximum modulus principle.) 


Solution. Consider the map f : D(O, 1) > C given by 


n 


f(@) = (e—a1)-+ (2 — an) = Te — x). 


k=1 


The closed unit disc is compact and the function f is continuous on D(0, 1) and 
analytic in the open unit disc. We have | f(0)| = 1 and | f(a,)| = 0 for all k = 
1,..., which implies that f is not constant. By the maximum modulus principle, 
f attains its maximum at a point z of the unit circle, so | f(z)| > | f()| = 1. 


II.2 Integrals over Paths 


Exercise III.2.1. (a) Given an arbitrary point Zo, let C be a circle of radius r > 0 
centered at Zo, oriented counterclockwise. Find the integral 


i, (z — 20)"dz 
Cc 


for all integers n, positive or negative. 
(b) Suppose f has a power series expansion 


(e,¢) 


f@= Yo ale - 20) 


k=-—m 


which is absolutely convergent on a disc of radius > R centered at zo. Let Cr be 
the circle of radius R centered at zo. Find the integral 


f (dz. 
Cr 
Solution. (a) Suppose n 4 —1 and let f(z) = (z — zo)". Then if 
jE 1 n+l 
8(z) = ogre 1% Zo) 


we see that g’ = f so f has a primitive and since C is closed we find that 
[ec — zo)"dz = 0. 
Cc 


Ifn = —1 we parametrize C by y(t) = zo + re’ with t € [0, 277], and we get 


d 2n ’ 2n ,:_it 
[ £ -| eae, =| ie -dt = 2mi. 
cz—% 0 y(t)— 20 o =ret 
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(b) Let f(z) = Pea ax(z — Zo)*. The sequence { fy} converges uniformly on 
Cr hence 


lim i ae Oe 
n00 Sop Cr 


The results obtained in (a) imply that 
/ f(z)dz = 2mia_). 
Cr 


Exercise III.2.2. Find the integral of f(z) = e* from —3 to 3 taken along a 
semicircle. Is this integral different from the integral taken over the line segment 
between the two points? 


Solution. Since f’ = f, the function f is its own primitive. Therefore the integral 
is independent of the path and is equal to f(3) — f(—3). 


Exercise II.2.3. Sketch the following curves withO <t < 1. 
(a) y(t) =1+it 

(b) y(t) =e" 

(c) y(t) = e™" 

(d) y(t) =1+it+2 


Solution. 


me 


142 © @) 


Exercise III.2.4. Find the integral of each one of the following functions over 
each one of the curves in Exercise 3. 

(a) f@=2 

(b) f(@) =z 

(c) f(z) = 1/z 


Solution. (a) (i) “4 — } Gi) 0 ii) 0 ivy) 4 — 1 
(b) (i) i + 1/2 Gi) — i Gii)mi (iv) 2 + 2. 
(c) (i) log V2 + i% (ii) —mi (iii) i (iv) log +/5 + i arctan(1/2) 
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Exercise III.2.5. Find the integral 


2 
i] ze* dz 
Y 


(a) from the point i to the point —i + 2, taken along the straight line segment, and 
(b) from 0 to 1 +i along the parabola y = x?. 


Solution. We see that the function g defined by g(z) = dee is a primitive for ze” 
so for (a) the integral is equal to 


1 : 
g(-i + 2) — gli) = 5(e™ —e"!) 
and for (b) the integral is equal to 
; 1 ai 
g(l +i) — g(0) = z€ — 1). 


Exercise III.2.6. Find the integral 


/ sin zdz 
v 


from the origin to the point 1 + i, taken along the parabola 
y=x’, 


Solution. The function g defined by g(z) = —cosz is a holomorphic primitive 
of sin z on C, so 


ll sin zdz = g(1 +7) — g(0) = —(cos(1 +i) — 1) 
¥ 


Exercise III.2.7. Let o be a vertical segment, say parametrized by 


where zo is a fixed complex number, and c is a fixed real number > 0. (Draw a 
picture.) Let a = zo + x and a’ = zp — x, where x is real positive. Find 


1 1 
lim ( - ) dz. 
x>0J, \Z-a@ z— a’ 


(Draw the picture.) Warning: The answer is not 0! 


Solution. The picture is the following: 
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Since o’(t) = ic we have 


1 1 a 1 
[( _ )az=ie f - _—- dat 
o\Z—- a zZ-a’ -jlite-—x ite+x 


Reducing to the same denominator we find that this last integral is equal to 


1 . 1 
2x —2ic 1 
=I dt = —_— dt 
icf —t2c2 — x2 x ‘2 (te/x)* +1 


ue [= arctan(tc/x)| = —4i arctan(c/x). 
x le 


1 
-1 
The limit lim,-, 9. arctan(u) = 2/2 implies that 


1 1 
lim ( — )az = —2zi. 
x>0Jg \Z-—aQ@ z—a’ 


Exercise III.2.8. Let x > 0. Find the limit: 


. 5 1 1 
lim — — — | dt. 
BooJ p\t+ix t-Ix 


Solution. We write 
1 1 -2ix 28 
ttix t—ix t?4+x2 x (t/xP%+1 


so the integral in the limit is 


= = [x arctan(t/x)]?,, = —4i arctan(B/x). 


Whence 


: e 1 1 : 
lim — — —— dt = —2mi. 
BooJ_p\t+tix t—Iix 
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Exercise III.2.9. Let y : [a,b] > C be a curve. Define the reverse or opposite 
curve to be 


y :[a,b]>C 
such that y~(t) = y(a + b — t). Show that 


[rn-fe 


Solution. The integral along the reverse path is 


b 
/ F =} —F(y(a+b—t))y'(a+b—t)dt. 
yo a 


Changing variables u = a + b — t we obtain 


i re i F(y(u))y'(wdu = — i] F, 
y7 b y 


as was to be shown. 


Exercise III.2.10. Let [a, b] and [c, d] be two intervals (not reduced to a point). 
Show that there is a function g(t) = rt + s such that g is strictly increasing, 


g(a) =c and g(b) = d. Thus a curve can be parametrized by any given interval. 
Solution. By putting r = oc and s = c — ra we get the desired function g. 


Exercise II.2.11. Let F be a continuous complex-valued function on the interval 


[a, b]. Prove that 
b 
/ F(t)dt 


[Hint: Let P = [a = ao, a,...,@, = b] be a partition of [a,b]. From the 
definition of integrals with Riemann sums, the integral 


b 
2 / [F(ldt. 


b n—1| 
/ F(t)dt is approximated by the Riemann sum Ss F (ax)(ax41 — ax) 
a k=0 


whenever max(ax41 — ax) is small, and 


b n-1 
/ |F(t)|dt is approximated by y | F(ax)\(ax41 — ax). 
@ k=0 


The proof is concluded by using the triangle inequality. ] 


Solution. Given ¢ > 0 there exists § > 0 such that for any partition of size < 5 
we have the following two inequalities: 


b n—-1 
i F —)> F(ax)(ar4i — ax)| < € (1) 


k=0 
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b n-1 
[FI Drei - a0) 


k=0 


<eé€ (2) 


Then (1) and the triangle inequality imply 


b 
[F 


so that combined with (2) we get 


b 
fr 
a 


n-1 b 
< Di IF@iaus — ai) +e sf IF] +26. 
=0 a 
So for all € > 0 the inequality 


b b 
[F <|[ |F| + 2e 


b b 
te cs | < f, |F| holds, as was to be shown. 


s 


n-1 
Y > Flax )(ae41 — ax) 
k=0 


n—1 
+6 < ))|F(a)Max41 — ax) +€ 
k=0 


is true hence the inequality 


I1l.5 The Homotopy Form of Cauchy’s Theorem 


Exercise II1.5.1. A set S is called star-shaped if there exists a point z in S such 
that the line segment between Z and any point z in S is contained in S. Prove that 
a star-shaped set is simply connected, that is, every closed path is homotopic to a 
point. 


Solution. Consider a closed path y : [a, b] -> S. Then by hypothesis we see that 
we have a homotopy F,, : [a, b] x [0, 1] > S defined by 


F(t, u) = (1 — u)y(t) + uz. 
Hence every closed path in S is homotopic to 29 which implies that S is simply 


connected. 


Exercise I11.5.2. Let U be the open set obtained from C by deleting the set of real 
numbers > 0. Prove that U is simply connected. 


Solution. By the previous exercise, it is sufficient to show that U is star-shaped. 
Let z = —1. A picture shows that U is star-shaped, but here is a formal argument. 
Given z = x+iy consider the segment [z, Zo] parametrized by y(t) = tz+(1—1)zo. 
The imaginary part of y(t) is given by ty so we see at once that the line segment 
is contained in U. ' 


Exercise I11.5.3. Let V be the open set obtained from C by deleting the set of real 
numbers < 0. Prove that V is simply connected. 


Solution. Argue as in the previous exercise, with Zo = 1. 
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Exercise ITI.5.4. (a) Let U be a simply connected open set and let f be an analytic 
function on U. Is f(U) simply connected? 

(b) Let H be the upper half-plane, that is, the set of complex numbers z = x + iy 
such that y > 0. Let f(z) = e?"'*. What is the image f(H)? Is f(H) simply 
connected? 


Solution. We first solve (b). If z = x + iy, then we see that 
f@ ae e727 i2xx) 


If y > 0, then 0 < e~?"” < 1 so the image of H is the open unit disc minus 
the origin which is not simply connected. This shows that the image of a simply 
connected set under an analytic map need not be simply connected. This answers 
(a) because we see that the image of a simply connected set need not be simply 
connected. 


IlI.6 Existence of Global Primitives. Definition of the 
Logarithm 


Exercise III.6.1. Compute the following values when the log is defined by its 
principal value on the open set U equal to the plane with the positive real axis 
deleted. (a) log i (b) log(—i) (c) log(—1 + i) (d) i* (e) (—i)' (f) (-1¥ (8) (-1)* 
(h) log(—1 — i) 


Solution. (a) logi = loge’*/? = log1 +i} = if 
(b)log(—i) = loge"? = 313 
(c) log(—1 + i) = $ log2 + 1% 


(d) ii =e"? 

(©) (-i) =e? 
()(-1 =e" 
(g)(-1)t =e 


(h) log(—1 — i) = 4 log2 + 1° 


Exercise I1I.6.2. Compute the values of the same expressions as in Exercise 1 
(except (f) and (g)) when the open set consists of the plane from which the negative 
real axis has been deleted. Then take —n <0 <7. 

Solution. (a) logi = iF 
(b)log(—i) = log e3!*/? = -i2 
(c) log(—1 +i) = 3 log2 + i 
(d) j= eo 7/2 

(e) (-i' = er? 

(h) log(—1 — i) = 5 log2 —i3% 
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Exercise III.6.3. Let U be the plane with the negative real axis deleted. Let y > 0. 
Find the limit 


lim [log(a + iy) — log(a — iy)] 
yo 
where a > 0, and also where a < 0. 


Solution. First suppose a > 0. Let ry = (a* + y)!/*, Then for small y > 0 we 
can write a + iy = rye'*y and a —iy = rye'® withO < e€, < 2/2. Hence 


log(a + iy) — log(a — iy) = logry + ie, — logry — i(—e€y) = 2ie, 
and since €, —> 0.as y + 0 we find that 
lim, [log(a + iy) — log(a — iy)] = 0. 
Now suppose a < 0. In this case we can write a +iy = rye'"~©) anda —iy = 
rye") so that arguing as above we get 
log(a + iy) — log(a — iy) = 27i — 2ie,, 
therefore 


lim [log(a + iy) — log(a —iy)] = 277i. 
yo 


Exercise III.6.4. Let U be the plane with the positive real axis deleted. Find the 
limit 

lim [log(a + iy) — log(a — iy)] 

y>> 
where a < 0, and also where a > 0. 


Solution. We argue as we did in the previous exercise. Whena > 0, writea+iy = 
ryel and a — iy = rye'@"—*) so that 


lim [log(a + iy) — log(a — iy)] = —2z7i. 
y>> 


When a < 0, we write a +iy = rye'"—®) anda —iy = rye!**® and therefore 


lim [log(a + iy) — log(a — iy)] = 0. 
y> 


Exercise ITI.6.5._ Over what kind of open sets could you define an analytic function 
z!/3, or more generally z'/" for any positive integer n? Give examples, taking the 
open set to be as “large” as possible. 


Solution. We can define an analytic function z!/” over any simply connected open 
set not containing the origin. Indeed, on such a set the log is well defined. Then 
we define 


zi/n def en Bz 
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Exercise III.6.6. Let U be a simply connected open set. Let f be analytic on U 
and assume that f(z) 4 Ofor all z € U. Show that there exists an analytic function 
g onU such that g? = f. Does this last assertion remain true if 2 is replaced by 
an arbitrary positive integer n? 


Solution. We show that the assertion is true for an arbitrary n > 0. It is shown in 
the text that we can define log f(z) on U. Define g, by 


gale) = fe)" en FO, 
Then g, is a solution to the problem because 
Bn(Z) = Bn(Z) = Ct MBFO+ +5 los SE) — plos f@)_ 
Exercise III.6.7. Let U be the upper half plane, consisting of all complex numbers 


z=x +iy with y > 0. Let g(z) = e*"*. Prove that g(U) is the open unit disc 
from which the origin has been deleted. 
Solution. If z = x + iy we get 

9(z) = ey p2Hix 


Since x ranges over R and y > Oit is clear that g(U) is the open unit disc minus 
the origin. 


Exercise II1.6.8. Let U be the open set obtained by deleting 0 and the negative 
real axis from the complex numbers. For an integer m > | define 


1 1 m 
Lon(e) = (loge (145 45-+2)) can 
2 m)]} m! 


Show that L'_,,(z) = L—m+1(z), and that L'_,(z) = log z. Thus L_» is an m-fold 
integral of the logarithm. 


Solution. Using the rule for differentiating a product we find that 


12” 1 1 zgml 
L’ --_ 1 nel (i Vee eee Mee eer Eee pea erecta 
ine) “= + (lose ( Ea eg +2)) Gin 


1 1 1 iis 
= (5 toes (1454-42 )) = 2 mito. 


m (m — 1)! 
In particular we have L_}(z) = (logz — 1)z so 


1 
Lag) = z + (log z — 1) = logz 


hence L_,, is an m-fold integral of the logarithm. 


IIIl.7 The Local Cauchy Formula 


Exercise III.7.1. Find the integrals over the unit circle y: (a) Sf, S4dz (b) 
J, dz (c) f, az. 
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Solution. (a) We use the local Cauchy formula on D(0, 1). Let f(z) = cos z and 
Zo = 0. Then 


1 cos 
f(eo) = =—— | Faz. 

ani Jy 2% 
Therefore f) dz = 2zi. 
(b) The same argument as in (a) shows that J. _ sz dz = 0. 
(c) Arguing like in (a) we find f ; costs) gz = 2mi. 
Exercise III.7.2. Write out completely the proof of Theorem 7.7 to see that all the 
steps in the proof of Theorem 7.3 apply. 


Solution. Let zo € U and Zp not on y. Since the image of y is compact there is 
a minimum distance between Zo and points on y. Select 0 < R < dist(zo, y) and 
take R also small enough that the closed disc D(zo, R) is contained in U. Select 
0<-s < R. We write 


ir A 1 
Pag: azo \ lee 
1 Z— 20 =) 
=i ee 6-20 ba 


This series converges absolutely and uniformly for |z — zo| < s because 


poe ens F 

$—z| R 

The function g is continuous on y so it is bounded. By Theorem 2.4 of Chapter 
III, we can integrate term by term and we find 


f@) = Yo anlz — 20)" 
n=0 


gts) 
n= | ——dae. 
‘ [ ( —zo)"*! : 


This proves that f is analytic, and that 
gs) 


() =n! Pe Se ere 
£ (Zo) n (Neen 


thereby concluding the proof of Theorem 7.7. 


where 


ae 


Exercise III.7.3. Prove Corollary 7.4, that is, prove: 


Corollary. Let f be an entire function, and let || f \|p be its sup norm on the circle 
of radius R. Suppose that there exists a constant C and a positive integer k such 
that 


fll, < CR 
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for arbitrarily large R. Then f is a polynomial of degree < k. 


Solution. Let n > k. The estimate |a,| < ||f|lr/R” of the coefficients in the 
power series expansion of f gives in our particular case the inequality 


|an| < CR*/R" 


which holds for all large R. Letting R — oo we get that a, = 0 for alln > k. So 


in the power series expansion of f, all terms of degree > k are equal to 0, whence 
f is a polynomial of degree < k. 


IV 


Winding Numbers and Cauchy’s 
Theorem 


IV.2. The Global Cauchy Theorem 


Exercise IV.2.1. (a) Show that the association f +> f'/f (where f is 
holomorphic) sends products to sums. 

(b) If P(z) = (2 — ay) +++ (Z — ay), where a;,..., A, are the roots, what is P'/P? 
(c) Let y be aclosed path such that none of the roots of P lie on y. Show that 


1 
Oni [erred = W(y,a1)+---+ Wy, an). 
Tl y 


Solution. (a) The product rule for differentiation implies that 


6/3 eee ae bee eee 
SS ee St SS 
fg fg fg f 8 
so the association f > f’/f sends products to sums. 
(b) Let us write ®(f) = f’/f. Part (a) implies that ® ([] fc) = > (fi) so if 
fie = 2 — ay, then (f/fi)(Z) = 1/(z — a) and therefore 


P’ 2 1 
(PZ) = FO=)o 


kal © ok 
(c) By definition 


1 dz 
W ’ Ae ’ 
(7; a) 2ni [ Z— a 
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so using part (a) we find 


1 , _ Ji 
= i (P'/P)e)dz = ae er > Wy, ax) 


k=1 


as was to be shown. 


Exercise IV.2.2. Let f(z) = (2 — Z0)"A(z), where h is analytic on an open set U, 
and h(z) # 0 for all z € U. Let y be a closed path homologous to 0 in U, and 
such that Zo does not lie on y. Prove that 


1 PR). xs 
Omi FO W(y, Zo)m. 


Solution. We have 
f@__m_k@ 
f(z) z-% ~~ A(z) 


The hypothesis that A does not vanish on U implies that h’/h is holomorphic on 
U and therefore by Cauchy’s theorem its integral along y is 0. So 


1 f') 1 | m 
—dz= — | —dz= Wy, ; 

Qni y S@) ~ Oni y 2-20 : am 
Exercise IV.2.3. Let U be a simply connected open set and let z,, ..., Zn be points 
of U. Let U* = U — {z1,..., Zn} be the set obtained from U by deleting the points 
Z1,-++5 Zn. Let f be analytic on U*. Let y, be a small circle centered at z, and let 


1 
t= 5 f(G)d6. 
ni Jy, 


Let h(z) = f(z) — ¥> ag/(z — zx). Prove that there exists an analytic function H 
on U* such that H’ = h. 


Solution. Fix a point w € U*. Given a path y in U* from w to a point z € U* 
define 


H,(z) = / h(g)de. 
Y 


We claim that this function is independent of the path chosen from w to z. Indeed, 
Suppose 7 is another path from w to z. Then we have 


H,(2) — Hy(z) = / h(g)de, 
“ 
where y is a closed curve in U*. Since U is simply connected, the path y is 


homologous to 0 in U. By Cauchy’s theorem, we see that if m, denotes the winding 
number of jz with respect to z;, then 


[cas =m [ ncoas. 
w Ve 
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By construction, we have 
[ weoae =0 
Ye 
which proves our claim. So we may use the notation H to denote the function 


defined above. The standard argument then shows that H is analytic and that 
H’ = h. This concludes the proof. 


V 


Applications of Cauchy’s Integral 
Formula 


V.1 Uniform Limits of Analytic Functions 


Exercise V.1.1. Let f be analytic on an open set U, let z9 € U and f'(zo) # 0. 
Show that 


2ni i 1 dz 
f'(@o) c f()— fo)” 
where C is a small circle centered at zo. 


Solution. For z near zo we can write f(z) — f (Zo) = a1(2—20) +42(z— 20)? +" 
with a= F' (20) x 0. So 


F(z) — f (20) = ai(z — 20) (: + ze —Zo)+-: ) 


which after inverting the expression in parenthesis implies that on a small disc 


around Zo the function given by FOG) 8 analytic, thus by Cauchy’s formula 
We get 


1 ‘ dz re 
2ni Jc f(2Q— fo) a  f'(Zo) 
Exercise V.1.2. Weierstrass’ theorem for a real interval (a, b] states that a contin- 
uous function can be uniformly approximated by polynomials. Is this conclusion 


still true for the closed unit disc, i.e., can every continuous function on the disc be 
uniformly approximated by polynomials? 
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Solution. Since polynomials are holomorphic, the uniform limit of a sequence of 
polynomials is holomorphic. However, not every continuous function on the disc 
is holomorphic (z + Z for example), so the conclusion of Weierstrass’ theorem is 
false for the closed unit disc. 


Exercise V.1.3. Let a > 0. Show that each of the following series represents a 
holomorphic function: 

(a) 32%, e~@"? for Re(z) > 0; 

(b) Ey for Re(z) > 0; 

(c) ry Goa Jor Re(z) > 1. 


Solution. (a) Let c > 0, f,(z) = en"? andz=x+i y where x and y are real 
numbers. Then 


je-an"2| = enaex 


If x = Re(z) > c, then enanx < enan'c < e~*"¢ and the geometric series )\(e~ °°)" 
converges for c > 0 so we conclude that the series )> ename converges uniformly 
for Re(z) > c. Clearly, the functions f, are holomorphic so the series )> ewan 
defines a holomorphic function on Re(z) > 0. 

(b) Let f,(z) = e~4”"2/(a+n)*. The functions f, are holomorphic and for Re(z) > 0 
we have |e~?"2| < 1 which implies that | f,(z)| < 1/n?. The convergence of 
y= 1/n? implies that the series )* e~°"*/(a + n)* defines a holomorphic function 
for Re(z) > 0. 

(c) Let fn(z) = 1/(a +n). Then | f,(z)| = 1/(a + n)*, so if Re(z) => 1+ €, for 
€ > 0, we get that | f,(z)| < 1/n'+*. Since ~ 1/n'+* converges, we conclude that 
the function )* 1/(a +n)? is holomorphic for Re(z) > 1. 


Exercise V.1.4. Show that each of the two series converges uniformly on each 
closed disc \z| < c withO <c <1: 


nz" oe z" 
d ——_.. 
Doerr _ ers: 


n=] 


Solution. Let a,(z) = nz" /(1 — z”). We have |1 — z”| => 1—|z"| => 1—c” so that 
cr 
1—c" 
For all sufficiently large n, 1 —c” > 1/2, so for all large n we have |a,,(z)| < 2nc”. 
The ratio test implies at once that > nc” converges, so the series }° nz” /(1 — 2”) 
converges uniformly on each closed disc |z| < c withO <c <1. 
Consider the series )¢ z”/(1 — 2”), and let a,(z) = z"/(1 — z")?. Estimating 
|an(z)| as we did for the first series we find that for large n the inequality 


lan(z)| < 4c” 


lan(z)| <n 


holds. But )~ c” converges, so )> z”/(1 —z")? converges uniformly on each closed 
disc |z] < c withO <c < 1. 
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Exercise V.1.5. Prove that the two series in Exercise 4 are actually equal. [Hint: 
Write each one in a double series and reverse the order of summation. ] 


: a = DLo(2")* to get 


2 os ne done ney yay Sey 
=) dore’y = dine 
n=1 j=l j=l n=l 


For the second series we get 


aaa aaa =e ba es Ser|-Le Sk + DE" 


= =] =0 n=1 k=0 
=e epe y=); di ee 
n=1 k=0 n=1 j=1 


It is now clear that both series are equal. 


Exercise V.1.6 (Dirichlet Series). Let {a,} be a sequence of complex numbers. 
Show that the series )~ ay /n’, if it converges at all for some complex s, converges 
‘ absolutely in a right half-plane Re(s) > 00, and uniformly in Re(s) > oo + € for 
every € > 0. Show that the series defines an analytic function in this half plane. 
The number 0p is called the abscissa of convergence. 


Solution. Suppose that the series converges for some so. Let 09 = Re(so) + 1 and 
suppose that Re(s) > oo + €. The series }- a,/n® converges, so for all large n we 
have the inequality 


lay, /n°| = lan|/nP) < 1 
which implies that for all large n we have 
lan /n*| < |dq|/n%** = |aq|/nRCTIFE < 1 fn! ¥6, 
Conclude. 


Exercise V.1.7. Let f be analytic on a closed disc D of radius b > 0, centered at 
Zo. Show that 


1 
— al f(x +iy)dydx = f (zo). 
ab D 


[Hint: Use polar coordinates and Cauchy’s formula. Without loss of generality, 
you may assume that zo = 0. Why?] 


Solution. Let g(z) = f(z + Zo). A linear change of variables shows that 


/ | fle+iyidedy = [ | g(x + iy)dxdy, 
D D(0,b) 


54 V. Applications of Cauchy’s Integral Formula 


and g(0) = f(zo), SO we may assume that z) = 0. If 0 < r < band C, denotes 
the circle centered at the origin of radius r, Cauchy’s formula implies 


1 £@) 
fO= 5 ie Par. 


We parametrize C, by re’® with 6 € [0, 27], so that 


fk Gd a 
fO= =a f 7) ire ao = = [ f(re’’)dé. 


We can now multiply both sides of the above equality by r and integrate with 
respect to r from 0 to b. Interchanging the order of integration we obtain 


b 1 2n b ; 
FO) | i [ i flre®)rdrdo. 
0 2a Jo Jo 


Evaluating the integral on the left and changing variables in the integral on the 
right (from polar to rectangular), we get after some simplifications 


1 
fO==5 / [ gy fF dds, 


which is the desired formula. 


Exercise V.1.8. Let D be the unit disc and let S be the unit square, that is, the set of 
complex numbers z such that 0 < Re(z) < 1 and0 < Im(z) < 1. Let f: D> S 
be an analytic isomorphism such that f (0) = (1 + i)/2. Let u, v be the real and 
imaginary parts of f respectively. Compute the integral 


au \* au\? 
= —] |dxdy. 
I, (=) aC, sea 
Solution. By the Cauchy-Riemann equations we find that 
(> ' i au \? aK 
ax dy)? 


where A, is the Jacobian determinant of f. Applying the change of variable 


formula we get 
/ i] dxdy = / / | f' (2)? dxdy 
Ss D 


so the desired integral is equal to the area of the unit square namely 


au\? au\? 
— — dxdy = 1. 
Ale +(#)| ot 
Exercise V.1.9. (a) Let f be an analytic isomorphism on the unit disc D, and let 


f= Yo anz" 
n=1 
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be its power series expansion. Prove that 


area f(D) =a yo nlan/?. 


n=1 


(b) Suppose that f is an analytic isomorphism on the closed unit disc D, and that 
| f(z)| = 1 if |z| = 1, and f(0) = 0. Prove that area f(D) > 1. 


Solution. (a) Applying the change of variable formula together with the Cauchy— 
Riemann equations we find 


area f(D) = / / dxdy = / / Lf’ (2)?dxdy. 
f(D) D 


Switching to polar coordinates we get 


1 p2nx 
area f(D) = [ [ r\ f'(re!)/?dédr. 
0 JO 


However, f’(z) = °°, na,z"—! thus 


lf’ (rel)? = (ay + 2agre!® +--+ +)(@ + 2agre“!? +--+). 


21 


For all nonzero integers n a direct calculation shows that fo e”®d@ = 0 hence 


1 p2x oe) 
area f(D) = i i r{ Son? lan|2r2"? | dodr 
0 /0 n=!1 
= 2 2 : 2n-1 
=2n (« |ay| i ree ar). 


The desired formula drops out after evaluation of the last integral. 
(b) We are given that | f(e’®)| > 1 for all real 6. So 


Qn i 
[ | f (el?) dO > 2n. 
0 


Since f(0) = 0, the constant term of the power series of f at 0 is 0. Using the fact 
that le ™ n° d@ = 0 for all nonzero integers n, we find that 


2n ; 2n 00 oo 
J itcePdo = [oY tanPae = 22 Yan 
0 0 n=l n=1 


Therefore combined with the previous inequality we get )°°°, lan|? > 1. The 
result now follows from part (a) 


[o.e) ie,2)} 
area f(D) =) nlaq|? = x) lanl? > z. 
n=! 


n=1 
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Exercise V.1.10. Let f be analytic on the unit disc D and assume that 
Sfp \f Pdxdy exists. Let 


f(z) = acs 
n=0 


Prove that 


= al [ If()Pdxdy = 3 lan |? /(2n + 2). 


Solution. To compute the integral we use polar coordinates, 


2n 1 1 p2r 
i / | f(z)?dxdy = i [ | f(re”)/?rdrdé = i v; | f (re?) /?rd@dr. 
D 0 0 0 40 


Arguing like in the preceding exercise we find that 
20 : 0° 
i |f(rel®)P?d0 = 2m > |an|?r™ 
0 n=0 
so that 


1 p2n ce) 
i [ |f(re)Prdodr = 2x ) > |an|?/(2n + 2) 
0 JO 


n=0 
as was to be shown. 


For the next exercise, recall that a norm || - || on a space of functions associates 
to each function f a real number > 0, satisfying the following conditions: 

N 1. We have || f || = 0 if and only if f = 0. 

N 2. If c is a complex number, then |\cf \| = |c| || fl. 

N3. f+ ll < Ifill + lig. 


Exercise V.1.11. Let A be the closure of a bounded open set in the plane. Let f, 
g be continuous functions on A. Define their scalar product 


Gi= / i; f@e@dydx 


and define the associated L?-norm by its square, 


If IZ = / 3 Le@[dydx. 


Show that || f ||z does define a norm. Prove the Schwarz inequality 
KA 8)| < Ifillellglle- 


fl = / | Lf@ldydx. 


On the other hand, define 
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Show that f + ||f ||, is anorm on the space of continuous functions on A, called 
the L'-norm. This is just preliminary. Prove: 

(a) LetO < s < R. Prove that there exist constants C\, Cz having the following 
property. If f is analytic on a closed disc D of radius R, then 


WFlls < Cll fle < Collf ilar, 


where || - ||, is the sup norm on the closed disc of radius s, and the L', L? norms 
refer to the integral over the disc of radius R. 

(b) Let { fn} be a sequence of holomorphic functions on an open set U, and assume 
that this sequence is L?-Cauchy. Show that it converges uniformly on compact 
subsets of U. 


Solution. First we prove the preliminaries. The Schwarz inequality is a standard 
result in linear algebra of hermitian scalar products. Let a = (g, g) and B = 
_ (f ’ 8 ). Then 
0 < (af + Bg,af + Bg) 
=aa(f, f) + Balg, f) +aB(f, 8) + BB(g, 8). 


Note that a = ||g||5. Substituting the values for a, B we obtain 


0 < lg fils —2Igld(f, 9) (Fg) + Isiah, a) (Fg): 
But (f, g)(f, 8) = I(f, 8)? hence 


lell3l(f. 12 < Wisi sid. 


Conclude the proof by considering both cases ||g||2 = 0 and ||g|l2 4 0. 

We now show that || - ||2 is a norm. Clearly, || f ||2 => 0 for all f. Suppose that f 
is not identically zero. Then by continuity, | f(z)| > 5 > O for all z in some ball, 
so || f \l2 > 0. The second condition is obvious, Finally for the triangle inequality 
we use the Schwarz inequality. We have 


If tals =(ft+e,f+9)=(ff)+(fg) + (8, f) + (8,8) 
but (f, g) + (g, f) = 2Re(f, g) < 21(f, g)|, so 


If + 8llz < FNS +214 81 + Walls 
<I 13 + 2ifllaligile + tell3 
< (Wf lo + lgll2. 


The triangle inequality follows from taking square roots on both sides. 

Finally, || - ||, is a norm. The first two conditions are obvious, and the triangle 
inequality follows from the triangle inequality for the standard absolute value of 
complex numbers. 

(a) These two estimates show that the integral norms dominate the sup norm. To 
prove the first inequality, we proceed as follows. Fix a real number ro such that 
S < ro < R. There exists a constant 5 > 0 such that |z — ¢| > 6 for all z in the 
closed disc of radius s and all ¢ on a circle of radius r with ro < r < R. In fact, 
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we may take 6 = ro — s. Then, applying Cauchy’s formula we obtain 


One af te. 
ie eo 4 


Writing ¢ = re'®, putting absolute values and using the above observation we get 


1 id 
If@I s as J, |f(re’)|rdo. 
Integrating both sides with respect to r from ro to R, and using polar coordinates 
we find 


(R— rif < c| Ifl< cf Il 
ro<|z|<R D(O,R) 


which completes the proof. The second inequality follows from applying the 
Schwarz inequality taking one function to be | f| and the other to be 1. 

(b) Let K be a compact subset of U. For each point z in K, choose r, > 0 such 
that D(z, 2r,) C U. Then ee x D(z, rz) is an open cover of K from which we can 
select a finite subcover WES D(z;,7r;). By part (a) we have || f|l,, < Cill fll2,2, 
for some constant C;. Clearly || f|l2,2, < lf llo7 so If ll, < Cillflloz- If {fa} 
is L?-Cauchy, then given € > 0 there exists N such that || fr — fm lla < € 
for alln,m > N.So |\fn — fll, < Cie for alli = 1,..., p and therefore 
fn — fmllx < Ce for some positive constant C (actually, C = >~ C; will do). 
This proves that { f,} is uniformly Cauchy on K and therefore { f,} converges 
uniformly on compact subsets of U. 


Exercise V.1.12. Let U, V be open discs centered at the origin. Let f = f(z, w) 
be a continuous function on the product U x V, such that for each w the function 
zt f(z, w) and for each z the function w +> f(z, w) are analytic on U and V, 
respectively. Show that f has a power series expansion 


F(Z, W) = Do ann w" 


which converges absolutely and uniformly for |z| < r and |w| < r, for some posi- 
tive number r. [Hint: Apply Cauchy’s formula for derivatives twice, with respect to 
the two variables to get an estimate of the coefficients amn.] Generalize to several 
variables instead of two variables. 


Solution. Select R > 0 such that D(O, R) c U and D(O, R) C V. Fixing w, 
Cauchy’s formula implies 


1 IG LEW) 4 


Qni Ce (= S 


f@,w) = 


for z € D(0, R). For fixed ¢, we have 


= 
f= p eee §) dé 
.f-w w 
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for w € D(0, R). Hence 


F(t.) 
Taw a) ine G-oeg ws 


Since f is continuous, we can apply Fubini’s theorem to transform the iterated 
integral into an integral over Cr x Cr. We get 


es £68) 
ae Ga ie (2G no 
Now suppose that 0 < r < R and that |z| < r and |w| < r. Then we can write 
1 1 1 
—oE—-w) ol —z/e)1—w/é) 
L[az7\1fauw" 
_ Sw" 
Pct gomtlentl . 


This series is absolutely and uniformly convergent whenever |z| <r and |w| <r. 
Since f is bounded on Cr x Cr we can integrate term by term and we get 


f(Z, w) = * QmnZ" Ww" 


m,n=0 


Re es f@,€) 
toe = (Sri) Lise, BERT 


Note that we have the estimates 


where 


lamn| < 1 Wfillcexce 4 2R2 — WF llcexcr 
mn Am2 Ratmt2 Rat . 
where || - || denotes the sup norm. 


The same argument shows that for n variables, we have the esapannn 
Hayao De ai, in@e . Zin 
in 


which converges for |z;| < r < R. Moreover the formula that gives the coefficients 


is 
I GixsorsG my 
ae! aude eee ye aed ny, 
[ Cr Eitts 7 <n oe 


We also have the estimate 


WF llc x--xCr 


Idi,...i,| S Rivt--tin 
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V.2 Laurent Series 


Exercise V.2.1. Prove that the Laurent series can be differentiated term by term 
in the usual manner to give the derivative of f on the annulus. 
Solution. We use the notation of the section and of Theorem 2.1. Write f = f*+ 
f~. Look at f*(z) = S779 aez* and let f.*(z) = Dy axz*. Then ft > ft 
uniformly on a slightly smaller annulus, namely on the annulus s < |z| < S. So 
(f,;*Y — (ftY uniformly on s < |z| < S and therefore we can differentiate term 
by term. The same argument shows that we can differentiate term by term f~ to 
obtain (fy. 
Exercise V.2.2. Let f be holomorphic on the annulus A, defined by 
O<r<lzl<R. 
Prove that there exist functions f\, f2 such that f, is holomorphic for |z| < R, fa 
is holomorphic for |z| > r and 
f=fith 

on the annulus. 
Solution. Write f(z) = yvro 45 4n2”. Let fi(z) = oo anz” and fo(z) = 

t-1 4-nz—". We show that f; is holomorphic for |z| < R. Since it is holo- 
morphic in the annulus we must only consider the case when |z| < r. But then, if 
r <S < R, we have 

|an2"| < |an|r” < |an|S” 


and by assumption the series 30 |a,|S" converges so this proves that fj is 
holomorphic for |z| < R. The same argument shows that f) is holomorphic for 
Iz) >r. 


Exercise V.2.3. Is there a polynomial P(z) such that P(z)e'”? is an entire function? 
Justify your answer. What is the Laurent expansion of e'/* for |z| # 0? 


Solution. We know that e¢ = }7>°y z”/n!, so 
V/z 
ee = —{-]}. 
dX n!\z 
If we have a polynomial P(z) = agz? +--+ + ao, then the Laurent expansion of 
P(z)e!/? near zero will have terms of the form n where cy # 0 and N > 0. To 
see this, note that the coefficient of 1/z” in the expansion of P(z)e'/? is 
ao ay aq 
~w=uMt Wan) Wear ; 
If r is the smallest nonnegative integer such that a, # 0, then we see that we can 
rewrite 


renee Some: (i wit 4. | 
N= Na NA+ (N +r +1)---(N +4) 
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and therefore this coefficient is nonzero for all large N. This proves that there is 
no polynomial P(z) such that P(z)e!/2 is entire. 


Exercise V.2.4. Expand the function 
{@M= ne 


(a) in a series of positive powers of z, and 
(b) in a series of negative powers of z. 
In each case, specify the region in which the expansion is valid. 


Solution. (a) For |z| < 1, we have 


{@=z z(1 + (=z?) + (-23)? +--+) 


1 —_ 
1—(—23) 


so that f(z) = yo (—1)"z2"*!. 
(b) For |z| > 1, we write 


1 di = -1\? 
1 ea aii so 
f@) = ate 22 | +(S)+(=) ¥ 
whence f(z) = >(—1)"(1/z)*"*?. 
Exercise V.2.5. Give the Laurent expansions for the following functions: 
(a) 2/(Z + 2) for |z| > 2 
(b) sin 1/z forz #0 
(c) cos 1/z forz #0 
(d) gy for lel > 3 
Solution. (a) 5 = tg = Leco(2/2)". 
() sin 1/e = Senco cat aT 
(c) le = reo Saar oe. 
(d) = z— w= z a = a >. 
Exercise V2.6. Prove the following expansions: 
(aje =e+e ym, t(z-1)" 
(b) 1/z = rr. (—1)"(z — 1)" for |z- 1] < 1 
(c) 1/2? =1+ rea + 1)(z+ 1)’ for |z+1| <1 
Solution. (a) By definition, 


ev! => te- 1)" =14+3>4@-19. 
n=o / n=1 


However e?-! = e%e7!, 

(b) For |z — 1| < 1 we can use the formula for the geometric series, 
1 
a 1)"(z — 1)” 
eh = = Ye Keay. 
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(c) The derivative of —1/z is 1/z?. For |z + 1| < 1 we have 
—1 1 
eS hea@es: 

so —1/z = Ve o(z+ I" =1+ O22, (z + 1” and therefore 


= Siaz+it=1+ ot e+" 
n=1 n=l 


which proves the formula. 
Exercise V.2.7. Expand (a) cos z, (b) sin z in a power series about 1 /2. 


Solution. (a) Just like in the real case we have cosz = — sin(z — 2/2) for all 
zéC,so 


_ he (z— n{2yrr! 
cos Zz = xe 1) “Ont bi : 


(b) Similarly, sin z = cos(z — 2/2), so 


2 
sinz = xe ce a ca 


Exercise V.2.8. Let f(z) = Find the Laurent series for f : 
(a) In the disc |z| < 1. 
(b) In the annulus 1 < |z| < 2. 


(c) In the region 2 < |z|. 


(- es 5" 


Solution. We can write 
1 ek 1 
G=G-2)- zd eee 
If |z| < 1, we have 


and 


1 ae | eke 
=e Sie a S) 
so 


[oe] 1 n 
ooneLa =e ne 5) 


If 1 < |z| < 2, then 
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and 


so 


(z— aH — 2) = 2 al aH > Gy . 


If 2 < |z|, then 


1 1 1 ES f2N" 
37 rita 722 (s) 


1 | 1a /(2\" 
Ce ets EE 


=0 = 7=0 
Exercise V.2.9. Find the Laurent series for (2 + A)/ (z—1) in the region (a) |z| < 1; 
(b) \z| > 1. 


Solution. (a) Let f(z) =( + 1)/(z — 1) and suppose that |z| < 1. Then 


so 


fe) = S22 = + det 240) 


which gives, after expansion, the desired Laurent expansion for f in the region 
Iz| <1. 
(b) For |z| > 1 we have 


it 1 1 
fa= = (1+: s)Qti+at-): 


Expanding the above expression gives the desired Laurent expression of f for 
\z| > 1. 


Exercise V.2.10. Find the Laurent series for 1/z*(1 — z) in the regions: 
(a) 0 < |z| < 1; (b)|z| > 1. 


Solution. _ We write 


1 1 1 
f{Q=5 HsS(l+z24¢ 074+ J Sesto tl eze lee. 
21l—-z 2z z z 
(b) For |z| > 1 we Bae have 
1 -1 1 1 1 1 1 
z 1 a mee eS . 
f@) = sa (1/z) =F(iti+st ) ze gf gs 


Exercise V.2.11. Find the power series expansion of 


TO= Te 


around the point z = 1, and find the radius of convergence of this series. 
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Solution. We have the factorization z* + 1 = (z + i)(z — i), so the singularities 
of f are at i and —i. Since |1 — i] = |1 + i] = V2, the radius of convergence of 
the power series expansion of f at z = 1 is V2. Using partial fractions we get the 
expression 


if 1 1 
2Q2= 71— -—]- 
F@) 2 E = 
Since we want the power series expansion at z = 1 we must make the following 
transformation, 


i 1 1 1 1 
on7 GE aa 


so that 


et fl Se ai 
IO= 2479 (Ga a») ar 


Exercise V.2.12. Find the Laurent expansion of 


1 
FQ = Cay + 1p 
for1 < |z| <2. 
Solution. Write 

eee. Nee eye 

(2-12(2+1 — (22-1)? 


and since |z| > 1 we have 


1 1 
z4 (1 — 1/22)?’ 


a= ue 
pe SCs) 
1 — 1/2? = 
Conclude. 


Exercise V.2.13. Obtain the first four terms of the Laurent series expansion of 


z 


é 
IQ)= BaD 


valid for 0 < |z| < 1. 


Solution. We write 


a es eee Ja-2ette9 
HGN= oe =i Srorr ary ys ee 


z 
1 z 54 
z 


V.2 Laurent Series 65 


Exercise V.2.14. Assume that f is analytic in the upper half plane, and that f is 
periodic of period 1. Show that f has an expansion of the form 


es) 
f = > eee, 
—0o 


where 
1 
= i fx + iy)e POH dx, 
0 


for any value of y > 0. [Hint: Show that there is an analytic function f* on a disc 
from which the origin is deleted such that 


fe") = fl). 
What is the Laurent series for f*? Abbreviate q = e77'2.] 
Solution. Let Zo be a point in the unit disc minus the origin. Let z be another point 
on the unit disc minus the origin and let y be a path joining Zo and z. Let 


zd 
8y(Z) = / = + log zo 
ZooY g 


for some branch of the logarithm. For different paths y joining zo and z and 
different branches of the logarithm, the function g, differs by integral multiples 
of 271i. Since f is periodic we see that we can define an analytic function on the 
unit circle minus the origin by 


1 
* = 
LQ@=f (=e) . 
The coefficients in the Laurent expansion of f* are given by 


1 £6) 1 2 f*(re'®) 


ami Jc, Ent! ° Am Jo rer? 


n 


Changing variables 27x = 0 and writing r = e~?”” we find that the above 
coefficient is 


1 1 
Gn = i f 7 (e277) er * g2TNY g—2ainx Gy = [ f* (MOH M e272 iAH Gy, 
0 0 


Therefore f*(q) = 0% ang”. But q = e?7!% = e?"!(*+/) and by construction 
we have 
fr(etGtny = f(x +iy) 


so f(x + iy) = W%, cne2™"@+) where 


1 
Cn -| f(x tive 27+ dy, 
0 
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Exercise V.2.15. Assumptions being as in Exercise 14, suppose in addition that 
there exists yo > 0 such that f(z) = f(x + iy) is bounded in the domain y = yo. 
Prove that the coefficients c, are equal to Oforn < 0. Is the converse true? Proof? 


Solution. Suppose that y > yo and let B be a bound for f in that region. Then 
we have the estimate 


1 
lon =f Af + iyp| fe me| dx 
0 


1 
< i Be?" dx = Be?™", 
0 


Ifn < 0, letting y + oo we see that c, = 0, as was to be shown. 

Now we show that the converse is true. Suppose that c, = 0 for alln < 0. Then 
using the notation of Exercise 14 we have a, = 0 for all n < 0. Therefore f* is 
bounded in a neighborhood of the origin, that is there exists0 < Band0 <C <1 
such that for all |g| < C we have | f*(q)| < B. But since |q| = ia ae = e?7y 
and f*(e?*!2) = f(z) we conclude that | f(z)| < B whenever y > =! 51 log C. This 
ends the exercise. 
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Exercise V.3.1. Show that the following series define a meromorphic function on 
C and determine the set of poles, and their orders. 


(a) Dn=0 wee) 
(b) era zat 
(2) pat Ge 
(4) Ore mE 


Oi timtime-oleet a 


Solution. (a) Let f(z) = p29 nero We contend that f is meromorphic on C 


with simple poles at the negative integers. Let R > 0, and select an integer N such 
that N > 2R. We write 


— Sgmlate Sqinlato 
The first sum exhibits the poles of order 1 at the negative integers of absolute 


value < N. The second sum defines a holomorphic function for |z| < R. Indeed, 
for |z| < Randn > N we have 


| ee ae 
ni(n+z)|~ ni(n—|z|) ~ n!tR 


and )~ 1/n! converges. The above argument is true for all R, so our contention is 
proved. 
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(b) Let f(z) = 0%, why and let S = {..., —2i, -i, i, 2i, ...}. We contend that 
f is meromorphic on C with simple poles at points of S. Let R > 0, N > 2R and 
write 


N 1 eo) 1 
a= ——oee Ht _ 
. X 2 +n? pe) a +n? 


Since z7+n? = (z+in)(z—in), the first sum defines a meromorphic function with 
simple poles tin forn < N. If |z| < R the second sum defines a holomorphic 
function. Indeed, with |z| < R andn > N we have the estimates 


1 1 = 
Pew wll pee Re 
7 : 1 
~ 21 —(R/ny 
Paras 
~ 3n2° 


The series )* 1/n? COHvErs©S so we have proved our contention. 
(c) Let f(z) = pace iz ar We contend that f is a meromorphic function on C 
with poles of order 2 at the negative integers. Let R > 0, N > 2R and write 


“1 oo 1 
nis B (z +n)? +2 (z +n)?” 


The first sum exhibits the poles. If |z] < R the infinite sum defines a holomorphic 
function. Indeed, if |z| < Randn > N we have 


1 1 1 
@+nP|~ Ge ~ @— RP’ 
and the denominator satisfies (n — R)? = n?(1 — R/n)? > n?(1 — 1/2)" so 
Be eile 
(z +n)? 


Conclude. 

(d) Let f(z) = re, men: We contend that f is a meromorphic function with 
simple poles at the points of S where S is defined as in (b). Note that the solutions 
of the equation sinnz = 0 are fas Pe ek 6 ee hs so the set of zeros of 


"a? n? 7n? nee? 


sin nz and 2? +n? are disjoint for all n > 1. Let R > 0, N > 2R and write 
sinnz oo sinnz 
Ia s ni(z2 +n?) = 2 ni\(z2 +n?) 


The first sum exhibits the poles. If |z| < R, we claim that the second sum defines 
a holomorphic function. Indeed, the power series expansion of the sin implies 
| sinnz| < e"!2! < e”* and the ratio test shows that e”* /n! converges (actually to 
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0) as n — ©, so there exists a constant C > 0 such that 


sin nz Cc 1 
n\(z? +n?)| ~~ |(2? +n?)| 


for all n > 1. The estimate given in (b) for the fraction 1/|(z” +-n”)| concludes the 
argument. This proves our contentions. 

(e) Let f(z) = Ay yo: vane As [+4 + 1}. We contend that f is meromorphic on 
C with simple poles at the integers. First we have 


3% 
iO ey ay 


n>1 m>1 


Now let R > 0, N > 2R and write 


dere, 218 z = Zz z 
= (: + 25g =n) in) % oe n(z—n) a): 


The expression in the first parenthesis exhibits the poles, while the expression in 
the second parenthesis defines a holomorphic function for |z| < R. Indeed, the 
absolute value of the general term of the series is 


2z 2 R 
z2 — n2 ~ n21—|z/n|2° 
However, 
z2 |2?| 1 
1-|=| = Sq Pls qese 
n N2 4 


whenever n > N, so we see that the infinite sum defines a holomorphic function 
for |z| < R. This proves our contention. 
Exercise V.3.2. Show that the function 


2 


SZ 
f@= > See 


is defined and continuous for the real values of z. Determine the region of the 
complex plane in which this function is analytic. Determine its poles. 


Solution. Let f,(z) = a aig of The for all real z the inequality n?z? + 8 > n?z* 
holds, thus 0 < f,(z) < 1/n?. Now each partial sum py J is continuous, and 
the inequalities show that the sequence of partial sums converges uniformly to f. 
Hence f is well defined for real z and f is continuous. 

Let S denote the set of zeros of n*z* + 8 union the origin, that is 


S = {iV8/n:n © Z}U {0}. 


We contend that f is analytic on the complement of S. Let 5 > 0 be small, and let 
R > Obe so large that S is contained in the disc of radius R centered at the origin. 
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Suppose |z| < R and |z| > 5, so that we stay away from the origin. Choose N so 
large that 8/N? < 57/2. Write 


N 22 oo z2 
2=>)°55-s + sao, 


The first sum exhibits the poles. The infinite sum defines a holomorphic function 
on the region |z| < R and |z| > 6. Indeed, forn > N we have 
2 2 

R 


eee eee 
n2z2 4+ 8| — n262—8 


and the denominator satisfies 


thus 


ee 
n2z2 4+.8| ~ n282 


22 | 2R2 


Since the series )~ 1/n” converges, the infinite sum defines a holomorphic function 
in the region |z| < R and |z| > 5. The above results being true for all large R, and 
all small 5, our contention is proved. 


Exercise V.3.3. Show that the series 


x () 


n=1 


defines an analytic function on a disc of radius I centered at —i. 


Solution. Let 0 < s < 1. Suppose that z belongs to the open disc centered at —i 
of radius s. Then z +i < 5 and 


lz —i| => |—2i]—|z+il>2—s. 
Therefore 


zti 
z-i 


RY 
< . 
2-—s 


Since 0 < s < 1 we have 0 < s/(2 —s) < 1, and the series 


¥ (r=3) 


n>1 


converges. Since s was arbitrary we have shown that the series 


Bea 


n>1 


defines an analytic function on the disc of radius 1 centered at —i. 


70 V. Applications of Cauchy’s Integral Formula 


Exercise V.3.4. Let {z,} be a sequence of distinct complex numbers such that 


1 
——; converges. 
> | Zn 3 


Gene 1 
2 \ (Z — 2n)? -=) 


defines a meromorphic function on C. Where are the poles of this function? 


Prove that the series 


1. 


Solution. Let f(z) = ~~, (oor ear - 4), and let R > 0. We now show that f 
defines a meromorphic function on the open disc D(0, R) or radius R centered 
at the origin. The hypothesis that )~ 1/|z,|? converges implies that |z,| —> 00 as 
n — oo. So there are only finitely many n such that z, € D(0, R). Select N so 
large that for all n > N we have |z,| > 2R. Each z, € D(0, R) is a pole of order 
2. Write 


ie,2) 


1 1 1 1 
ro= (5 Zn)? -3)+ 2 (<a Zn)? - 3): 


n=N+1 


The first sum exhibits the poles in D(0, R), so it is sufficient to show that the 
second sum defines a holomorphic function on D(O, R). We have the estimates 


1 1] [—z?+2zz,| 1 
(Z@—-zy zl |2e—zar| lene Tee 
= A ee 
< fa 1-H) 
B 
< 
[zal? 


where B is some large positive constant. By hypothesis }* 1/|Z, [> converges, so 
this completes the proof. 


Exercise V.3.5. Let f be meromorphic on C but not entire. Let g(z) = ef. Show 
that g is not meromorphic on C. 


Solution. Since f is not entire it has at least one pole, say at zo. In a neighborhood 
of zp we can write 

(z — 20)” f(z) = p(z) + (z — 20)" h(z) 
where h is holomorphic and p is a polynomial of degree < m. So 


(j= Oa Ke. 
(Z- (Z— Zz)" 


and therefore 
ef — era ghl2), 
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But e”® is holomorphic at zo, and the power series expansion of the exponential 


shows that e= has an essential singularity at zo, so ef© is not meromorphic 
on C. 


Exercise V.3.6. Let f be a nonconstant entire function, i.e., a function analytic 
on all of C. Show that the image of f is dense in C. 


Solution 1. In the spirit of this chapter we use the Casoratti-Weierstrass theorem. 
Suppose f is an entire function whose image is not dense in C. Then there exists a 
complex number a and a positive number s such that | f(z)—a| > s for all complex 
z. Write f(z) = )-p29 4nz" and suppose that there are infinitely many nonzero 
terms in this expansion. Then, for all z 4 0 let g(z) = f(1/z). We see that g has 
an essential singularity at 0 so by the Casoratti-Weierstrass theorem for some z 
near 0 we have |g(z) —a| < s, hence | f(1/z)—a@| < s. This contradiction implies 
that the power series expansion of f can have only finitely many terms. Then the 
fundamental theorem of algebra guarantees that f is constant. This contradicts the 
hypothesis. 


Solution 2. Suppose there exists a complex number a and a positive number s such 
that | f(z) — @| > s, for all complex z. Then the function g(z) = 1/(f(z) — a) is 
entire and bounded, so by Liouville’s theorem, g is constant. Hence f is constant, 
again contradicting the hypothesis. 


Exercise V.3.7. Let f be meromorphic on an open set U. Let 
g:V-U 


be an analytic isomorphism. Suppose that y(zo) = Wo, and f has order n at wo. 
Show that f o y has order n at zo. In other words, the order is invariant under 
analytic isomorphisms. [Here n is a positive or negative integer. ] 


Solution. We can write 
[o.e) 
f(w) = D> an(w — wo)” 
m=n 


for all w near wo. Also we have 9(z) = wo + b1(z — Zo) + b2(z — 20)” +: *- for all 
Z near zo. We assume that ¢ is an analytic isomorphism so b, 4 0. Put w = ¢(z) 
in the expression of f at wo. Since b; 4 0 we see that the composite f 0 y also 
has order n at Zo. 


Exercise V.3.8. A meromorphic function f is said to be periodic with period w if 
f(z + w) = f(z) forall z € C. Let f be a meromorphic function, and suppose f 
is periodic with three periods w,, wz, w3 which are linearly independent over the 
rational numbers. Prove that f is constant. [Hint: Prove that there exist elements 
w which are integral linear combinations of w,, w2, w3 and arbitrarily small 
in absolute value.] The exponential function is an example of a singly periodic 
function. Examples of doubly periodic functions will be given in Chapter XIV. 
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Solution. 

Following the hint, we prove that there exists integral linear combinations of w, w2 
and w3 which are arbitrarily close to 0 (and not 0 since the three periods are linearly 
independent over the rational numbers.) Let ®; = w;/w3 and w2 = w2/w3. It 
suffices to show that for every positive integer N, we can find integers m;, m2 and 
n such that 


|m,W, +m2W2—n|<c/N, for some constant c. 


We use a modification of the pigeon hole principle (see figure on page 73). Fix N, 
and choose a positive integer B such that: 


|Im (w;)| < B for i=1,2. 
Finally, choose an integer M such that M > 4BN7?. Consider the box: 
R={ze€C:0<Re(z)<1 and (|Im(z)| < 2BM}. 


For each pair of integers (mm, m2), let {m ,W; + m2W2} denote the representative 
of mw, + m2W2 mod Z with real part between 0 and 1. If 0 < m,, m2 < M, then 


0 < Re ({m,W, + m2W2}) < 1 and 
Im ({m,W, + m2W2}) = mlm (w1) + mgm (we). 
so {m,W; + m2W2} € R. Also, if (m1, m2) 4 (m},, m4), then 
{m,W, + m2W2} F {mw + my w} 


because w1, w2 and w3 are linearly independent over the rationals. For 0 < m,, 
m2 < M, we get M? distinct points in R. But we can write R as a union of 
squares with side 1/N. There are 4BMN? such squares in R. By assumption 
M? > 4BMN’, so two points {mw + mw.) and {m{w, + m{w2} belong to 
the same small square. This proves that there exists integers m;, m2 and n such 
that |m, Ww, + mow —n| < J/2/N . This proves that there exists integral linear 
combinations of w;, w2 and w3 which are arbitrarily close to 0. 

Let Zo be a point where f is holomorphic. Then f(zo+w) = f (Zo) for arbitrarily 
small w 4 0, so f is constant in a neighborhood of zo. Since the set of poles of f 
is discrete with no points of accumulation, we conclude that f is constant outside 
of the set of poles. By the theorem on removable singularities we conclude that f 
is constant on C. 


Exercise V.3.9. Let f be meromorphic on C, and suppose 


lim |f(z)| = c. 
|z]00 
Prove that f is a rational function. (You cannot assume as given that f has only , 
a finite number of poles.) 


Solution. Since lim),)-.00 | f(z)| = 00, the quantity | f(z)| is well defined for all 
large |z|. This implies that the poles of f are contained in some disc of large 
radius. Hence f can only have a finite number of poles. Let P be a polynomial 
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2BM R 


eee 
ese 


-28M 


with zeros where f has poles and such that fi(z) = f(z) P(z) is entire. Let g(z) = 
fiC/z) defined for z # 0. If f; is not a polynomial, then g has an essential 
singularity at 0. However, |g(z)| — oo as |z| > 0, which contradicts the theorem 
of Casoratti-Weierstrass. So f; must be a polynomial, and we are done. 


Exercise V.3.10 (The Riemann Sphere). Let S be the union of C and a single 
point denoted by ox, and called infinity. Let f be a function on S. Let t = 1/z, 
and define 


g(t) = f(1/t) 


fort 4 0, 00. We say that f has an isolated singularity (resp. is meromorphic resp. 
is holomorphic) at infinity if g has an isolated singularity (resp. is meromorphic 
resp. is holomorphic) at 0. The order of g at 0 will be called the order order of 
f at infinity. If g has a removable singularity at 0, and so can be defined as a 
holomorphic function in a neighborhood of 0, then we say that f is holomorphic 
at infinity. 

We say that f is meromorphic on S, if f is meromorphic on C and is also 
meromorphic at infinity. We say that f is holomorphic on S if f is holomorphic 
on C and is also holomorphic on at infinity. 

Prove: 

The only meromorphic functions on S are the rational functions, that is, the 
quotients of polynomials. The only holomorphic function on S are the constants. 
If f is holomorphic on C and has a pole at infinity, then f is a polynomial. 

In this last case, how would you describe the order of f at infinity in terms of 
the polynomial? 
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Solution. We prove the last two assertions first. Suppose f is holomorphic on S. 
Then g has a removable singularity at 0, which implies that in a neighborhood of 
0, the function g is bounded. This implies that f is bounded outside some disc 
and therefore f is bounded on C. By Liouville’s theorem we conclude that f is 
constant. 

Now suppose f is holomorphic on C, and that f has a pole at infinity. The 
function f has a certain power series expansion f(z) = ye a,z", and therefore 


i.e} 1 n 
g(t) = dian (;) . 


Since g has a pole at 0, we conclude that the power series of f at 0 has only finitely 


many nonzero terms, thus f is a polynomial and deg f = — ord g. 
Finally, suppose that f is a meromorphic function on S. Since S is compact, f 
can have only finitely many poles in C, say {(z;, mi)}, i = 1,...,m where nj; is 


the order of the pole z;. Then 
M 
g = f(2)| [@- 2a)" 


i=l 


is holomorphic on C, and ¢ is either holomorphic on S or has a pole at infinity. 
In all cases, we conclude that y is a polynomial, hence f is a rational function as 
was to be shown. 


Exercise V.3.11. Let f be a meromorphic function on the Riemann sphere, so a 
rational function by Exercise 8. Prove that 


>> ordp f =9, 


P 


where the sum is taken over all points P which are either points of C, or P = 00. 


Solution. In this exercise, all sums and products are finite. By the previous 
exercise, we know that f is a rational function. We write 


Piz) Tj @- wi” 
Pz) lz -— zi)" * 


The numerator describes the zeros of f, and the denominator describes the poles 


of f.So 
>= ord f = Som; — Doni. 


PeC J 


f= 


Now we have to determine the order of f at infinity. We have 


TG wy” od — wy) 


Ys TLG - 2a TY, em = 22 
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and therefore the order of g at 0 is — }> jmjpt ye n;. Hence 
Torte f= my — Dm Domy + Dm =0 
P j i j i 


as was to be shown. 


Exercise V.3.12. Let P;(i = 1,...,1r) be points of C or oo, and let m; be integers 
such that 


r 
Som; = 0. 
i=l 
Prove that there exists ameromorphic function f on the Riemann sphere such that 
ordp, f =m; =F 
and ordp f = Oif P $ P;. 


Solution. We may assume without loss of generality that the points P; are pairwise 
disjoint and that m; 4 0 for all i. Suppose first that P; 4 00 for all i. Let z; be the 
complex number which determines P;. Then 


f@=[]@-a)™ 
i=1 


is meromorphic on S and satisfies the desired property. Indeed, if P = P;, then 
ordp f = m;,if P # P; foralli, and P € C, then ordp f = 0. Finally, if P = 00 
the previous exercise implies that ordp f = — )>m; = 0. 

Now suppose without loss of generality that P; = oo. Let 


f@)=[[@-2ay™. 
i=2 
Then if i is not equal to 1 and P = P;, we have ordp f = m;. If P  P; for alli, 
and P € C, then ordp f = 0. Finally, if P = P, we have 


ordp f = — Som; = mM. 
i#l 
This concludes the exercise. 


VI 


Calculus of Residues 


VI.1 The Residue Formula 


Exercise VI.1.1. Find the residue of the following function at 0: (z? + 1)/z. 
Solution. res,-9 f = 1. 
Exercise VI.1.2. Find the residue of the following function at 0: (2? +3z —5)/z?. 
Solution. res,.9 f = 1. 
Exercise VI.1.3. Find the residue of the following function at 0: 

2°/(z — 1)(z* +2). 
Solution. res,—-9 f = 0. 
Exercise VI.1.4. Find the residue of the following function at 0: 

(22 + 1)/2(z? — 5). 
Solution. res,-9 f = —1/5. 
Exercise VI.1.5. Find the residue of the following function at 0: (sin z)/z*. 
Solution. res,-9 f = —1/3!. 
Exercise VI.1.6. Find the residue of the following function at 0: (sin z)/2z°. ‘ 
Solution. res,» f = 0. 


Exercise VI.1.7. Find the residue of the following function at 0: (sin z)/z°. 
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Solution. res,-o9 f = 1/5!. 

Exercise VI.1.8. Find the residue of the following function at 0: (sin z)/z’. 
Solution. res,-o f = 0. 

Exercise VI.1.9. Find the residue of the following function at 0: e® /z. 

Solution. res,9 f = 1. 

Exercise VI.1.10. Find the residue of the following function at 0: e® /z?. 
Solution. res,-o f = 1. 

Exercise VI.1.11. Find the residue of the following function at 0: e?/2>. 
Solution. res,-9 f = 1/2!. 

Exercise VI.1.12. Find the residue of the following function at 0: e?/z'. 
Solution. res,-o f = 1/3!. 

Exercise VI.1.13. Find the residue of the following function at 0: z~? log(1 + 2). 
Solution. res,9 f = 1. 

Exercise VI.1.14. Find the residue of the following function at 0: e*/ sin z. 
Solution. res, f = 1. 

Exercise VI.1.15. Find the residue of the following function at 1: 1/(z* —1)(z+2). 
Solution. res,_; f = 1/6. 


Exercise VI.1.16. Find the residue of the following function at 1: Ze = DG 
2)/(24 — 1)”. 


Solution. res,_; f = 37/4", because 


Cee) eS ete) 
(-1P IP ez Fe FBP 


Exercise VI.1.17. Factor the polynomial z” — | into factors of degree 1. Find the 
residue at I of 1/(z" — 1). 


Solution. If we let 6 = 27/n, then 
27 1=(z- Iz — ez — 7). (2 — ef), 


To compute the residue we can differentiate z” — 1 and evaluate at z = 1 or note 
that 


f=TS GS DOE bee), 


so that res,—) 1/(z” — 1) = L/n. 
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Exercise VI.1.18. Let z1,..., Zn be distinct complex numbers. Let C be a circle 
around z, such that C and its interior do not contain z; for j > 1. Let 


F(Z) = (2 — 21)(Z — 22) +++ (Z — Zn). 


Find 
1 
—dz. 
[ f(z) 
Solution. Since 
W(C.z,) 1 ifj=1 
Vo ifj>) 


the residue formula implies that the desired integral is equal to 277i res,_,,(1/f). 
Hence 


n 


1 
—dz=20i : 
ee F) ees 


Exercise VI.1.19. Find the residue ati of \/(z‘4 — 1). Find the integral 


] 
[ Goa 


where C is a circle of radius 1/2 centered at i. 


Solution. We have the factorization z+ — 1 = (z — 1)(z + 1)(z —i)(z +i), so 


res : se 
a1 ES 


We could also differentiate z+ — 1 and evaluate at z = i. By the residue formula 


we conclude that 
1 -1 —1 
———dz = 2mi | — ] = —. 
Law" ni (=) 2 


Exercise VI.1.20. (a) Find the integral 


i 
—>———dz, 
(ears : 


where C is a rectangle oriented clockwise, as shown on the figure. 
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(b) Find the integral [-1/(z? + z + 1)dz over the same C. 
(c) Find the integral Te 1/(22 — z+ 1)dz over this same C. 


Solution. (a) The roots of the polynomial p(z) = z? — 3z + 5 are 
_34+ivil 3-iVil 
= a a oe 


The only singularity of 1/p(z) in the rectangle is at z;, and to compute the residue 
we write p(z) = (z — z1)(z — Z2). Therefore, by the residue formula (and being 
careful about the orientation of C) we find that 


Z1 and 72= 


1 —2ni —2n 
——dz = —2mi res,—,, 1/p(z) = ——— = —=. 
[ P(z) Z=Z1 /P Zi = 29 TT 
(b) Let p(z) = z* +z+ 1. Then, the roots of p are 
-1+iVv3 —1-—iV3 
eC ee and z= aaa nn 


Clearly, none of the roots of p lie in the interior of C, so 1/p is holomorphic in 
this region and therefore 


1 
—dz=0. 
lw 


(c) Let p(z) = z* — z + 1. Then the roots of p are 


Lae ie 1-iVv3 
2 2 - 
The point z, is the only singularity of 1/p in the interior of C so writing p(z) = 
(z — 21)(z — 22), the residue formula gives 
1 —20i —2n 


—-dz= = 2 
low 2 Z1— 22 V3 


Exercise VI.1.21. Let z,...,2%n be distinct complex numbers. Determine 
explicitly the partial fraction decomposition (i.e., the numbers aj): 


1= 


1 ay an 


Or +--- “ 
(2-21) kn) ZI Z—2n 


(b) Let P(z) be a polynomial of degree < n — 1, and let a,,..., a, be distinct 
complex numbers. Assume that there is a partial fraction decomposition of the 
form 

P) a Cn 


ee ee . 
(Z—a1)++*(Z—Gn) Z-y Z—An 


Prove that 
P(a) 
Cc = >; 
(a; — a2)-++ (41 — Gn) 
and similarly for the other coefficients c ;. 
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Solution. Let 


f@= 


1 a\ an 
oO ene — tent an + . 
BCH Zi) (zap (Ei Erika 
These two expressions for f allow us to compute the residue at z; in two different 
ways. The first formula gives 


1 
res,-z, f(z) =|] 


kpj ti 2k 


and the second formula gives res,_,, f(z) = aj, therefore 
1 


Key <i — 2k 


aj 


(b) Arguing in the exact same way as in (a) we find that 
P(aj) 
cj = | | ——.. 
kj (a; aa ax) 


Exercise VI.1.22. Let f be analytic on an open disc centered at a point Zo, except 
at the point itself where f has a simple pole with residue equal to an integer n. 
Show that there is an analytic function g on the disc such that f = g'/g, and 


g(z) = (z — %)"h(z)_ where h is analytic and h(zo) 4 0. 
(To make life simpler, you may assume zq = 0.) 


Solution. Assume zo = 0, and let D* = D — {0} denote the punctured disc 
centered at the origin. Let w € D* and define 


gy(2) = / Fae 
WY 


where the integral is taken on the path y C D* that joins w to z. Suppose we are 
given two paths y; and y2 from w to z. Then the residue formula applied to the 
closed path jy e combined with the fact that f has integer residue at 0 implies 
that g,,(z) and g,,(z) differ by an additive integer multiple of 27i. Hence 


8(Z) = exp(g,(z)) 


is well defined (independent of the path y) on D*. Now we show that we can 
extend g to be analytic at 0. It suffices to show that g is bounded near the origin, 
so that 0 becomes a removable singularity. Suppose z is close to 0 and let y be a 
path joining w and z. If 


f@) =F tay tat: 


is the Laurent series of f at the origin, then 


z 2 1 
i f(S)dg = [ve y(t)” + aoy(t) + ay ae Bees | , 
wW,yY 


VIL.1 The Residue Formula 81 


so g(z) = z”h(z) where h is analytic on D. Thus g is bounded near the origin and 
we can extend g to be holomorphic on the whole disc. Therefore f = g’/g on D* 
and since f has a simple pole with residue n at 0 we conclude that g has order n at 
0, namely there exists an analytic function h such that g(z) = z”h(z) and h(0) ¥ 0. 


Exercise VI.1.23. Let f be a function which is analytic on the upper half plane, 
and on the real line. Assume that there exist numbers B > 0 and c > 0 such that 


If 
eal: 
forall ¢. Prove that for any z in the upper half plane, we have the integral formula 
1 f* ft 
fM= = BAC, t 


20 J_ot —2Z 


[Hint: Consider the integral over the path shown on the figure, and take the limit 
as R > o0.] 


The path consists of a segment from — R to R on the real axis, and the semicircle 
Sp as shown. 
(b) By using a path similar to the previous one, but slightly raised over the real 
axis, and taking a limit, prove that the formula is still true if instead of assuming 
that f is analytic on the real line, one merely assumes that f is continuous on the 
line, but otherwise satisfies the same hypotheses as before. 


Solution. Let z be a point in the upper half plane. Choose R so large that z belongs 
to the interior of Sr. Then by Cauchy’s integral formula we have 


— ©) | 
Seb —Z 


This formula holds for all large R. Let St p denote the upper semi circle. Then we 


can write 
: i fO) ) 
2: = 
nif(2) Foam dt + [. PO ag 


f@= 


de. 
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It suffices to show that the last integral goes to 0 as R — oo. By hypothesis we 


have the estimate 
/ IE) ye <[ f@) 
spo—2 splo—-z 


For all large R we have |¢ — z| > R/2 so 


i FO) ae| < 
se oe 


B 
dt < ——_d¢. 
ssf ee = 21° 


Cee eRe oR: 


’ 


=f 1 —2BaR 2B 
Sed. 


which proves that the integral over the upper semi circle goes to 0 as R > oo. 
Hence 


2nif(z) = 2m, ae fea 


g, 


and therefore 


f@m= a LO ot. 


2mi J_ot—-Z 


(b) Consider a path as shown on the figure. 


Let L,, be the segment fromn +i/n to —n +i/n. Then, arguing as before we have 


2nrif(z) = tim, [ I® ay, 
noo Jy, c —2Zz 


and 
FO) [ ft +i/n) i 
———dg = =a) tt = t)dt 
ee g al mein —2 in) 
where X{—n,n) denotes the characteristic function of the interval [—n, n] and 


f(t +i/n) 


y= x- F 
Sint) XI ml tij/n—z 
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By continuity, 
pa (t) 
aaa 


and the following estimates show that the o s are uniformly bounded by an 
integrable function 


jim, fn(t) = 


t+i/n B 
oe 

|jt+i/n—z| ~ |t+i/n|e|t +i/n — 2| 
and |t + i/n| > |t|. For all large |t| we have 


Ie tijn a> 


so that for all large |t| we get 


K 
lfl < ent 


for some positive constant K. We can apply the dominated convergence theorem 
to obtain 


1 [* f@ 
= — —at 
area Metres 
Exercise VI.1.24. Determine the poles and find the residues of the following 
functions. (a) 1/ sin z (b) 1/(1 — e?) (c) z/( — cos 2). 


Solution. (a) The function 1/ sin z has poles at the points z = km where k € Z, 
and the derivative of sin z, is cos z so 


1 
TSentx TO = (- 1)*. 


(b) The poles of 1/(1 — e?) are the pins 2mik where k € Z. The derivative of 
1 — e? is —e? so 
1 
TeS;—2nik Toe = Sa 
(c) The solutions of 1 — cos z = 0 are the complex numbers z = 27k withk € Z, 
and z/(1 — cos z) has poles at these points. Moreover 


Zz 1 
l—cosz z/2!—23/4!4+---’ 
sO 
z 2 ifk =0, 
res,— = 
wSe=2nk 7 cosz «JO ifk £0. 


Exercise VI.1.25. Show that 


cos e 2 Bh eke 
/ A dz =2zi-sinl. 
Izj=1 2 
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Solution. Let f(z) = cos e~*. By Cauchy’s integral formula we have 


axis) = | 


\zl=1 22 


cos e~2 


Differentiating we obtain f’(0) = sin 1 which proves the desired formula. 


Exercise VI.1.26. Find the integrals, where C is the circle of radius 8 centered at 
the origin. 


(4) fo ang? (D) fo Teesz 42 
(c) fo ttédz (d) fi, tan zdz 
(e) fc nikdz 


Solution. (a) The function 1/ sin z has poles at the numbers zk where k € Z. The 
residue at 2k is (—1)* (see Exercise 24), so 


1 
—dz = 27i. 
c Sinz 
(b) The zeros of 1 — cosz are located at the points z = 27k with k € Z. We 
first compute the residue at 0. To do so, we use the power series expansion of the 
cosine: 


i 1 

l—cosz F-24e—... 
3 1 
je eS, 


2 222 2Nz4 222 2Nz4 a 
~ 3 (1+ (GP- BF) + (GR -+-) cae 


and we see that the residue of 1/(1 — cos z) at the origin is 0. By periodicity we 
conclude that the residues of 1/(1 — cos z) at the points 27k are all 0 and therefore 


1 
i ————dz = 0. 
c l—cosz 


(c) Let f(z) = (1+2z)/(1 —e?). This function has simple poles at 27ik withk € Z. 
Simple computations give 


res,-90 f=1, reS,--2,; f =—(1—2mi) and res,-27; f = —(1+ 277i). 


By the residue formula we have 


[ a ee 
cl-e 


(d) Let J = — f, tan zdz. Then ‘ 
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where f(z) = cos z. By the residue formula, 

I =27i s (number of zeros of f in C). 
The zeros of f are at the points km /2 with k odd. Therefore, f has 6 zeros in the 
interior of C which gives 


| tan zdz = —127i. 
ol 


(e) Let f(z) = (1 +. z)/(1 — sinz). The poles of f are precisely at the points 
z = kn/2 where k is an odd integer. Since sin z = cos(z — 2/2) we see that 


14+z 
AS Raa BP PT 


Arguing like in (b) we see that the residue of f at the points km /2 with k odd is 0 


and therefore 
1 
cl-—sinz 


Exercise VI.1.27. Let f be holomorphic on and inside the unit circle, |z| < 1, 
except for a pole of order I at a point zo on the circle. Let f = Y\anz" be the 
power Series for f on the open disc. Prove that 


lim 
nO An+1 


—— Z0- 
Solution. For z near z) we have 
f@= ieee higher terms. 
Z— 2% 


Let 


c 
Z—Z. 


(2) = f@)—- 


Then g is analytic in the closure of the unit disc, and 


g(z) =) anz" + = oD (=) ay (. + da) fs 


The power series of g has radius of convergence > 1 so a, + ej? — 0 and 


therefore ay, /an41 — Z0- 

Exercise VI.1.28. Let a be real > 1. Prove that the equation 
zen % = 1 

has a single solution with |z| < 1, which is real and positive. 


Solution. Let f(z) = ze*~2 and g(z) = f(z) — 1. Then | f(z) — g(z)| = 1 and if 
|2| = 1 withz =x +iy,x, y ER, then 


If(z)| = e*™. 
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Butsincea > 1 wehave | f(z)| > 1 whenever |z| = 1 and therefore | f(z)—g(z)| < 
| f(z)| on the circle. By Rouché’s theorem we conclude that the equations ze?-? = 
and ze*~~ = 0 have the same number of solutions in the closed unit disc. Since 
the second equation has only one solution, we conclude that ze*~* = 1 has only 
one solution in the closed unit disc. 

Let f(x) = xe*-*. Then f(0) = 0 and f(1) > 1, so the solution of ze*~? = 1 
is real and positive. 


Exercise VI.1.29. Let U be a connected open set, and let D be an open disc whose 
closure is contained in U. Let f be analytic on U and not constant. Assume that 
the absolute value | f | is constant on the boundary of D. Prove that f has at least 
one zero in D. [Hint: Consider g(z) = f(z) — f (Zo) with zo € D.] 


Solution. Fix any zo € D and let g(z) = f(z) — f (Zo). Clearly, we have 
f(z) — g(z)| = |f Zo)I- 


The maximum modulus principle applied to f in D, combined with the fact that 
| f| is constant on the boundary of D and that f is not constant implies 
| f(Zo)| < |f(z)| for all z on the boundary of D. 


By Rouché’s theorem, f and g have the same number of zeros in D. Clearly, g 
has at least one zero, namely zo, so f has at least one zero in D. This concludes 
the proof. 


Exercise VI.1.30. Let f be a function analytic inside and on the unit circle. 
Suppose that | f(z) — z| < |z| on the unit circle. 

(a) Show that | f’(1/2)| < 8. 

(b) Show that f has precisely one zero inside the unit circle. 


Solution. (a) By Cauchy’s integral formula 


tea The f() 
No c (6 — 1/2) 


where C is the unit circle. But |¢ — 1/2| > 1/2 for all ¢ € C and 
IFO <1FG) — S14 151 < 210] 
by hypothesis. Putting these two observations together we get 
, 12x27 
If (/2)| < In (1/22 = 


(b) Rouché’s theorem implies at once that f has precisely one zero inside the unit 
circle. 


dg 


Exercise VI.1.31. Determine the number of zeros of the polynomial 
27 4 36274-7124 +2—z4+1 


inside the circle 
(a) of radius 1, 
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(b) of radius 2, centered at the origin. 
(c) Determine the number of zeros of the polynomial 


22° — 677 +z+1=0 
in the annulus 1 < |z| < 2. 


Solution. (a) Let g(z) be the polynomial given in the exercise, and let f(x) = 71z’. 
If |z| = 1, the triangle inequality implies 


le(z) — f(2)| <1+364+1414+1 <7, 


so on the unit circle we have |g(z) — f(z)| < |f(z)|. By Rouché’s theorem we 
conclude that g(z) = 0 has 4 zeros inside the unit circle. 

(b) Let g(z) be the polynomial given in the exercise and let f(z) = z8’. Then if 
|z| = 2, we have 


le(z) — f(z) < 36x 27 4-71 x 244234241 < 287 =] F(Z), 


so by Rouché’s theorem we conclude that g(z) = 0 has 87 zeros inside the circle 
of radius 2 centered at 0. 

(c) Let g(z) = 2z° —627 +241, f(z) = —62? and f(z) = 22°. We denote by D, 
the open disc of radius r centered at the origin. Rouché’s theorem applied to g and 
J2 shows that g has 5 zeros in D2 and no zero on the boundary of D2. Applying 
Rouché’s theorem to g and f; we find that g has two zeros in D, and no zeros on 
the boundary of D,. Therefore, g has 3 zeros in the annulus 1 < |z| < 2. 


Exercise VI.1.32. Let f,h be analytic on the closed unit disc of radius R, and 
assume that f(z) 4 0 for z on the circle of radius R. Prove that there exists € > 0 
such that f(z) and f(z) + €h(z) have the same number of zeros inside the circle 
or radius R. Loosely speaking, we may say that f and a small perturbation of f 
have the same number of zeros inside the circle. 


Solution. Let « > 0, and define g,(z) = f(z) — €h(z). Then 
|ge(z) — f(z)| < €|A(z)]. 


There exists 5 > 0 such that | f(z)| > 6 for all z on the boundary of C (the circle of 
radius R) because | f | is continuous on this circle and never 0 by hypothesis. Since 
h is continuous on the same circle, there exist €g > 0 so small that €9|h(z)| < 6 
whenever z € C. By construction, we have 


18e(z) — f(2| < |f()|  forallz eC. 
Rouché’s theorem guarantees that €9 verifies the desired property. 


Exercise VI.1.33. Let f(z) = dnz” +++» +a be a polynomial with a, # 0. Use 
Rouché’s theorem to show that f(z) and a,z" have the same number of zeros in a 
disc of radius R for R sufficiently large. 


Solution. Select Ro so large that 


an 
aie il 
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Let g(z) = a,z" and suppose that |z| = Ro. Then 
Ig(z) — f(@)| < lan-1|RO7' +--+ + laol < lan|Ro = |g(2)I- 
By Rouché’s theorem we conclude that Ro satisfies the desired property. 


Exercise VI.1.34. (a) Let f be analytic on the closed unit disc. Assume that 
| f(z)| = 1if |z| = 1, and f is not constant. Prove that the image of f contains 
the unit disc. 

(b) Let f be analytic on the closed unit disc D. Assume that there exists some point 
zo € D such that |f(Zo)| < 1, and that |f(z)| => 1 if |z| = 1. Prove that f(D) 
contains the unit disc. 


Solution. (a) It suffices to show that if |wo| < 1, then g(z) = f(z) — wo hasa 
zero in D, the unit disc. If |z| = 1, then 


Ig(z) — f@)| = |wol < 1 =1f@DI, 


so by Rouché’s theorem f and g have the same number of zeros in D. We have 
reduced the problem to showing that f has a zero in D. 

By the maximum modulus principle and the hypothesis on f we see that there 
exists z9 € D such that f(z) € D. Let g(z) = f(z) — f (Zo). Then 


Ig(z) — F)| = |FGo)| < 1 =(F(Z)|_ whenever |z| = 1 


so by Rouché’s theorem f and g have the same number of zeros in D. Since g has 
at least one zero in D we get the desired conclusion. 

(b) From the hypothesis given, it is clear that with a slight modification, the proof 
of part (a) carries over. 


Exercise VI.1.35. Let P,,(z) = He z*/k!. Given R, prove that P, has no zeros 
in the disc of radius R for all n sufficiently large. 


Solution. Let f(z) = e*. We know that f has no zeros in C, so | f(z)| = dr > 0 
on the closure Dr of the disc or radius R centered at the origin. Moreover, P,, > f 
uniformly on Dg, so for all sufficiently large n, P,, has not zeros in Dr. 


Exercise VI.1.36. Let z1,..., Zn be distinct complex numbers contained in the 
disc |z| < R. Let f be analytic on the closed disc D(0, R). Let 


Q(z) = (Z — 21) ++ (Z — Zn). 


Prove that 
1 1 — Q(z)/Q(e) 
PQ) = —— / 1G eT, 
2ni Cr o-Zz 
is a polynomial of degreen — | having the same value as f at the points z,,...,Zn- 
Solution. Since Q(z,) = 0 for all k = 1,...,m we see from Cauchy’s integral ‘ 
formula that 


1 
P(%) = sf pear = f (2). 
TTL SCp 4 
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To see why P is a polynomial of degree n — 1 we write 


P= f £9) 2@- 2&4, 


~ 2xi dcp OG) 6-2 
Viewed as a polynomial in z, Q(¢) — Q(z) has degree n so there exists a,(¢) such 


that 
n-1 
OG) — Oz) = (6 — 2) Yo alse", 
k=0 


thus 


a (1 f() : 
a= 25 (sri iS Feuer) 


Exercise VI.1.37. Let f be analytic on C with the exception of a finite number of 
isolated singularities which may be poles. Define the residue at infinity 


1 
TESoo f(Z)dzZ = bt for fics f@dz 


for R so large that f has no singularities in |z| > R. 

(a) Show that reSoo f (z)dz is independent of R. 

(b) Show that the sum of the residues of f at all singularities and the residue at 
infinity is equal to 0. 


Solution. (a) The residue at infinity of f is independent of R because f is holo- 
morphic outside some large disc and since any two circles of large radius are 
homotopic, this implies that the integrals of f along these two circles are equal. 
(b) Suppose that z1, ..., Z, are the poles of f with residues c), .. . , cy respectively. 
Then for all sufficiently large R, the residue formula gives 


[£645 = 281 Dew 
z|= 


It is now clear that 


FSoo f (z)dz + D> res, f(z) = 0. 
k 


Exercise VI.1.38 (Cauchy’s Residue Formula on the Riemann Sphere). Recall 
Exercise 2 of Chapter V, §3 on the Riemann sphere. By a(meromorphic) differential 
® on the Riemann sphere S, we mean an expression of the form 


where f is a rational function. For any point z € C the residue of w at Zo is 
defined to be the usual residue of f (z)dz at zo. For the point 00, we write t = 1/2, 


1 1 
dt=——dz and dz=~--dt, 
Zz t2 
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So we write 
1 1 
w= f(1/t) (-3) dt = —ahll/nat. 


The residue of w at infinity is then defined to be the residue of -4 fC /t)dt at 
t = 0. Prove: 

(a) > residues w = 0 if the sum is taken over all points of C and also infinity. 
(D) Let y be a circle of radius R centered at the origin in C. If R is sufficiently 
large, show that 


a / f (z)dz = —residue of f (z)dz at infinity. 
ani J, 


(Instead of a circle, you can also take a simple closed curve such that all the poles 
of f in C lie in its interior.) 
(c) If R is arbitrary, and f has no poles on the circle, show that 


1 
ani [ f(2)dz 


== > residues of f(z)dz outside the circle, including the residue at oo. 


[Note: In dealing with (a) and (b), you can either find a direct algebraic proof of 
(a), as in Exercise 38 and deduce (b) from it, or you can prove (b) directly, using 
a change of variables t = 1/z, and the deduce (a) from (b). You probably should 
carry both ideas out completely to understand fully what’s going on.] 


Solution. (b) Choose R so large that f has all its singularities and zeros in D(O, R). 
Then we can make the change of variable t = 1/z in the integral ao if f (z)dz 
and we obtain 
1 —1 
—-—— | — f(i/tdt. 
i Fr a/0) 

The first minus signs comes from the fact that the change of variables reverses the 
orientation. So we have proved (Residue formula) that 


_ [ f (z)dz = —residue of f(z)dz at infinity. 


(a) When R is large, the integral xa JS, cp J (2)dz is equal to the sum of the residues 
of f at points in C. By (b) it follows that > residues w = 0. See the next exercise 
for a direct (algebraic) proof of (a). It is clear that (b) follows immediately from 
(a) by the residue formula. 

(c) By the residue formula, the integral = ET if; f (z)dz is precisely equal to the sum 
of the residues of points in the circle of radius R, so part (a) implies at once the 
desired formula. 


Exercise VI.1.39. (a) Let P(z) be a polynomial. Show directly from the power 
series expansion of P(z)dz that P(z) has 0 residue in C and at infinity. 
(b) Let a be a complex number. Show that 1/(z — a) has residue —1 at infinity. 
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(c) Let m be an integer > 2. Show that 1/(z — a)” has residue 0 at infinity and at 
all complex numbers. 


(d) Let f(z) be a rational function. The theorem concerning the partial fraction 
decomposition of f states that f has an expression 


f@= > = a + P(z) 


fal mar 


where a, ..., a, are the roots of the denominator of f , dim are constants, and P 
is some polynomial. Using this theorem, give a direct (algebraic) proof of Exercise 
38(a). 


Solution. (a) Since P is entire, the residue of P(z)dz at any points in the complex 
plane is 0. If we write P(z) = ap +--+ + @,2", then 


—l 1 —1 Qa an 
=? (5) Hag ie ee): 
We see from this expression that the residue of P(z)dz at infinity is 0. 
(b) Immediate from the expression 
-1 1 eg 
2 (1/t)—a t(1—ta) 


(c) The only singularity of the function 1/(z — a)” in C is at a where this function 
has residue 0. At infinity, the residue is also 0 because 


—1 1 ee ae 
2 (1/t—a)y" (1—ta)" 
and because we assumed m > 2. 
(d) We prove that the sum of the residues is equal to 0. We use (a), (b), (c), the 
expression of f, and the fact that the residue of the function in (b) is 1 at a and 
O everywhere else in C. By (b) we are only interested in the terms with m = 1, 
hence the sum of the residues of f taken over the points in C is 
ay) + aq +--+ +p. 
Also, by all the previous results we find that the sum of the residues at infinity are 
ay) — a2) — +++ — ap. 


The formula }~ residues w drops out. 


Exercise VI.1.40. Let a,b € C with |a| and |b| < R. Let Cp be the circle of 
radius R. Evaluate 
zdZ 


Ce Vz — az — db) 


The square root is chosen so that the integrand is continuous for |z| > R and has 
limit 1 as |z| > oo. 
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Solution. Consider a circle centered at the origin, of radius r > R. Then 


i zdz = i zdz 

c. Vz ayz—b) Jeg VR ARB)’ 

because the two circles C,, and Cr are homotopic in an open set where the integrand 
is holomorphic. But 


d 2n id : 
[ pene ee eee ee: 
c, Vz-alz—b) Jo (rei? — a)(re’9 — b) 


We know that the fraction will tend to 1 as r —> 00, but since this is multiplied by 
rie’? we cannot conclude. Therefore, we add and subtract 1 


2n rei 


0 (rei? — a)(re!® — b) 


2n rel? ; : 
= [ —___) pci? + rie’ 
0 (rei? — a)(re!® — b) 


2n id 
= / pee eel eae, 
0 (re’® — a)(re’® — b) 


rie?d6 


But 
re’? 
(re!® — a)(re!® — b) as 
re! — \/(re’® — a)(re!® — b) 


(re? — are’? — b) 
_ r2e2!9 — (rel? — a)(re’® — b) 
(re? = are — by (rei + V(re® — ay(re’® — b)) 
- (a + b)re!® — ab 
~ (V(re® — are — b))(rei® + V(rel® — are — b)) 
so if we denote by D(z) the denominator, we find that the integrand we are interested 
in is 


(a+ b)rerie?® — abrie'® 


D(z) D(z) ¢ 
As |z| = r — oo, the term on the right behaves like aati and the term on the 
left behaves like aroha = ep An application of the dominated convergence 


theorem shows that the integral of the term on the right goes to 0, and the integral 
of the term on the left goes to 


On (a+ b)i 


5 =n(a+t+Dbiji. 
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Hence 


———__————— = b)i. 
Ie V(z — ay(z — b) Eee 
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Exercise VI.2.1. Find the following integrals: 


(a) f~ oo wydx = = 27/3. 
(b) Show that for a positive integer n > 2, 


[ 1 a/n 
dx = Prema raet 
o i+x” sina/n 


[Hint: Try the path from0'to R, then from R to Re?'/, then back to 0, or apply 
a general theorem. ] 


Solution. (a) Consider the contour shown on the figure, namely a symmetric 
segment on the real line and a semicircle in the upper half plane. 


Sp 


We have 


B 
R26 


1 
dz| <1 
las 


for some constant B valid for all large R. This shows that the integral on the 
semicircle goes to zero as R tends to infinity, and ny the residue formula 


foe) 
1 
ia aoe sae =27i > residues ot 


; in the upper half plane. 


The poles of 1/(1 + z°) in the upper half plane are at the points e'”/°, e'*/? and 
e'°"/6_ Moreover, these poles are simple, so we can use the derivative to find the 
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residues. It follows that the desired integral is 


coy e-5im/6 —g-Sin/2 9g 2Sin/2 
—_dx = 2n7i —— 
i Ta x = 2i( A + 73 + 73 ) 
_ti(_v3_i_,_i, v3) _2 
~ 3 2 2 2°20) > 3° 


(b) We split the contour integral given in the hint in three parts, Lr the segment 
from 0 to R, Ap the arc from R to Re*™‘/", and L’, the segment from Re*”‘/" to 0. 


The integral on the arc tends to 0 as R becomes large because this integral is 
estimated by the sup norm of f multiplied by the length of the arc, and because 


we assume n > 2 
1 
i; dz|<R 
Ar 1+ 2" 


2x B 


Rv" 


The only pole of 1/(1 + z”) in the interior of the contour (for large R) is e” ‘/” and 
this pole is simple. The derivative shows that the residue is 


1 -o—nrijn — =! prin, 
n n 


Parametrizing L’, by te?*'/" with 0 < t < R we find that 


1 3 1 
[ ape if ate. 
R R 


Taking the limit as R —> oo and using the residue formula we get 


ni oo 1 Tiss 
(1 — e27#/") [ dx = 2ni(—e*'/"), 
0 1+x" n 


thus 


mijn _ ,—-ni/n 0° 1 
ene) axa. 
2i o L+x" 
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By Euler’s formula we conclude that 


ft 1 ox ain 
o Ll+x" sina/n 


Exercise VI.2.2. Find the following integrals: 
2 

(a) fo ax = 12/2. 
2 

(b) fy eax = 17/6. 


Solution. (a) Let f(z) = z”/(1 + 24). To use the contour given in the text, i.e., 
a segment on the real line and a semicircle in the upper half plane (see the first 
figure of the preceding exercise) we must show that f decreases rapidly at infinity. 
There exists a constant B such that for all large R we have 
R? B 

| f(z) < Baa = Re whenever |z| = 
The integral on the semicircle is estimated by the sup norm of f multiplied by 
the length of the semicircle. Hence the integral on the semicircle is bounded by 
a R(B/R?) = 1 B/R, and therefore this integral tends to 0 as R tends to infinity. 
So 


ie SQ)dx = 2ni residues Oh rat z in the upper half plane. 


The function f(z) has two simple poles in the upper half plane at e7'/4 and 37/4. 
Using the derivative of the denominator and the fact that the numerator is entire, 
we find that the residues are 


(e#/4)2 (e37'/4)2 
gesmija ANC To oni/4 ’ 


respectively. Hence 


5 eti/2 e3ti/2 
«Sede = SOREN Tonia qos 


=. a —mi/4 4. Sni/4y 
2 


(b) Let f(z) = z7/(1 + z°). The function f is even, so 


/ fodx =2 i Foodx, 
—oo 0 


and we are reduced to computing the integral of f over the whole real line. Arguing 
like in (a) we see that we can use the same contour, hence 


ie f(x)dx = 207i x residues of z in the upper half plane. 
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The poles of f are described in part (a) of Exercise 1. Taking into account that z? 
is entire we can compute the residues at the poles and obtain 


2ni /6 2ni /2 107i /6 
‘a fladds = 2ni (a + Sun + gaa) 


6e57i/6 6e>7i/2 6e257i/6 


= ia 4 en 3ti/2 4 gmi/2y 


a 
=o i+i-i)= 3° 


The above observation implies that 


ee 54 
[ f(x)dx = rt 


as was to be shown. 


Exercise V1.2.3. Show that 
/ oe x-l An 21 


ee 5 


Solution. Let f(z) = (z — 1)/(z> — 1). Then there exists a positive constant B 
such that for all large R we have 

R? B 
If < Bos = 


whenever |z| = R. The same argument as in Exercise 1 (a) shows that we can use 
the same contour as this exercise, therefore 


oe xt 
[3 z ae ha = 2ni > residues of jin the upper half plane. 
296 OS 
The simple poles of f in the upper half plane are at the points e?”'/> and e47'/5, so 
the residues at these points are 
e2i/5 _ 4 _ efti/S _. p2ni/S F efri/S e8ti/5 _ pAni/5 
5(e271/5)4 5 as 5(e47i/5)4 5 


Therefore 
ie ara = 2m (gani/s — e2ti/5 4 p8ti/5 _ gAri/5y 
= ork (_ panils +e 2ni/5) 
= Hi sin(27/5) 
= = — 2i sin(—27/5) 


= a sin(27 /5) 


as was to be shown. 
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/ = 

2 
Y z 
where y is: 


(a) the square with vertices 1 + i, -1 +i, -—1 —i, 1 —i. 
(b) the ellipse defined by the equation 


Exercise VI.2.4. Evaluate 


(The answer is 0 in both cases.) 


Solution. The only singularity of the function eo /z” is at the origin. The power 
series expansion for the exponential gives 


ee 1 Zz Zz 
ee 2! 3! 
so 01 is a es of order 2. From the above expression we also see that the residue 


of e~?” /2? at the origin is 0. By the residue formula we conclude that the answer 
to (a) and (b) is 0. 


Exercise VI.2.5. (a) f°. Sadx =ne~ ifa>0. 
(b) For any real number a > 0, 
°° cos x 7 
de Pia = ite ?/a. 
[Hint: This is the real part of the integral obtained by replacing cos x by e'*.] 


Solution. (a) This integral belongs to the section on Fourier transforms: We must 
show that f(z) = 1/(1 + 2”) goes to 0 fast enough. There exists a constant K such 
that for all sufficiently large |z| we have 


K 
If@ls lee? 


so the decay assumption is satisfied and we can use the formula given in the text 
(Theorem 2.2) 


foe} iax 
[ ne 5dx = 20 ie residues of e'%? f(z) in the upper half plane. 


The function f has a simple pole at i with residue 1/2i, so 


foe) eiax csaee > eiai = is 
wo ltx 5 x = 277i i =e, 


as was to be shown. 
(b) Changing variables x = ay we get 


[ cos x _ -+ °° cos(ay) 
x? a? gs FEA 
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as was to be shown. 


Exercise VI.2.6. Leta, b > 0. Let T > 2b. Show that 


1 T eit ‘ 
ni [ ape 


Formulate a similar estimate whena < 0. 


1 
<—(1-e ™)+e-™. 
Ta 


Solution. Let f(z) = e!%@/(z — ib). Consider the rectangle: 


The only pole of f in this rectangle is at ib and the residue is e~, so it suffices 


to show that 
al 
eee r+ +f f 
2ni Rr ee) lr 


where Rr denotes the right vertical segment, L7 the left vertical segment and 7 
the top vertical segment (all with the orientation given on the picture). We begin 


with 
1 1 T ia(T+it) 
aa i f= =a | ae iar 
2ni JR, 2ni Jo T +it —ib 
Putting absolute values we get 
ai 1 
e "dt = ——(l—e*"). s 


1 
tf ge 
ani JR, 2nT Jo 2nTa 


The same estimate holds for the left hand side, namely 


1 
— < 
2ni [ fis 


1 
$5,0- eT) pe", 


1 —aT 
MTA 
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We now estimate the integral on the top segment. With the parametrization ¢ + iT, 
—T <t <T we get 
—aT T 
ie es ee 
2ni Jr, Qn Jer |t +iT —ib| 


eT 2T 
<—=—.. 
~ In T—-b 
Since T > 2b, we must have 27/(T — b) < 4 so that 
1 2e-eF 
nae / i= 
2ni Jr, 4 
We see now that our estimate is sharper than the one we wanted to prove. 
If a is negative, then a similar argument with a rectangle lying in the lower half 


plane gives 
1 T eit 
dz— —ba 
2ni Ls pa 


1 
< Te fe 1)+e7, 


Exercise VI.2.7. Let c > 0 anda > 0. Taking the integral over the vertical line, 
prove that 


0 
1 c+i0o 1 
— —dz= t- i = 
Gein 2 Ne ee 
bo. ask 


Ifa =, the integral is to be interpreted as the limit 
c+ioo ce+iT 
[ = lim . 
c—ioo T>© Jc-iT 


[Hint: Ifa > 1, integrate around a rectangle with corners c~ Ai, c+ Bi, —X + Bi, 
—X — Ai, and let X — oo. Ifa < 1, replace —x by x.] 


Solution. Let b = loga so that 


We begin with the case a = 1. Then b = 0 and we must evaluate the integral 


c+i0o 1 
[ -dz. 
c-ico % 


If X > 0, the segment from c — iX to c + iX is parametrized by c + it where 


—X <t < X,so that 
c+ioo 4 x . 
| taz= [ “dt. 
c-ioo 2 -xctit 
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X i X c xX t 
dt =i dt ——w 
(Rea I, c? + 1? ae aaa’ 


= 2i arctan(X/c) 


Now 


so letting X — oo we obtain 
c+ioo 1 Nn 
/ -dz=2i-— =in 
c-ioo 2 2 
and this proves that 
1 c+i0o _z 1 
mana =e: =z. 
201 Seino 2 2 


We now look at the case a > 1 or equivalently b > 0. Suppose X > 0 is large, 
and consider the contour: 


Here, Ty denotes the horizontal segment on top, By the horizontal segment on the 
bottom, Ly the vertical segment on the left and Rx the vertical segment on the 
right and all segments have the orientation given on the picture. If y is the path 
defined by 


y=Ry+Tx+Ly + By 


the residue formula gives 


] z 
am | <dz = ) | residues of finy. 


The only pole of f is at the origin and since the numerator is equal to 1 at 0 we 
conclude that the right hand side of the above equality is equal to 1. Therefore, 
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it suffices to show that the integral over Tx, Lx and By go to 0 as X — oo. We 
begin with Ty. This segment is parametrized by t +iX with —X <1t <c so that 


az —X ebtt+ix) 
| “az = [ —dt, 
Ty 2 c t+ix 


Zz c bt 
i “a <[ ya 
Ty 2 _x |t+iX| 
1 


and therefore 


which implies that 


>0 aX—>o. 


a® 
| —dz 
Tx % 


For Lx, we use the parametrization —X + it where —X <1 < X so that 


aé xX e(-X+it) 
/ a= [ i————d. 
Ly 2 -xy —X+it 


Zz XxX —bX 
/ “a:| < f LE: 
Ly & _X jt+ix| 


enoX px 
< dt <2e~>*, 
xX J-x 


a 
/ —dz 
Lx % 


Finally, we must show that the integral over By tends to 0 as X — oo. To do this, 
we use the parametrization t — iX where —X < t < c, and estimating as before 
one easily finds that 


Therefore 


and this proves that 


-0 ax-w. 


and this settles the case a > 1. 
For the case a < 1 or equivalently b < 0 we consider the following contour: 
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c-in & K-ax 


If y = Ry + Ty + Lx + By, then the residue formula gives 


1 z 
ani [ “dz = | residues of finy. 


so it suffices to show that the integral over Ry, Ty and By tend to0 as X > ov. 
To prove this, we argue as before. With the obvious parametrizations we obtain 
1 
a [ex ca e”], 


a® 
—dz 
[ Zz ~ bX 


and the right hand side goes to 0 as X — oo. Similarly, we obtain that 


z z 
I “dz / od 
By < Ry % 
as X — 0 and this concludes the proof. 


Exercise VI.2.8. (a) Show that for a > 0 we have 


iz CON A «45 a(1+a) 
oo (x2 +a?) ~~ 2a3er * 
(b) Show that fora > b > 0 we have 


[ ° cos x poe Xu 1 1 ) 
0 (x2 +a2)\(x2 +52) a2 — b? \ be? = aet ) 
Solution. The function sin x is odd so [°° sin x /(x? + a”)°dx = 0 and therefore 


[- cosx [ e'* * 
——<dx = ———dx. 
aeee (x? + a’) = (x? + a’) 


Let f(z) = 1/(z? +.a?)’. We want to find the Fourier transform f°, f(x)e"*dx. 
An estimate like in Exercise 5 shows that we can apply Theorem 2.2, and therefore 


—0O and —>0 


co 
/ f(x)el*dx = 2ni y residues of f(z)e'? in the upper half plane. 
—00 
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The only pole of f in the upper half plane is at ia. We must now find the residue 


of f at this pole. We write 
1 
FO = ape ia 


Now we have 


ee) 
(z tia)? = (z—ia+2ia)~? = (ia)? (1 - ae) 


which after expanding becomes 


(z + ia)? = (2ia)? (1 Bae ais ‘ 
2ia 


We also have e'? = e~@e'@-!4) — e-4(] + i(z —ia) +--+) so 
e¢ 
(z — ia)*(2ia)? 


TeSjq foe!” = 2 (= +i) = e2ee 


e 
(2ia)? ia 4a3i 
By the residue formula we conclude that 


[O° seneras = 2m LOO _ O49) 


4a3i 2a3 


foe = (1-255 +a +i@-i to 
2ia 


Hence 


as was to be shown. 
(b) Arguing like in (a) and using the fact that cos is even we find that the desired 
integral is equal to 3 [°>, f(x)e'*dx where 
1 
(2 + a)? +B)" 
We can apply Theorem 2.2. We are only concerned with singularities in the upper 


half plane. In this region f has two simple poles one at ia and the other at ib. 
Computing the derivative of (z? + a) implies that the residue of f(z)e'* at ia is 


f= 


- eilia) ene 
reszmia Fe" = Gr Gal a By) Qiala?— by’ 
Similarly we find that 

eilid) e? 


res,—ip f(Z)e"* = (a2 + (iby)(Qia) —— (21b)(a2 — Bb?) 


By Theorem 2.2 we obtain 


/ f(x)e*dx = 2wi(res,ia f (ze! + reszain f(z)e") 


nu e? @ e? 
a2 — b? a b )- 
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Conclude. 
Exercise VI.2.9. {5° ait dx = m/2. [Hint: Consider the integral of (1 — 
e2i*) / x2, ] 


Solution. Since the integrand is even, the desired integral is equal to 
1 f® sin? x 
= / dx. 
2 dio x? 

The trigonometric identity 2 sin? x = 1 — cos 2x, implies 


OO: gs 2 foe) 21x 
te 
2 | = * dx = Re / : dx}. 
leg: «0 x? 


We have reduced the problem to finding the integral i. f(x)dx where f(z) = 
(1 — e2/2)/z?. The function f has a unique pole at the origin. We take as a path 


Scr) 


To show that 


lim / f(odz =0 
S(R) 


R>0oo 


split the integral and write is as 


dz e2iz 
[ ay = i = dz. 
S(R) Z S(R) Z 


The first integral goes to 0 as R tends to infinity because it is bounded by 2 R/ R’, 
namely the sup norm of 1/ z on S(R) times the length of S(R). The second integral 
is estimated exactly like on page 196 of Lang’s book. By the lemma on this same 
page we obtain 


lim f (2)dz = —Ti resz=0 f(z). 
€>0 Sle) 
\ 
To find the residue, we must use the power series expansion of the exponential 


= ; iz? /2I4-.. —2i 
perce aa ak = =i ++ terms of higher order. 
Zz z 


f@= 
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Hence the residue of f at the origin is —2i and therefore 


oo ye 2x 
/ c dx =2n. 


ee. 


Conclude. 


Exercise VI.2.10. f°, S@5dx = 94 for a > 0. The integral is meant to be 
interpreted as the limit: 


—a-6 a—6 B 
lim lim +f +f : 
B00 $0 J_p ats ans 


Solution. Since the sine function is odd, the integral we must compute is equal to 


iz 


/ f(x)dx where f(z) = a 
ae a*—Z 


The function f has two simple poles, one at a and the other at —a. Consider the 
following contour: 


SCR) 


We must show that 


lim f(z)dz = 0. 
R->00 S(R) 


We argue like on page 196 of Lang’s book. We have 


u ei Rcos6 5—R sind . 
f(z)dz = [ i Re!" do, 
0 


Stes a2 — R2e2i0 


So for all large R we get 


m o—Rsind 2R n/2 . 
z)dz <| Rad = a | =Réine 79 
ie a) 0 R*-a? R?2 —q? Jo 7 


106 VI. Calculus of Residues 


But if 0 < 6 < w/2, then sind > 26/z, thus 


2R aie a 
z)dz| < ~2RO/" gg — Le"); 
Lt <poa/ e ole) 
and now it is clear that our limit holds. 
Now we must evaluate the limits 
lim f(@dz and lim SF (z)dz. 
e790 Js,(€) S-al€) 


A simple modification of the lemma on page 196 of Lang’s book shows that if f 
has a pole at x, then 


lim Ff (z)dz = m resz,—, f(z). 


e>0 Sx(€) 
Writing f as 
iz 
2)= -—— _  - 
a (a — z)(a + 2) 
we find that 
ela e7ia 
TeSza f(Z) = and res,—-a f(z) = rs 
Therefore 
co. —eia e7ia 
dz= es 
[fe z n( ia x) 
mw (el?  e-ia 
a (F 7 =) 
sina 
a 
Exercise VI.2.11. /°3, te dx = span. Use the indicated contour: 
-Rt+ai mi R+ni 
—R R 


Solution. The sine function is odd, so the desired integral is equal to 
fine sea = 
[_ feoas Where 1 aqieee 


To find the singularities of f we must solve e? + e~* = 0. Muleplying this 
equation by e% we get e%% + 1 = 0. Letting z = x + iy, we get e*™e” = —-1. 
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Putting absolute values we find x = 0 and this shows that f has singularities at 
the points i(7/2 + kz) where k € Z. 

Consider the contour y(R) = 7;(R) + y2(R) + y3(R) + ya(R) as shown on the 
figure 


The only singularity of f in the interior of the contour is at i2/2. The derivative 
of e? + e~ at that point is equal to 2i which is nonzero so f has a simple pole at 
ix /2 with 

eilix/2) e7t/2 


TeSz—in/2 f@= a = F 


By the residue formula, we get 
f(2dz = ne~7?, 
y(R) 
We now want show that the integral over 72(R) and y4(R) tend to 0 as R tends to 
infinity. We can estimate the integral by 
eiRe-y 


eR ety + e~Re-iy 


Ff (z)dz 


y2(R) 


and for large R 


’ 


</ \f@ld <a sup 
y2(R) 


O<y<x 


elRe-y 


eR eiy + e-Re-iy 


< eS < : 
~ eR lely + e-2Re-iy| ~ eR(1 — e-?R)’ 


The last inequality follows from 0 < y < and the triangle inequality applied to 
the denominator and the fact that R is large. It is now clear that the integral of f 
Over y(R) tends to 0 as R tends to infinity. A similar argument proves the same 
result for the integral of f over y4(R). 

Finally, we find the expression of the integral of f over y3(R). Using the 
parametrization t + for —R < t < R and being careful about the orientation we 
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get 


—R elttn 
[miOe= | gaan 
-R it 
e 
=e” ————dt 
R —e! pans et 


R it 
oe e 
=e fi dt 
—-rei+et 


=e” Ff (2)dz. 
vi(R) 


So if J denotes the integral we want to evaluate we conclude that 


I+e"l=ne*, 


and therefore 
oA 
I= ———_... 
en /2 + e77/2 


This concludes the exercise. 

Exercise VI.2.12. {>° {84dx = j1e~ ifa > 0. 

Solution. The integral we wish to evaluate has an even integrand so it is equal to 
1 f° xsinx 
> / x. 
2 Jo X* +a 


The function x cos x is odd so 


in x sinx prea cB fiaye*ax) where F(z) = 


~~ x? +a? 


ae 
z+a?” 
Clearly, the function f verifies the hypothesis of Theorem 2.2 so we can apply the 
formula 


CO 
il f(xye*dx = 2ni y residues of f(z)e'* in the upper half plane. 
—-0o 


The function f has simple poles at ia and —ia. Since a > 0 we are only concerned 
with the pole at ia which is in the upper half plane. Since 


Zz 
Z) = -———_———__, 
ae (z — ia)(z + ia) 
it follows that 
i ia ee e4 
TeSzmia f (z)e* = (=) eo = e* 
Hence 


f f(xedx = nie. 
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The observations at the beginning of the exercise imply that 


oo + 
x sinx ss 
[ 4 a at = 5H *. 
0 x*+a 2 


Exercise VI.2.13. f°. “dx = <*— for0 <a <1. 


oo et +1 FET 


Solution. The solution to this exercise is very much like our answer to Exercise 
VI.2.11. Let f(z) = e%*/(e? + 1). The function f has poles at im + 2k with 
k € Z. Consider the contour y(R) = 1(R) + ¥2(R) + y3(R) + y4(R) given by 


-R+2Me a(R) Re 2me 


G(R) %(R) 


-R o AR) R 


Taking the derivative of the denominator of f we find that the residue of f at im 
is e'” /e'* = —e%'™ so by the residue formula we obtain 


i f(2)dz = —2n ie” 
y(R) 


We must show that the integrals on the sides y2(R) and y4(R) tend to 0 as R tends 
to infinity. We estimate the sup norm of f on y2(R) by 


aR 


eR — 1° 


etR eiay 
sup |f(z)| = sup 
zey2(R) zey2(R) 


eReiy +1] — 


But 0 < a < 1 so we see that the sup norm of f on y2(R) goes to 0 as R tends 
to infinity, and since y2(R) has length 277 we conclude that the integral of f over 
y2(R) tends to 0 as R tends to infinity. A similar argument shows that the same 
_conclusion holds for the integral of f over y4(R). 
We must now find an expression for the integral of f over y3(R). Arguing like 
in Exercise 11 we find that 


f(z)dz = —e?™# f (2)dz. 
y3(R) yi(R) 


If J denotes the integral we want to compute, we get (letting R —> 00) 


I- e2ai 7 S —2nie™ 
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so that 
(e7 ne e77al) 
2i 


We have therefore proved that J = 2/(sin sa). 


l=n. 


Exercise VI.2.14. (a) f.° ogxy dx = 13/8. Use the contour 


(b) f° arene dx = —1/4. 


Solution. (a) We first define the following mysterious function: 


_ dogz— FY 
f@)= 1+2? 


We take the branch of the logarithm given by deleting the negative imaginary axis 
and taking the angle to be —7/2 < 6 < 37/2. Consider the contour given by 
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The only singularity of f which is of interest is the simple pole at i. The residue 
of f at that pole is 


(logi — im /2)* 

2i 
This is one reason which explains the strange constant i /2 in the definition of f. 
By the residue formula, we conclude that Je Ff (z)dz = 0. The integral of f on Sp 
tends to 0 as R —> oo because the length of Sr multiplied by the sup norm on Sz 


behaves like RSceRy which tends to 0 as R tends to infinity. The integral of f on 
Ss behaves like (log 5)°6 which tends to 0 as 6 > 0. 
On the real axis we have 


-6 F 2 
i rer re / (log ple zGe/2) ae 
i(R,8) -R 1+x 


=0. 


and 
fF dog |x| — i(ar/2)? 
fae F(x)dx =| ean ar mm dx. 


Letting R — oo and 6 — 0 we see that after cancellations (which explain the 
choice of our f) we get 


0 2 co 2 2 foo 
fe Oo fr dx 


oo 14+x? 0 1+x? 
hence 
2 f° (logx)? |. _@ 7 [4 dx 
o i+ ae Tex? 
(b) We use the same technique as in (a). Let 
logz — 
f(z) = +1?” 


We use the same branch of the logarithm and the same contour as in part (a). The 
only singularity of f in the upper half plane is at the point i. Our next step is to 
find the residue of f at this singularity. Since we can write 


logz— 
(z+iPr(z— a 


it suffices to find the coefficient of the term z — i in the power series expansion of 
(log z — im /2)/(z + i)* near i. We simply have 


{a= 


1 s = 
— a = = ee = ae (1 - pa + higher order tems ’ 
(z+ i) (2i)2 (1 “e zi)? 4 2i 


and 


_1yyr-1 _;\2 ee 
logz —in/2= > ( 2 E>) = — + higher order terms. 
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Thus 
-1 
tes,=; f(z) = a 
The residue formula gives 


/ J (z)dz = 2mi res,—; f(z) = at. 
y 2 


An argument similar to the one given in (a) shows that the integrals on the 
semicircles Sz and S; tend to 0 as R — oo and 5 —> 0 respectively. Therefore 


° Jog |x| + in/2 © log |x| — ix/2 —n 
aay 4 “Fae ee 
-o (x7+1) 0 (x2 +1) 2 
We obtain 
°° logx —1 
dx = —, 
» (@+ip 2 


as was to be shown. 


Exercise VI.2.15. (a) [o> 2-% = <4, for0 <a <1. 


ia Gece T+x x. sinza 
(b) fo ieee = Fancrayy JOP 0 <a < 3. 
Solution. Let f(z) = 1/(1 + z). Then | f(z)| < C/|z| as |z| — oo for some 
constant C and | f(z)| — 1 as |z| — 0, so we can apply Theorem 2.4 which states 
that the integral (a Mellin transform) 


ca dx 
i Sf (x)x* — 
0 x 
me tia 


is equal to —24— times the sum of the residues of f(z)z*~! at the poles of f, 
excluding the residue at 0. 
The only pole of f is at —1 and 


res;—-] f(zz7"! = (1 ce ef4—Dlog(—1) a ef bin | 


Therefore 


foe) a —nia 
x* dx DE asia a) 
o lt+xx sin 1a sin 1a 


(b) As in part (a), we can apply Theorem 2.4, so all we have to do is compute the 
residues of f(z)z*~! where f(z) = 1/(1 +23). The poles of f are at e'"/?, e'” and 
e°'/3 so the sum of the residues of f(z)z?~! excluding the residue at the origin is 


(e'7/3)a-1 (e'™ 27! (e!*/3)a-1 
3(e!*/3)2 3(e'* )2 3(e5ix/3)2 . 


We transform the first term in the following way 


in/3,—i ain /3 
= 9(a-Iin/3)3 9210/3 a A 
3(ei#/3)2 3 3 


(ei7/3)2-1 
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Making the same transformations to the other terms, we find that the sum of the 
residues of f(z)z*~! excluding the residue at the origin is 


me (esi7/3 4 ett 4 geen?) 
3 


—et . . 
= 5 (oe +14 efi2r/3) : 
Hence 
7 xt dx =a 7 ( ai(—2)n/3 zea eee nian?) 
9 1+x3x  3sinza ° : 
We claim that 
eti(—2)n/3 +1 4+ eti2n/3 1 
sina ~ sin(ra/3) 


Using Euler’s formula 2i sin@ = e’® — e~'® to write everything with exponentials 
and cross multiplying proves our claim. 


Exercise VI.2.16. Let f be a continuous function, and suppose that the integral 


as dx 
a — 
[ fC — 
is absolutely convergent. Show that it is equal to the integral 
lo.e} 
/ fee“ dt. 
—0oO 


If we put g(t) = f (e’), this shows that the Mellin transform is essentially a Fourier 
transform, up to a change of variable. 


Solution. We change variables e’ = x. Then dx = e'dt and therefore 
[Oso S = [" revere S = [~ peretat. 


: Qn 
Exercise VI.2.17. Is Tatras 
out to the negative of that ifa > 


dd = ed if0 <a < 1. The answer comes 


Solution. Since this is a trigonometric integral we will apply Theorem 2.3. We 
have 


1 1 1 
ae ae 2a(b(z+1)) ia? + +a? -a 


The roots of the denominator of the second fraction are 


_rat+a)t+Vd-oP lta) - Va-o 


—2a = —2a 


114 VI. Calculus of Residues 


If 0 < a < 1, the only pole of f in the unit circle is at z; = a and (differentiating 
the denominator of the fraction) we find that the residue is 


1 1 atts atl 
i —2az'+(1+a2) i(1 —a?)’ 


: 1 _ 2n 
[ fea: = 201 (ZA 5) = Tor 


If a > 1 the only pole of f in the unit circle is at z; = 1/a and the residue is 
1 1 : 1 
i —2az'+(1+a®) i(—1 +a)’ 


[ fode = 


Exercise VI.2.18. So Tang 19 = = Re 


Solution. See Exercise 20. 


Exercise V1.2.19. {> 375g dO = 


and therefore 


hence 


us 
V5 . 
Solution. In order to apply Theorem 2.3 we must integrate from 0 to 27. We claim 


that 
in 1 1 2n 1 
—————-d9 = - ——_————-d0 
i 3+2cos0 al 3+2cosé 


To prove this claim, we change variables 9 > —6 in the first integral so that 


nu 1 -1 ={ 0 1 
>———_ 49 = ——_—d9 = >—_———d0 
[ 3+2cos0 i 3 + 2cos(—0) (Bey 
Now changing variables 0 — 0 + 27 we get 


0 1 2n 1 
————— d6 = ——_———d0 
[== [ 3+2cos@ 


This proves our claim. We must now compute 


2a 1 
>—— 40 
[ 3+2cos0 


and we use Theorem 2.3 i the function 


1 1 
f@) = eer (z+3 1) i? +3241) 


N 


The zeros of the denominator are 


—3+V75 -3- V5 
41 = —). and aan 
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The only pole of f in the unit circle is at z; and the residue is 
1 waist 
i(2%1 +3) iJ/5’ 
and therefore 
[ do Joi 2n 
> = 2ni — > = -—. 
90 3+2cos0 2u/5 VS 
This proves that 


[ dog _ 2 
0 3+2cos9 5 
s sa do san do a 
Exercise VI.2.20. {5 ate 0 Wee = 
Solution. We have 
1 —cos20 rs! 


1 
a’ + sin’ @ = a? + ——— = 5 (2a? + 1 — cos 26), 


so changing variables g = 20 we find that 


[ ™  adO | an ad@ cat 
0 a2+sin?6 Jo 14+2a2—cos6 V1+a2 
To compute this last integral, we use Theorem 2.3 with 


fey 1 a _ 2ai 
~ izl+2a?—(4(24+4)) 0 2-24-40?) 41 
The roots of the denominator are 
24+ 4a? + /16a2 + 16a4 
Pye ae a= 2 to = 14 2a? + 2IalVv1+a2, 


and 


z= 1+2a* —2\alV1+a?. 
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The only pole of f in the unit circle is at zz and the residue of f at this point is 


2ai = ai 
2z2 -(2+4a?) — —2Ia|/1 + a2 
and therefore 
T 


ai a 
(z)dz = 2xni ———__—_—_ = —- ———.. 
[is —2ja|/1 +a? lal V14+a? 


Conclude. 
° m [2 1 _— _m(2a+1) 
Exercise VI.2.21. 0 Gasintoe 29 = ‘altar fora > 0. 


Solution. Using the fact that 


1 
sin? 6 = 5 (1 — cos 20) 
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and arguing like at the beginning of Exercise 19, one finds after a few linear changes 
of variables that 


n/2 1 2n do 
eee, | ae tee EY 
[ (a + sin? 0)? [ (2a + 1 —cos6)? 


Since we reduced the problem to a trigonometric integral from 0 to 27 we can 
apply Theorem 2.3 with the function. 


1 1 
() = -——_—__, 
nO ie Gari te+ Dy 
z 


i (-$ + @a+1)2- ‘Ne 


The zeros of the denominator are at the points 


z= Qat1)—2Va2+a and 7 =(2a+1)+2Va? +a. 
Since z, is the only pole of f in the unit circle we must compute the residue of f 
at this point. We write 
a ee 
i(1/4)(z — PZ — 22)? i(z— Pz — 22)?’ 
so that the residue of f is equal to the coefficient of z — z; in the power series 
expansion of 


f(2= 


4z 
= aap 


near z;. To find this coefficient, we first differentiate h and obtain 


4 1 z 4[-z-2 
h'(@2) = | —— -2-—5 | = =| I. 
@) i Fes: ad i =a 
which we evaluate at z; to obtain the residue of f at z; 
4 —4a—2 1 2a+1 
= = h’ S =—  —- = s —_ —————__.. 
resin SZ) = HG) = 7 Gay ape ~ BiG? tape 


Therefore 


_1) 2a+1 m(2a + 1) 
id. = 2. sophie +more! AEE: Seelam 
, Ire oe 8i (a2 +.a)3/2 4(a? +. a)3/2 


Exercise VI.2.22. [." 1,0 = 2n/V3. 
Solution. We will apply Theorem 2.3 with the function 


1 1 2 


MO" RIFE) era 


The roots of the denominator are 
zy =2i-iV3 and 2 =2i+iv3. 
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The only pole of f in the unit circle is at z; and the residue of f at this point is 


ee 
—27,+4i °° i/3 
Hence 
1 20 
(z)dz = 2xi —= = —. 
iB; ia V3 


Exercise VI.2.23. fo" aploged@ = qian for0 <b <a. 
Solution. We will apply Theorem 2.3 with 


Fe z 
Za+8(eth) i(2tact4)y 


Zz 
The roots of the denominator are 
—a+ Ja? — b? —a — Ja? — b? 
a ae and z= a ses 


The assumption that 0 < b < a implies that the only pole of f in the unit circle 
is at z;. We must now compute the residue of f at z;. We have 


f= We 


iF (z — zz — 22)?’ 


41= 


z 


so the residue we are looking for is equal to the coefficient of the term z — z) in 
the power series expansion of 


4z 
"9 eae 


Differentiating h once we find 
; 4 | -z-22 
h'(z2)= = | -—— 
i ib? Fea 


which evaluated at z; gives 


4 2a/b a a 
ib? | 8a? — b)3/b3 | i(a? — b?)3?” 
which is the residue of f at z;. Thus 
a = 27a 
i(a2 = b?)3/2 ~ (a2 Es b?)3/2° 
Exercise VI.2.24, Let n be an even integer. Find 


2n 
(cos 0)"d@ 
0 


/ f(z)dz = 20i 
c 


by the method of residues. 
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Solution. We apply Theorem 2.3 with 


f= ge (2+4) 
OS ig EZ) 
The only pole of f is at the origin. To find the residue of f at 0, we must find 
the constant term of (z + 1)", Since n is even, the constant term is given by the 
binomial coefficient 

n! n! 


n ! u 
( n/2 ~ (n/2)\(n —n/2)!  (n/2)22’ 


and therefore, the residue of f at 0 is 
n! 
2ni(n/2)!?° 


Hence 


2n 


(cos 6)"d6 = 2ni n! 2nn! 
as = nin /De ~ 2(n/DHE 


Vil 
Conformal Mappings 


VII.2 Analytic Automorphisms of the Disc 


Exercise VII.2.1. Let f be analytic on the unit disc D, and assume that | f (z)| < 1 
on the disc. Prove that if there exist two distinct points a, b in the disc which are 
fixed points, that is, f(a) = a and f(b) = b, then f(z) = z. 


Solution. Since |f(z)| < 1 we have f(D) Cc D. Consider the analytic 
automorphism of the unit disc defined by 


gz) = ae saa 

— az 
and define an analytic function h on the unit disc by h = go fog. Then A(0) = 0. 
There exists w € D such that g(w) = b, and since g is its own inverse we find 
h(w) = w. Since a and b are distinct w 4 0. So |h(w)| = |w| with w 4 0. By the 
Schwarz lemma, there exists a complex number a of absolute value 1 such that 
h(z) = az. Since h(w) = w we have a = 1 and therefore 


_ 4-f(8@) _ : 

1—af(g(z)) 
and hence f(g(z)) = g(z). Since g is an automorphism of the unit disc we conclude 
that f(z) = z. 


Exercise VIL2.2 (Schwarz—Pick Lemma). Let f : D > D be a holomorphic 
map of the disc into itself. Prove that for alla € D we have 
f@ 1 
l= f@r ~ b=at 


h(z) 
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[Hint: Let g be an automorphism of D such that g(0) = a, and let h be an 
automorphism which maps f(a) on 0. Let F = ho f 0 g. Compute F'(0) and 
apply the Schwarz lemma. ] 


Solution. Fix a € D, and consider g, h the automorphisms of the disc defined by 
f@—-z 
1-f (a)z 
Define F : D > D by F(z) =ho f 0 g(z). By the chain rule we get 
F'(0) = h'(f(a)) f'(a)g" (0). 


Direct computations show that g’(0) = —1 + Ja|? and 


g(z) = ——— and h(z) = 
1 —az 


; -1 
h'(f(@) = 1-lf@r 


Therefore 
f'(@ (lal? — 1) 
1-|f@? ~ 


Since F(0) = 0 we can apply the Schwarz lemma which states that |F’(0)| < 1. 
The desired inequality drops out. 


F’(0) = 


Exercise VII.2.3. Let a be a complex number, and let h be an isomorphism of the 


disc D(a, R) with the unit disc such that h(zo) = 0. Show that 
R(z — Zo) io 
A(z) = = 
@ R? — (z — a)(Zo — @) 


for some real number 0. 


Solution. Consider the isomorphism g : D(0, 1) > D(a, R) defined by g(w) = 
Rw+a.Let f = hog. Then_f is an automorphism of the unit disc so by Theorem 
2.1 there exists a real number 6 such that 
Zw—-Z2 | 
fs = 
— 212 


where f(z1) = 0. We see that g~!(w) = (w — a)/R and z, = g~!(zo). Making 
the necessary substitutions we get 


gre _ ee R(z — 20) i 
hii SN ye Reg soa 
@= fe "@) = "game = Fog —am-H 
Conclude. N 


Exercise VII.2.4. What is the image of the half strips as shown on the figure, 
under the mapping z +> iz? Under the mapping z +> —iz? 
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(a) (b) 


Solution. The strip in (a) can be described by z = x +iy with —17/2 <x <m/2 
and y > 0, and the strip in (b) is described by z = x +iy withx > Oand0 < y < 1. 
Since i(x + iy) = ix — y and —i(x +iy) = —ix + y we find that the image of 
the strip in (a) under the first map (which is a rotation of 7/2) is the strip 


{ix—y:—-n/2<x< 7/2, y = 0}, 
and the image under the second map (which is a rotation of —7/2) is 
{-ix + y:—n/2<x<12/2, y > 0}. 
~ The image of the strip in (b) under the first map is the strip 
{ix-y:x20,02>y2]}, 
and the image of the strip under the second map is 


{-ixt+y:x>0,0>y>2 1}. 


Exercise VII.2.5. Leta be real, 0 <a < 1. Let U, be the open set obtained from 
the unit disc by deleting the segment [a, 1], as shown on the figure. 

(a) Find an isomorphism of Uy with the unit disc from which the segment {0, 1] 
has been deleted. 


(b) Find an isomorphism of Uo with the upper half plane of the disc. Also find an 
isomorphism of Ug with this upper half disc. 
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[Hint: What does z +> 2? do to the upper half disc?] 


Solution. (a) Consider the function f on the unit disc defined by f(z) = (z — 
a)/(1 —@z). We know that f is a automorphism of the unit disc and since a is real 
we have f(z) = (z — a)/(1 — az). We claim that the segment [a, 1] is mapped 
onto (0, 1]. Differentiating f(z) = (x — a)/(1 — ax) we find 


and f(a) = 0 and f(1) = 1, so this proves our claim. Hence f maps U, onto Uo 
isomorphically. 
(b) Since Up is open and simply connected we can define g(z) = ./z = e2 8z, 
If z = re’, then g(re®) = e2°8'+®) — ./re!®/? and it is clear from this that g 
solves our problem. Composing f and g we get an isomorphism of U, with the 
upper half disc. 


VII.3. The Upper Half Plane 


Let 
© ) 
M= 
c d 


be a2 x 2 matrix of real numbers, such that ad — bc > 0. For z € H, the upper 
half plane, define 


az+b 
ful@) = cz+d 
Exercise VII.3.1. Show that 
ad — bc 
Im fu(z) = dv 


Icz +d? ° 
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Solution. Writing z = x + iy, we see that 
fis (az+b)\(cZ +d) _ (ax+b+iya)(cx +d — dye) 
lez +d|? |cz +.d|? 
Thus 
Icz +d’ Im Su(Z) = ya(cx + d) — yc(ax + b) = y(ad — bc). 
Exercise VII.3.2. Show that fy gives a map of H into H. 


Solution. If z ¢ H and z = x +iy, then y > O and since ad — bc > 0 it follows 
from the previous exercise that Im fy(z) > 0, whence fy(z) € H. 


Exercise VII.3.3. Let GL} (R) denote the set of all 2 x 2 matrices with positive 
determinant. Then GLj (R) is closed under multiplication and taking multiplicative 
inverses, so GL} (R) is called a group. Show that if M, M' € GL3(R), then 


tum = fu © fu. 


This is verified by brute force. Then verify that if I is the unit matrix, 


fr=id and fy-1 =(fu)'. 


Thus every analytic map fy of H has an analytic inverse, actually in GLZ (R), 
and in particular fy is an automorphism of H. 


Solution. A straight forward brute force calculation shows that 


tum = fu co fu. 


We omit this calculation which follows directly from the definitions. See Exercise 
VII.5.2. Therefore id = f; = fum-' = fu fu- and fy-1 = (fu)7!. 


Exercise VII.3.4. (a) Ifc € RandcM is the usual scalar multiplication of a matrix 
by a number, show that f-4 = fu. In particular, let SL2(R) denote the subset of 
GL} (R) consisting of the matrices with determinant 1. Then given M € GL (R), 
one can find c > 0 such that cM € SL2(R). Hence as far as studying analytic 
automorphisms of H are concerned, we may concern ourselves only with SL2(R). 
(b) Conversely, show that if fy = fu for M, M’ € SL2(R), then 


M'=+M. 


Solution. (a) It is clear that the c’s in the numerator cancel with those in the 
denominator, so f-y = fu. Also, det(cM) = c* det(M), so it is clear that given 
any M € GL}(R) there exists c > 0 such that cM € SL2(R). 

(b) Let N = M’M7!, By the above results, we see that if fy = fw’, then fy = id. 


If 
N= 
c d 
then the above equation gives us 


az+b a 
ag a 
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Clearly, c = 0, and evaluating at z = —b/a we find that b = 0. Therefore a = d 
and we find that N is a multiple of the identity. Since N € SL2(R) we conclude 
that NV = +/ and we are done. 


Exercise VIL3.5. (a) Given an element z = x + iy € H, show that there exists 
an element M € SL2(R) such that fy(i) = z. 

(b) Given 2), Z2 € H, show that there exists M € SL2(R) such that fy(z1) = 22. 
In light of (b), one then says that SL2(R) acts transitively on H. 


Solution. (a) By what was shown above, it suffices to show that there exists an 
element M in GL}(R) such that fy(z) = i. This is done in two steps. First, a 
matrix of the form 


corresponds to a translation by b. So we may translate z to a point on the imaginary 
axis, Say ri with r > 0. Then the matrix 
1 0 
0 +r 
maps ri to i and we are done. 
(b) Map z toi and then i to z2. 


Exercise VII.3.6. Let K denote the subset of elements M € SL2(R) such that 
Su(i) = i. Show that if M € K, then there exists a real @ such that 


cos@ —sin@ 
M= . : 
sind cos 


GED 
citd 


Solution. Suppose that 


and ad — bc = 1. Then we have 
ai+b=i(ci+d) 
so a = d and b = —c. Therefore a” + b* = 1, so (a, b) lies on the unit circle, and 
we conclude that there exists @ such that a = cos@ andc = sin@. 
All Automorphisms of the Upper Half Plane 


Do the following exercises after you have read the beginning of §5. In particular, 
note that Exercise 3 generalizes to fractional linear maps. Indeed, if M, M' de- 
note any complex nonsingular 2 x 2 matrix, and Fy, Fy are the corresponding 
fractional linear maps, then 


Fum => Fu fe) Fy. 
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Hence if I is the unit 2 x 2 matrix, then 
F,=id and Fy- = Fy’. 
Exercise VII.3.7. Let f : H — D be the isomorphism of the text, that is 


z—-i 
IOV ay 


Note that f is represented as a fractional linear map, f = Fy where M is the 
matrix 


Of course, this matrix does not have determinant 1. 
Let K be the set of Exercise 6. Let Rot(D) denote the set of rotations of the unit 
disc, i.e., Rot(D) consists of all automorphisms 


Ro: wr ew forwe D. 


Show that f K f~! = Rot(D), meaning that Rot(D) consists of all elements f 0 
fuo f7! with M € K. 


Solution. We compute 


(cos@)z—sind 


__ (sin@)z+cos 6 
fo fu(z) = (cos 6)z—sin 6 +i 


(sin 0)z+cos 6 
_ (cos@ —isin@)z —i(cosé —i sin6) 
~ (cos@ +i sin6)z + i(cos@ +i sin@) 
= e779 F(z). 
Conclude. 
Exercise VII.3.8. Finally, prove the theorem: 
Theorem. Every automorphism of H is of the form fy for some M € SL2(R). 


[Hint: Proceed as follows. Let g € Aut(H). Then there exists M € SL2(R) such 
that 


fu(g@)) = i. 
By Exercise 6, we have fy og € K, sayfyog =h€é K, and therefore 
g = fy' oh € SLR), 
thus concluding the proof. ] 


Solution. The existence of fy follows from Exercise 5(b). Then f oho f —lis 
an automorphism of the disc which fixes 0, i.e., a rotation. So 


foho f7! € Rot (D). 
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Hence h € K by Exercise 7. 


From the Upper Half Plane to the Punctured Disc 


Exercise VIL.3.9. Let f(z) = e?*!. Show that f maps the upper half plane on the 
inside of a disc from which the center has been deleted. Given B > 0, let H(B) be 
that part of the upper half plane consisting of those complex number x + iy with 
y > B. What is the image of H(B) under f? Is f an isomorphism? Why? How 
would you restrict the domain of definition of f to make it an isomorphism? 


Solution. If z = x +iy, then e?7!% = e~?"¥e?"'* andif y > Owe getO < | f(z)| = 
e~?"Y < 1. Hence f maps the upper half plane in the interior of the unit disc from 
which the origin has been deleted. If f € H(B),then0 < | f(z)| = e77” < e7?78, 
so the image of H(B) under f is the closed disc centered at the origin of radius 
e~*8 and whose center has been deleted. The function f is not an isomorphism 
when defined on the upper half plane (or H(B)) because z and z + 1 have the same 
image. If we let S = {x +iy : 0 <x < 1} then the restriction of f to SM H or 
S 1 H(B) is an isomorphism with its image. 


VII.4 Other Examples 


Exercise VII.4.1. (a) In each one of the examples, prove that the stated mapping 
is an isomorphism on the figures as shown. Also determine what the mapping does 
to the boundary lines. Thick lines should correspond to each other. 

(b) In Example 10, give the explicit formula giving an isomorphism of the strip 
containing a vertical obstacle with the right half plane, and also with the upper half 
plane. Note that the counterclockwise rotation by /2 is given by multiplication 
with i. 

Solution. (a) Example 1. The first quadrant is described by those complex 
numbers z = re’? where r > 0 and 0 < 6 < 2/2. Then 


z2 = pri 

and we see that the image of the first quadrant under the map f : z +> 2” is the 
upper half plane. The boundary of the first quadrant is given by {r = 0} U {@ = 
0} U(@ = 7/2}, and it is clear that its image under f corresponds to the boundary 
of the upper half plane, namely the real line. 


Example 2. The quarter disc corresponds to those complex numbers z = re’? with 
0 <r <1and0 <6 < 7/2. Itis clear that its image under f : z +> 2” is the half 
disc. The boundary of the quarter disc is . 


{r = 0} U{@ =0, O<r < 1}U{O=27/2,0 <r <1} U{|r| = 1} 
and it is clear that this set maps to the boundary of the half disc under f. 
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Example 3. One argues like for the isomorphism between the disc and the upper 
half plane. If f(z) = (1 + z)/(1 — z) and z = x + iy, then 
1—(x?+y’) 2 
fey = SF +i 
(l-x/+y (l-x)+y 
so it is clear that f maps the half disc into the first quadrant. The map, defined by 
g(w) = wot on the first quadrant, maps into the half disc, and one easily checks 
that f and g are inverses of each other. This proves that f is an isomorphism of 
the half disc with the first quadrant. 
If z = e'®, then 
L+e9 19/2 4 gid/2 i 
f@) = ig — 5-10/2 — 9i8/2 

1-ei e7 10/2 — @8/2 2 tan(6/2) 
and we see that the image of the upper half circle is mapped onto the positive 
imaginary axis. If z = x is real, then 


1+x 
1—x 


f(m= 


and real variable techniques show that f maps the segment (— 1, 1) onto the positive 
real axis. 


Example 4. Since the map of this example is obtained from composing maps from 
previous examples, there is nothing left to prove. 


Example 5. If z = re’? with 0 < 6 < 2 andO <r < 1, then 
logz = logr + i6 


and we see that the real part of log z is negative and that its imaginary part lies 
between 0 and z. In fact, log : (0, 1) — (—oo, 0) is a bijection, so we conclude 
that log z is an isomorphism of the indicated regions. 

To see what happens to the boundary, we first look at r = 1. Then log z = i6 
which shows that log maps the half circle to the imaginary segment between 0 and 
ix. If 9 = 0, then log z = logr and log maps the segment (0, 1] bijectively onto 
the line (—oo, 0]. Finally, if 96 = then log z = logr + im and we obtain the last 
part of the boundary of the strip. 


Example 6. This example is very much like the preceding one except that we do 
not have the restriction r < 1. The proof is identical and the details are left to the 
reader. 


Example 7. Again, this example is almost the same as Example 5 except that we 
do not have the restriction r < 1, and that we take 0 < 6 < 27. The details are 
left to the reader. 


Example 8. If z = x + iy, then e® = e*e'” so the absolute value of e% is e* and 
its argument is y. It is now clear that f(z) = e* maps bijectively from the first 
region onto the second. If y = 0, then f maps the real line onto the positive real 
axis because x —> e* does so, and if y = 7, then e'” = —1 and f maps the line 
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x +iz onto the negative real axis. Finally, if z = iy withO < y < a, then e? = e!Y 
describes the arc contained in the half unit circle from 0 to e!?. 


Example 9. From Exercise 3 of the previous section, we see that f is an automor- 
phism of the upper half plane, so the point of interest is to see what happens to the 
arc z = e® with O < 6 <a. In this case, we have 


an | 

rs 

ei0/2 _ 9-i0/2 
2i sin(6/2) 

~ 2cos(6/2) 

= i tan(6/2). 


fe) = 


From this equation, the behavior of the isomorphism at the boundary is clear. 


Example 10. This is a composite of isomorphisms which are familiar. The square 
function maps the domain to the plane minus the real number < 1. The translation 
moves this domain to the plane minus the reals < 0, and the square root function 
transforms this last domain in the right half plane. 


The explanations for Examples 11 and 12 are given in Lang’s book. 
(b) An isomorphism of the strip containing a vertical obstacle with the right half 
plane is given by z > /(—iz)* — 1. An isomorphism of the strip containing a 
vertical obstacle with the upper half plane is given by z +> i./(—iz)? — 1. 


Exercise VII.4.2. (a) Show that the function z +> z + 1/z is an analytic isomor- 
phism of the region outside the unit circle onto the plane from which the segment 
([—2, 2] has been deleted. 

(b) What is the image of the unit circle under this mapping ? Use polar coordinates. 
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(c) In polar coordinates, if w = z+1/z =u +iv, then 


1 
us (r+ *) e088 and v = (« — -) sind. 
. 


Show that the circle r = c with c > 1 maps to an ellipse with major axis c + 1/c 
and minor axis c — 1/c. Show that the radial lines 9 = c map onto quarters of 
hyperbolas. 


Solution. (a) Let z = x + iy. Then 


1 ; 1 
f@)=*(1+ 575) +i(1- 55). 


Since x? + y? > 1, Im f(z) = 0 if and only if y = 0. We now investigate the 
function of a real variable f(x). Since f’(x) = 1 — 1/x? the graph of f is 


hence 
f(C — D) c C - [-2, 2]. 
Suppose w € C — [—2, 2]. Then f(z) = w is equivalent to 
2 -—wz+1=0. 


Let z; and z2 be the two roots of this equation. We have zzz = 1 and therefore 
\z1| |z2| = 1, so either both roots are on the unit circle or one of them is inside the 
unit disc and the other is outside. Suppose we are in the first case. Then z, = e!? 
and hence f(z) = 2cos@ = w which is impossible because w € C — [—2, 2]. 
So one and only one of the roots is outside the unit disc, which proves that f is 
injective and surjective. 
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(b) We use the expression z = e? when z is on the unit circle. Then f(@) = 2cos6é 
and it is therefore clear that the image of the unit circle is the segment [—2, 2]. 
(c) If z belongs to the circle r = c, then the real and imaginary part of f(z) are 


x(z) = (c + -) cos @ and y(z) = (c - -) sin@ 


respectively. When 6 ranges over [0, 277) the above is a parametrization of the 
ellipse centered at the origin with major axis c + 1/c and minor axis c — 1/c. 
Clearly we have 


x@y_, _y@ 
2 2— 
(e+2)  (e-2) 
Now we show that the radial lines are mapped onto quarter of hyperbolas. 
Suppose 0 = c, cos #0 and sind # 0. Let a = cos 6 and b = sin@. Then 


u 1 1 
Sp and Sp 
a r b r 


so that 


uv uv 1 
er —-=2 -s- Tr SES 
go ag bee 
hence u?/a? — v?/b? = 1 which is the equation of a hyperbola. The map 
(1, 00) > (0, co) 


1 
rrer-- 
r 


is a bijection, and we see from the above equation that u and v are of constant sign 
so the radial lines are mapped onto quarter of hyperbolas. If cos@ = 0, then the 
image is the imaginary axis, and if sin@ = 0, then the image is (2, 00). 


Exercise VII.4.3. Let U be the upper half plane from which the points of the 
closed unit disc are removed, i.e., U is the set of z such that Im(z) > O.and |z| > 1. 
Give an explicit isomorphism of U with the upper half disc D* (the set of z such 
that |z| < 1 and Im(z) > 0.) 


Solution. We compose the inversion map with a rotation, so we let f(z) = —1/z. 
If z € U, then |z| > 1, and therefore | f(z)| < 1. To see that the image of f belongs 
to Dt we write 


Avie. fn EY pl) 
fartiy)= pe ae) 
and note that Im f(z) > Oifand only if y > 0.So f(U) C Dt. Clearly f(f(z)) = 
Z So we conclude that f achieves the desired goal. 


Exercise VII.4.4. Let a be a real number. Let U be the open set obtained from the 
complex plane by deleting the infinite segment [a, oo[. Find explicitly an analytic 
isomorphism of U with the unit disc. Give this isomorphism as a composite of 
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simpler ones. [Hint: Try first to see what ./z does to the set obtained by deleting 
[0, cof from the plane.] 


Solution. The following sequence of transformations shows how to find an 
analytic isomorphism of U with the unit disc. 


So we can choose 


fey = Gas 
OS at 


Exercise VII.4.5. (a) Show that the function w = sin z can be decomposed as the 
composite of two functions: 
-1 
w= ar and ¢ = e!® = g(z). 
2i 
(b) Let U be the open half strip in Example 12. Let g(U) = V. Describe V explicitly 
and show that g : U — Vis an isomorphism. Show that g extends to a continuous 
function on the boundary of U and describe explicitly the image of this boundary 
under g. 
(c) Let W = f(V). Describe W explicitly and show that f : V > W is an 
isomorphism. Again describe how f extends continuously to the boundary of V 
and describe explicitly the image of this boundary under f. 
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Solution. (a) By definition 


sinZ = ye 1"? a Tp! 


and 
i,2) n 
Zz 
zo — 
= oy n! 
n=0 
hence 
et — eA 7 peers = ~ +> —o(— i)" a =Y- yy gente 
) 2i 7 (2n +1)!" 


Therefore sin z = f(g(z)) where f(¢) = (¢ + ¢7')/2i and g(z) =e”. 

(b) We have g(x +iy) = e~Ye'*, so |g(x +iy)| = e~ and the argument of g(x +iy) 
is x. The open strip described by y > 0 and —2/2 < x < 2/2 so we see that 
g is an isomorphism with the right half unit disc. The function g is given by a 
power series expansion whose radius of convergence is 00 so g is entire and in 
particular it can be extend to a continuous function on the boundary of the strip. 
We now describe the image g(dU). The right vertical line can be parametrized 
by 2/2 + it witht > 0 and g(z/2 +it) = e~‘e'”/? so this line is mapped onto 
the segment (0, i] of the imaginary axis. A similar argument shows that the left 
vertical line is mapped onto the segment [—i, 0) of the imaginary axis. Finally, the 
horizontal segment [—7 /2, 1/2] gets mapped onto the right half circle because if 
—n/2<t < 7/2 then g(t) =e". 

(c) We write 


ers 
ijse 


eo eee 
ai [ig +g)"']. 


Let f(o) =¢+¢7!s0 f(t) = —f(it)/2. The map ¢ — i¢ isa rotation of angle 
x /2 centered at the origin which maps V isomorphically onto the upper half unit 
disc D*. Arguing like in Exercise 2 of this section (choosing the root inside the unit 
disc) we see that f is an analytic isomorphism for D+ with the lower half plane. 
Since f(¢) = —f(i¢)/2, it follows that f : V > Ht is an analytic isomorphism. 
Note that f is analytic on the complex plane minus the origin. Use the expressions 
found in Exercise 2 to see that the right half circle of V is mapped onto the segment 
[—2, 2], and the set [—i, 0) U (0, i] is mapped onto (—o0o, —2] U [2, 00). 


Exercise VII.4.6. In Example 12, show that the vertical imaginary axis above 
the real line is mapped onto itself by z +> sinz, and that this function gives an 
isomorphism of the half strip with the first quadrant as shown on the figures. 
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ze sinz 


Solution. We know from Exercise 5 that 
iz e7iz 


sinz = - 
2i 


so if z = iy with y > 0 then 


sini Seay h 

iniy = ———— = =sinhy, 

aS a gre 

and sinh R,9 = Ro so the image of the imaginary axis above the vertical line 
is mapped into itself by z + sinz. We use the notation of Exercise 5. From the 
expression 


g(x +iy) = ee* 


we see that g maps the half strip onto the quarter unit disc in the first quadrant. 
Rotated by 2/2 this quarter disc becomes the unit quarter disc in the second 
quadrant. The image by f of this quarter unit disc is the third quadrant and this 
can be seen from the expression of f as a sum of its real and imaginary parts (see 
Exercise 2 of this section). Since f(¢) = — f(i¢)/2 we get the desired result. 


Exercise VIL4.7. Let w = u+iv = f(z) = z+ logz for z in the upper half 
plane H. Prove that f gives an isomorphism of H with the open set U obtained 
Srom the upper half plane by deleting the infinite half line of numbers 


u+in withu < —1. 


Remark. The isomorphism f allows us to determine the flow of the lines of a fluid 
as shown on the figure. These flow lines in the (u, v)-plane correspond to the rays 
6 =constant in the (x, y)-plane. In other words, they are the images under f of 
the rays 0 =constant. 
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v-axis 


x-axis -1 O u-axis 


[Hint: Use Theorem 4.3 applied to the path consisting of the following pieces: 
The segment from R to € (R large, € small > 0). 
The small semicircle in the upper half plane, from € to —e. 
The segment from —€ to —R. 
The large semicircle in the upper half plane from —R to R 
Note that if we write z = re'®, then f(z) = re!’ + logr + i.] 


Solution. The path we are considering looks like 


aor Pa 


To apply Theorem 4.3 we must investigate the image of the path considered in the 
hint under f. 

Suppose that z is belongs to the segment between € and R. Since 6 = 0 we have 
f(z) =r +logr which is strictly increasing and gives a bijection of the real line 
with itself. So the image of the segment is the segment [e + loge, R + log R] on 
the real line. 

Now suppose that z belongs to the semicircle centered at the origin of radius € 
contained in the upper half plane. Then we see thatr = € and 0 < 6 < m and 


f(z) =€ cos + loge +i(9 + € sin 6). 


Since € is very small we see that the image of this semicircle looks like a vertical 
segment going from € + loge to —e + loge + iz. 
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When z belongs to the real segment [—R, —e], then 9 = 7 and we get 
f(z) =—r+logr+iz. 
Now the graph of the function g(x) = —r + logr looks like 


and therefore, we see that the image of the segment [— R, —e€] is the path given by 
the line segment going from from —e + loge + im to —1 + im and then the line 
segment going from —1 + im to-—r +logr +iz. 

Finally, on the large semicircle of radius R we have |z| = R,0 <0 <7 and 


f(z) = Re’® + logR+i6. 


Now Re’® traces out a semicircle in the upper half plane, which we translate by 
log R and add the vertical perturbation given by i@. We conclude that the image 
of the path we consider in the upper half plane looks like the figure at the top of 
the facing page. 

If y denotes the initial path in the upper half plane given by the hint, we see that 
y satisfies the hypothesis of Theorem 4.3, both y and f o y have interiors and the 
interior of f o y is connected, so the conclusion of Theorem 4.3 holds. Now let 
€ — Oand R — oo to conclude the exercise. 


Exercise VII.4.8. Give another proof of Example 11 using Theorem 4.3. 


Solution. Consider the path y drawn on the figure in the middle of the facing 
page. 
As we did in the previous exercise, we must look at f o y where f(z) = z+ 1/z. 
The image of the segment [1, R] is the segment [2, R + 1/R], as one sees after 
graphing the function x + 1/x. 
If z belongs to the semicircle of radius 1, then |z| = 1,0 < 6 < m and 


f(z) =e! +e? = 2cos0. 


Therefore, the image of this semicircle is the segment [—2, 2]. 
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The image of the segment [—R, 1] is the segment [—R — 1/R, —2], as one sees 
after graphing the function x + 1/x. 

Finally when z belongs to the large semicircle of radius R we have |z| = R, 
0 <6<~7 and 


; 1 
F(z) = Re'® + Reid’ 
When R is large, we see from the above expression that the image of the large 
semicircle is a small perturbation of the semicircle of radius R. We conclude that 
the image of the path y looks like 
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fo¥ 


-R- Yo “2 1 ° 4 Z R th, 


Now we can apply Theorem 4.3 and let R > oo. 
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Exercise VII.5.1. Give explicitly a fractional linear map which sends a given 
complex number Z, to 00. What is the simplest such map which sends 0 to 00? 


Solution. Let 


0 1 
Ye = ( € GL,(C). 
1 -—zZ 


Then the associated fractional linear map 


a(z) = 
Z— 2 


sends z; to oo. The simplest fractional linear map sending 0 to 00 is the inversion 
Zt> I/z. 


Exercise VII.5.2. Composition of Fractional Linear Maps. Show that if F, G 
are fractional linear maps, then so if F o G. 


Solution. Let F(z) = (az + b)/(cz + d) and F(z) = (a’z + b’)/(c'z +d’), then 


f b 
a (a25) +5 aa’ + be')z + (ab! + ba’) 


c (445) +d (ca'+dc')z+ (b'c + dd’) 


F(G(z)) = 


Some simple computations show that 


(aa' + bc')(b'c + dd’) — (ca’ + dc')(ab' + bd’) = (ad — bc)(a'b' — d'c') £0 
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and therefore F o G is a fractional linear map. Note that if 


a b d B a vp 
a= an — 
c d “\ ic d 


are two matrices in GL2(C) representing F and G respectively, then wB € GL2(C) 
represents Fo G. 


Exercise VII.5.3. Find the fractional linear maps which map: 
(a)l, i, —loni, -1,1 

(b) i, —1, 1 on —1, -i, 1 

(c) -1, —i, 1 on —1, 0,1 

(d) —1,0, lon—-1,i,1 

(e)l, —1,i on 1, i, -1. 


, _ (142i41 
Solution. (a) F(z) = SEPSS 
(b) F(z) _ (2i-1)z+1 


z#+2i) 
(c)F(z) = isl 
@)F@) = 
(e)F(z) = ESE 


Exercise VII.5.4. Find the fractional linear maps which map: 
(a) 0, I, «© on I, 00, O 

(b) 0, 1, co on -1, -1, i 

(c) 0, 1, 00 on —1, 0, 1 

(d) 0, 1, co on —1, —i, I 


Solution. (a) F(z) = —y 
(b) F(z) a —2izt+i4+l 


—2z+it+1 
© F@ = 
@ FQ) = 35 


Exercise VII.5.5. Let F and G be two fractional linear maps, and assume that 
F(z) = G(z) for all complex numbers z (or even for three distinct complex numbers 
z). Show that if 


F(z) = 


az+b az+b' 
d G(z) = 
cz +d ae) c’z+d’ 
then there exists a complex number i such that 
a’ =ha, b'=dAb, c=dc, d’ =dd. 

Thus the matrices representing F and G differ by a scalar. 

Solution. Let g, denote the fractional linear map represented by y € GL2(C). 
We want to show that if g, = g,’ for at least three distinct complex numbers then 
y and y’ differ by a scalar. By Exercise 2 we know that 25" = g,- and that 


By a; = 8,/y-1. Hence g,,,-1 has at least three fixed points which implies that 
8y’y-1 is the identity. Thus y’y—! = AJ for some complex number A. 
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Exercise VII.5.6. Consider the fractional linear map 
zi 
zti 


What is the image of the real line R under this map? (You have encountered this 
map as an isomorphism between the upper half plane and the unit disc.) 


F(z) = 


Solution. If x is a real number we can express F(x) as the sum of its real and 
imaginary parts, 
x-i x?-1 —2x 
F = — ji —-———_, 
OS Gar Pan eel 

We parametrize the real line by x(t) = tant witht € (7/2, 2/2). Then the standard 
trigonometric identities give - 

Re(F(x(t)) = — cos 2r, 

Im(F(x(t)) = — sin 2r. 


From this system we see at once that the image of the real line under F is the unit 
circle from which 1 has been deleted, that is 


F(R) = C ~ {I}. 


If we take the real line R U {oo} on the Riemann sphere, then the image is the 
whole unit circle. 


Exercise VII.5.7. Let F be the fractional linear map F(z) = (z — 1)/(z + 1). 
What is the image of the real line under this map? (Cf. Example 9 of §4.) 
Solution. If x is real, then 

x-—1 

x41 

so F(x) is also real. Differentiating the quotient we get 


d {x-1 2 

— {| —— } = ——— > 0 

dx \x+1 (x + 1)? 
so viewed as a function of a real variable, F is increasing and continuous 
everywhere on R — {1}. Furthermore the limits 


F(x) = 


lim F(x)= lim F(x)=1, lim F(x) =-—oo, lim F(x) =o 
X—>—0O _ X00 x—>—1+ x17 


show that F is a bijection of R — {—1} with R — {1}. 


Exercise VII.5.8. Let F(z) = z/(z — 1) and G(z) = 1/(1 — z). Show that the set 
of all possible fractional linear maps which can be obtained by composing F and 
G above repeatedly with each other in all possible orders in fact has six elements, 
and give a formula for each one of these. [Hint: Compute F*, F>, G?, G?, F oG, 
GoF, etc.] 
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Solution. Let 


S = {F(z), G(z), z, 1/F(z), 1/G(z), 1/z}. 


A direct computation shows that F?(z) = z,so F?? = id and F??+! — F therefore 
F" belongs to S for all n. Similarly, G? = 1/F and G? = id hence G*+3? = 1/F, 
G3+3P — id and G*+3? = G, which implies that G” € S for all m. Some algebra 
shows that FH ¢ S forall H € S and GH é S for all H € S so by induction 
it is clear that F”G" and G” F” belong to S for all m and n. This implies that 
the composites of F and G belong to S because given any expression we look at 
pairs which reduces the problem to elements of the form F”G” or G" F” which 
we know belongs to S. 


Exercise VIL5.9. Let F(z) = (z — i)/(z + 1). What is the image under F of the 
following sets of points: 

(a) The upper half line it, with t > 0. 

(b) The circle of center 1 and radius 1. 

(c) The horizontal line i +t, witht € R. 

(d) The half circle |z| = 2 with Imz > 0. 

(e) The vertical line Re z = 1 andImz > 0. 


Solution. (a) We have 
t-1 
t+1 


so we find that the image of the upper half line is the half open segment [—1, 1). 
(b) Let C be the circle of radius 1 centered at 1. We can write 


F(it) = 


The equation of the circle of radius 1 centered at 1 + i is 
(x-1P +(y-1? =1 


which is equivalent to 2x + 2y — 1 = x” + y?. So from the proof of Theorem 5.2 
we see that the image of this circle under the inversion is the circle whose equation 
is —(u2 + v2) + 2u — 2v = 1, namely the circle centered at 1 — i of radius 1. So 
after a multiplication and a translation we see that the image under of C under F 
us the circle centered at —2i — 1 and of radius 2. 

(c) Arguing exactly like in (b) we see that the image of the line i + ¢ under the 
map 1/(z +i) is the circle of radius 1/4 centered at —i/4. So the image of the line 
i +t under the map F is the circle centered at 1 — 2i(—i/4) = 1/2 of radius 1/2. 
(d) The equation of the circle centered at the origin and of radius 2 is 


x+y? =4, 


Let Ct be the upper half of this circle. Arguing like in (b) we find that the image 
of this circle under the map 1/(z +i) is the circle K centered at 1 + i/3 of radius 
2/3. The image of Ct is therefore the lower arc A on K joining (—2 — i)/5 to 
(2 —i)/5. So the image of C+ under F is 1 — 2iA. 
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(e) Arguing like in (b) we find that the image of the line Re(z) = 1 under the map 
1/(z +i) is the circle C centered at 1/2 and of radius 1/2. The image Q of the half 
line Re(z) = 1 and Im(z) > 0 under 1/(z + i) is the lower left quarter circle of C 
including 1/2 + i/2 but excluding 0. Therefore the image of the line Re(z) = 1 
and Im(z) > 0 under F is 1 — 2:Q. 


Exercise VII.5.10. Find fractional linear maps which map: 
(a) 0, 1, 2 to 1,0, © 

(b)i, —1, 1 to 1,0, 00 

(c) 0, 1,2 toi, —1, 1 


Solution. (a) F(z) = = 


= . . z-2 
(b) F(z) = 4 
(c) F(z) = YBRee 


Exercise VII.5.11. Let F(z) = (z + 1)/(z — 1). Describe the image of the line 
Re(z) = c for a real number c. (Distinguish c = 1 and c # 1. In the second case, 
the image is a circle. Give its center and radius.) 

Solution. If z = c + iy then 


: c+1+i 
BOOS aay 


If c = 1, then 
FC ence a 
iy y 
so the image of the line Re(z) = 1 is the line Re(z) = c minus the point (1, 0). 
If c ~ 1 we must show that the image of the line Re(z) = c is a circle. To do 
so, write F as the composite of simpler functions, namely write 


2 
F(z) =1+—. 
@) zt+l 


Let a = c — 1. The image of the line Re(z) = c under the map 1/(z — 1) is the 
image of the line Re(z) = a under the inversion 1/z. We have 


1 a pipet y 
——eee ee 1 ———— 
atiy a?+y?  a?+y? 
and from the proof of Theorem 5.3 we find the relation 


=u+tiv 


—au* —av* +u=0, 
or equivalently 
1 
w+v?——-u=0. 
a 


Completing the square we find , 


I oe i 
On ~ 4a2° 
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Therefore the image of the line Re(z) = a under the inversion is the circle centered 
at 1/(2a) and of radius 1/|2a|. Multiplying by 2 and translating by 1 we find that 
the image of the line Re(z) = c under F is the circle centered at 1 + 1/(c — 1) and 
whose radius is 1/|c — 1]. 


Exercise VII.5.12. Let z1, 22, 23, 24 be distinct complex numbers. Define their 
cross ratio to be 


(Z1 — 23)(Z2 — 24) 
(Z2 — z3)(Z1 — 24) 


(a) Let F be a fractional linear map. Let z, = F(z;) fori = 1,...,4. Show that 
the cross ratio of 2, 2, 23, 24 is the same as the cross ratio of 2, 22, 23, 24. It will 
be easy if you do it separately for translations, inversions, and multiplications. 
(b) Prove that the four numbers lie on the same straight line or on the same circle 
if and only if their cross ratio is a real number. 

(c) Let 21, 22, 23, 24 be distinct complex numbers. Assume that they lie on the same 
circle, in that order. Prove that 


(21, 22, 23, 24] = 


\Z1 — 23| |Z2 — Za] = |Z1 — Zl |z3 — 24] + |Z2 — 23| [Za — Zi]. 


Solution. We can write F as a composite of translations, multiplications and 
inversion. It is therefore sufficient to show that the cross ratio is invariant under 
the above three transformations. For the first two, the assertion is obvious so we 
only have to look at the inversion. Staying cool calm and collected we find 


(1-4)-(-4) 
_ (3 — 21)(24 — 22) 


=. a [z1 22 23 24] 
(z3 — z2)(Z4 — 21) aap 


as was to be shown. 

(b) Suppose that the four numbers z1, 22, 23, 24 lie on the same straight line or on 
the same circle and that these numbers are all pairwise distinct, otherwise their 
cross ratio is zero and there is nothing to prove. Choose three distinct real numbers, 
say 0, 1 and 2. There exists a fractional linear map which sends 2}, Z2, Z3 to 0, 
1 and 2 respectively. Since the image of a circle or a line is a circle or a line, it 
follows that the image of z, also belongs to the real numbers. If follows from (a) 
that the cross ratio of z;, Z2, 23, 24 is real. 

Conversely, suppose that [z), 22, 23, Z4] is real. Let F be the fractional linear 
map which sends 2), Z2, z3 to 0, 1 and 2 respectively, and let z, = F(z4). Part (a) 
implies [0, 1, 2, 2] is real, hence z, € R. But F —! is a fractional linear map and 
z, € F~'R fori = 1,...,4 80 21, Z2, 23, Z4 belong to the same line or circle. 

(c) Let F be the fractional linear map which sends z,, Z2, 23 to 1,2 and 3 respectively. 
Then either F(z4) < 0 or F(z4) > 3. In all cases we have 


(1,2,3,z4]>0 and [1,3,2,2,] <0 
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hence 
[Z1,22,23,24] > 0 and [2Z1, 23, 22, Z4] < 0. 
A direct calculation shows that 
(21 — 23)(Z2 — 24) = (21 — Z2)(Z3 — 24) — (Z2 — 23)(Z4 — 21), 
hence 
—[z1, 22, 23, 24] = [21, 23, 22, Z4] — 1. 
From the fact that [z), 22, 23, 24] > O and [z), 23, Z2, 24] < 0 we get 
I[Z1, 22, 23, Za]] = |[Z1, 23, 22, Za]| + 1 < 0. 


Conclude. 


Fixed Points and Linear Algebra 


Exercise VII.5.13. Find the fixed points of the following functions: 
(a) f(Za= 3 
— z4 
(b) fO=B 
(ce) f@M=4 
_ 22-3 
(a) f(e) = 3 
Solution. (a) iV3 and —iV3. 
(b) =1+iV/I5 aia iJ, 
(c) ein/4 and eist/4 
iJTL 1-iVii 
(d) ths 1 and 3 He 
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Exercise VII.5.14. Let M be a2 x 2 complex matrix with nonzero determinant, 


a b 
u=( ) , andtad —be 0. 
c d 


Define M(z) = (az +b)/(cz +4) as in the text forz # —d/c(c # 0). 1fz = —d/c 


(c 4 0) we put M(z) = 00. We define M(c0o) = a/c ifc £0, and wifc =0. 


(a) If L, M are two complex matrices as above, show directly that 


L(M(z)) = (LM)(z) 


for z € C or z = 00. Here LM is the product of matrices from linear algebra. 


(b) Let 2, A’ be the eigenvalues of M viewed as a linear map on C?. Let 


Ww ; Ww} 
W= and W' = ; 
w2 W, 


be the corresponding eigenvectors, so 


MW =)1W and MW’ =2'W’ 
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By a fixed point of M on C we mean a complex number z such that M(z) = z. 
Assume that M has two distinct fixed points in C. Show that these fixed points are 
w = w/w, and w’ = w/w}. 

(c) Assume that |A| < |A’|. Given z # w, show that 


lim M*(z) = w’. 
k->00 
Note. The iteration of the fractional linear map is sometimes called a dynamical 


system. Under the assumption in (c), one says that w' is an attracting point for the 
map and that w is a repelling point. 


Solution. See Exercise 2 of this section for the case when all the quantities belong 
to C. We consider the cases which are left. Let 


a op a b 
u=( , ,) ana = ( 
c oud c d 


re ( aa’ +bc' ab’ +bd' 


so that 


ca’+dc’ cb’+dd’ 


The different cases are 
ce’ £0,z=—d’/c' andc £0 
ce’ #£0,z = —d'/c’ andc =0 
ce’ #0,z=coandc £0 
c #0,z=ocoandc =0 
c’ =0,andc 40 
c’ =0,andc =0 
In the first case we have L(M(z)) = a/c and 


= ad +ab oa 
LM(2)= ait ob mers 
The same kind of argument settles the remaining cases. 
(b) A fixed point for M satisfies 
az+b 
czatd 
So z is a fixed point if and only if 


az+b=cz* +dz. 


Clearly, c 4 0 because there are two fixed points, and the discriminant of this 
quadratic is equal to the discriminant of the determinant of M — tI so having 
two distinct fixed points implies that the eigenvalues are distinct and the eigenvec- 
tors are therefore linearly independent. This implies that w;/w2 4 w}/w. Now 
MW = AW implies 


aw,;+buw2=Aw2 and cw; +dw2=Avw>. 
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Since M is invertible 4 4 0 and A’ # 0. Also, w2 4 0 for otherwise, we see from 
above that c = 0 and this is a contradiction. It is clear from the above equations 
that M(w,/w2) = wi/w2. A similar argument for W’ concludes the proof. 

(c) Let a = 1/A’. Since the expression w and w’ where defined in (b) we assume 
that the hypothesis of (b) hold, and in particular c 4 0. Since 4 # A’ the argument 
at the beginning of (b) shows that M has two distinct fixed points given by w and 
w’.-We have also seen that wz 4 0 and w, 4 0 so we rescale W and W’ and 
assume that W = (w, 1) and W’ = (w’, 1). Let S be the matrix 


ww 
S= : 


This matrix corresponds to the change of variable where the basis are the 
eigenvectors, so 


Therefore 


so that S~! M‘ S(z) = a*z. Since z 4 0, S~!(z) € C and therefore 
M*(z) = S(a*S~'(2)). 
But limg_,.o0 a S~!(z) = 0 which implies 
Jim M*(z) = S(O) = w’. 


This argument can be found in the appendix of Lang’s book. 


VIll 


Harmonic Functions 


VUl.1 Definition 


2 2 
Exercise VIII.1.1. (a) Let A=(2) +(2). Verify that 
ox ay 


(b) Let f be a complex function on C such that both f and f 2 are harmonic. Show 
that f is holomorphic or f is holomorphic. 


Solution. (a) We have 


af _1(af , af 
af ;( $i i: 


az Ox dy 
ofof 1/@f af 
az ax 2 Gs -isf), 
afaf 1/af af 
az dy 2 on ~5): 


The third equation is true because the partials commute. Hence 


af af _ Pf vf qe ge a’ f 
az 0Z Ax? dyax  dydx dy? 


(b) Since f? is harmonic, we have 
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Now we can use the product rule to obtain 

98 gry A np 9 Dy 

az OZ dz OZ az a 
But f is harmonic, so the last term vanishes. We conclude that 

ga ee, 
Oz OZ 

If S; = {z € C: Of /aZ = 0} and Sy, = {z € C: af /dz = 0} then S} US, =C. 
If S; = C, then f is holomorphic. If 5; 4 C, then S2 is nonempty and contains 


an open ball because S, is closed. So the function u = af/0z vanishes on an open 
set. We claim that u is harmonic. Indeed, by (a) we have 


a/aa 
Au =4— [—— 
ERS ay (ze). 


+2f 


and arguing like in (a) it is easy to show that 


Since f is harmonic, our claim is proved. Finally, let S be the set of points in C 
where u vanishes, and let U be its interior, which we have shown to be nonempty. 
If we can show that U is also closed, then, since C is connected, we will conclude 
that u = 0 everywhere and therefore, f is holomorphic. To prove that U is closed, 
let {wz} C U be a sequence of points converging to w. We want to show that 
w € U. Since harmonic functions are locally the real parts of analytic functions, 
choose a neighborhood V of w and an analytic function g defined on V such that 
Re(g) = u. For some large k, w, € V so that u vanishes on a small open set in 
V. On this open set, g is purely imaginary so by the open mapping theorem, we 
conclude that g is equal to an imaginary constant on V. Hence u is identically zero 
on V and w € U. This concludes the proof. 


Exercise VIII1.2. Let f be analytic, and f = u—iv the complex conjugate 
function. Verify that 0 f /dz = 0. 


Solution. We see that 


af _1/(af of 
z  2\ 0x dy 
1 fou dv gu dv 
Sr See ope ee ee, 
2 \dx ax dy dy 
and therefore 
af au, av fu _ de) wf 
z 2\ax dx ay = dy az 
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So we have the general formula 

af _ af 

az Oz 
Since f is analytic if and only if af/9Z = 0, we conclude that 9 f /8z = 0 if and 
only if f is analytic. 


Exercise VIII.1.3. Let f : U > V be an analytic isomorphism, and let gy be a 
harmonic function on V, which is the real part of an analytic function. Prove that 
the composite y o f is harmonic. 


Solution. Let g be an analytic function such that 
g(x +iy) = g(x, y) +iwG, y) 
where y, w : R? — R are harmonic. If f = u + iv, then 
go f =glu(x, y), v(x, y)) + iW, y), v@, y)) 
and go f is analytic so y(u(x, y), v(x, y)) is harmonic as was to be shown. 


Exercise VIII.1.4. Prove that the imaginary part of an analytic function is 
harmonic. 


Solution. Let f be an analytic function, and let g = —if. Then g is analytic and 
the real part of g is the imaginary part of f. Conclude. 


Exercise VIII.1.5. Prove the uniqueness statement in the following context. Let 
U be an open set contained ina strip a < x < b, where a, b are fixed numbers, 
and as usual z = x + iy. Let u be a continuous function on U, harmonic on U. 
Assume that u is 0 on the boundary of U, and 


lim u(x, y) =0 


as y > coor y — —00, uniformly in x. In other words, given e there exists C > 0 
such that if y > C or y < —C and (x, y) € U then |u(x, y)| < €. Thenu =0Oon 
U. 


Solution. If U is bounded, the proof is given in the text, so we assume that U 
is unbounded. Suppose that u is not identically zero. Then since u(x, y) > 0 as 
|y| — oo uniformly in x, we conclude that u attains a maximum in U, say at 
(x0, yo) which is obviously an interior point of U. Working with —u if necessary 
we may assume that u(xo, yo) > 0. Given € > 0 let y, be defined by 


e(X, Y) = u(x, y) + Ex. 
Since |x| is bounded, the function ¢g, attains a maximum on U. If (x, y) is on the 
boundary of U, then 
e(X, y) = €x*, 


and since |x| is bounded, we can select € so small that g(x, y) < u(Xo, yo) on 
the boundary of U. Having chosen such an € we see that y, does not attain its 
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maximum on a boundary point of U because if (x, y) € OU, then 
P(X, Y) = €x? < U(X0, Yo) + €XG = exo, Yo)- 
So @, attains its maximum at an interior point of U, say at (x1, y;). It follows that 
Dige(x1,y1) <0 and D3yx, y1) <0. 
But since wu is harmonic we have (D? + D3)u = 0 hence 
(Di + D3)pe(x1, yi) = 2€ > 0. 
This contradiction ends the proof. 


Exercise VIII.1.6. Let 


u(x, y) = Re forest mano) =O. 


Show that u is harmonic on the unit disc, is 0 on the unit circle, and is continuous 
on the closed unit disc except at the point z = i. This gives a counterexample when 
u is not bounded. 


Solution. Since f : z > (i + z)/(i — Zz) is analytic on D, the function u is 
harmonic on D. Let z = x + iy. Then 


x+i(yt+]) — +iQy+DI][-x -i(l — y)] 
=x +id—y) + (1— yy? 


and therefore we get the formula 


f(2= 


> 


Pee x? + 1 — y? 

x +(1—y)” 

If (x, y) belongs to the unit circle then x? + y? = 1, and if (x, y) 4 (0, 1), we see 
from the above expression that u(x, y) = 0. Moreover we assume u(0, 1) = 0 so 
u is identically zero on the unit circle. 

From the above formula for u we see that this function is continuous on the closed 
unit disc except at i. Indeed, this is the only point that cancels the denominator, 
and if x = 0 we see that 

is Psy > oo as 1 

=—— asy—> 1. 

(ye Ty ° 
Exercise VIII.1.7. Find an analytic function whose real part is the given function. 
(a) u(x, y) = 3x*y — y3 
(b) x — xy 
(0) ah 
(d) log /x? + y? 


(€) ——yrpe Where t is some real number. 


u(x, y) = 


Solution. (a) Let f = u + iv where v(x, y) = 3xy* — x?. Then the Cauchy— 
Riemann equations imply that f is analytic. 
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(b) Let f = u+iv where v(x, y) = y — y?/2+x?/2. Then the Cauchy-Riemann 
equations imply that f is analytic. 
(c) Let f(z) =i/z. Then 


2. ar _ x 
deere grey aah 


(d) The choice f(z) = log z is a solution. 
(e) The choice f(z) = ae will do. 


Exercise VIIL1.8. Let f(z) = logz. Ifz = re'®, then 
f(z) =logr + i6, 
so the real parts and imaginary parts are given by 
u=logr and v=60. 


Draw the level curves u =constant and v = constant. Observe that they intersect 
orthogonally. 


Solution. The level curves are 


The circles correspond to the level curves of u, and the half lines are the level 
curves of v. 


Exercise VIII.1.9. Let V be the open set obtained by deleting the segment [0, 1] 
from the right half plane, as shown on the figure. In other words V consists of all 
complex numbers x +iy with x > 0, with the exception of the numbers0 < x < 1. 
(a) What is the image of V under the map z+ z°2 

(b) What is the image of V under the map z+ 27 — 1? 

(c) Find an isomorphism of V with the right half plane, and then with the upper 
half plane. [Hint: Consider the function z +> Jz? — 1.] 
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Solution. (a) If z = re!®, then z? = r7e° so the image of V under the map 
z +> 2” is the complex plane minus the half line (—0o, 1]. 

(b) From (a) we see that the image of V under the map z +> z” — 1 is C — Reo. 
(c) Since C — R<o is simply connected we can define z +> ./z and if z = re!® 
with r > Oand —z <6 <7, then /z = \/re'®/? so the image of C — Reo is the 
right half plane. Since the map i +> iz is a rotation by an angle of 7/2 around the 
origin, the image of V under the map z +> iz? — 1 is the upper half plane. 


Exercise VIIIL.1.10. Let U be the open set discussed at the end of the section, 
obtained by deleting the vertical segment of points (0, y) withO < y < 1 from the 
upper half plane. Find an analytic isomorphism 


f:Uu-d. 
[Hint: Rotate the picture 90° and use Exercise 9.] 
Solution. With the notation of Exercise 9 we have V = —iU so the map 
fizp iv(—iz? —1 
is an analytic isomorphism U > H. 


Exercise VIIE.1.11. Let g be a complex harmonic function on a connected open 
set U. Suppose that y is also harmonic. Show that 9 or @ is holomorphic. 


Solution. Copy the argument given in Exercise VIII.1.1 (b) by replacing C by U. 
Since U is connected, the argument caries over. 


Exercise VIII.1.12. Green’s Theorem in calculus states: Let p = p(x, y) and 
q = q(x, y) be C! functions on the closure of a bounded open set U whose 
boundary consists of a finite number of C! curves oriented so that U lies to the 
left of each one of these curves. Let C be this boundary. Then 


dq Op 
= — — — | dydx. 
[vax +aay [LG i) ane 
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Suppose that f is analytic on U and on its boundary. Show that Green’s theorem 
implies Cauchy’s theorem for the boundary, i.e., show that 


[ 1-0. 


Solution. Let u and v be the real and imaginary parts of f respectively. Let 
y : [a,b] > C, tr y(t) +iyo(t) be a parametrization of C. Then by definition 


b 
[ ie i (u(y(@)) + iv(y()y'(Hdt 


= [wax — vdy) + i(vdx + udy). 
Cc 


Now applying Green’s theorem, we find 


Le= [LCi 3) +I Gs). 


But the function f is holomorphic so its real and imaginary part satisfy the Cauchy— 
Riemann equations. Conclude. 


Exercise VIII.1.13. Let U be an open set and let zo € U. The Green’s function for 
U originating at zo is a real function g defined on the closure U of U, continuous 
except at Zo, and satisfying the following conditions: 


GR 1. 9(z) = log |z — Zo| + W(z), where w is harmonic on U. 
GR 2. g vanishes on the boundary of U. 


(a) Prove that a Green’s function is uniquely determined if U is bounded. 
(b) Let U be simply connected, with smooth boundary. Let 

f:Uu-D 
be an analytic isomorphism of U with the unit disc such that f (Zo) = 0. Let 


g(z) = Re log f(z). 


Show that g is a Green’s function for U. You may assume that f extends to a 
continuous function from the boundary of U to the boundary of D. 


Solution. (a) Suppose U is bounded and g; and g2 are two Green’s functions for 
U originating at zo. Write 


gi(z) = log|z —zol+ Wi(z) fori =1,2 


where w;-is harmonic on U and g;(z) = 0 on the boundary of U. Let h(z) = 
21(Z) — g2(z). Then h(z) = 1 (z) — ¥2(z) so h is harmonic on U and h = 0 on the 
boundary of U. Since U is bounded, Theorem 1.3 implies that h = 0, so g} = g2 
as was to be shown. 

(b) Since f is an analytic isomorphism which extends from the boundary of U to 
the boundary of D we see that if z € dU, then | f(z)| = 1 hence g(z) = 0, proving 
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that GR 1 holds. Also, since f is an analytic isomorphism, Zo is the unique solution 
of the equation f(z) = 0 in U, and f’(z) ¥ 0 for all z € U. Define a function a 
by 

_ f@) 


Z— £0 


a(z) 


The function @ is analytic on U and has no zeros. Therefore the function log @(z) 
is well defined and analytic on U which is simply connected. We have 


g(z) = Relog f(z) = log | f(z)| = log |z — Zo| + log |a(z)| 
= log |z — Zo| + Re log a(z), 


but Re log a(z) is harmonic on U so GR 2 holds. 


VIII.2 Examples 


Exercise VIII.2.1. Find a harmonic function of the upper half plane with value I 
on the positive real axis and value —1 on the negative real axis. 


Solution. We can take g(z) = 1 — 2 arg Z. 


Exercise VIII.2.2. Find a harmonic function on the indicated region, with the 
boundary values as shown. 


Solution. The map z +> 2‘ reduces the problem to the case where we have the 
upper half plane, with gy = 0 on Ryo and g = 1 on Reo, so we can take + arg Z. 
Therefore a solution to our problem is y(z) = + arg z*. 
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Exercise VIII.2.3. Find the temperature on a semicircular plate of radius 1, as 
shown on the figure, with the boundary values as shown. Value 0 on the semicircle, 
value 1 on one segment, value 0 on the other segment. 


Solution. There exists an isomorphism f mapping the upper half unit disc onto the 
upper half plane such that (0, 1) > Ro and also upper half circle U[—1, 0) > 
Ro. Indeed, f is obtained by using Example 3, §4 of Chapter VII (see also 
Exercise VII.3.1) together with z + 2” and a translations. We have the following 


sequence 
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In the upper half plane we take + arg z, so an answer to this exercise is Lin - 


arg f(z)). 


Exercise VIII.2.4. Find a harmonic function on the unit disc which has the 
boundary value 0 on the lower semicircle and boundary value I on the upper 
semicircle. 


Solution. One verifies easily that f : z +» —i(z + 1)/(z — 1) is an isomorphism 
of the unit disc with the upper half plane. If z = x + iy then a direct computation 
shows that 
—2y _l-x?+y? 
1O= Gap eas 
Thus if z belongs to the unit circle we have 
y 
- 


f= 


_ 


So we are reduced to the case where we have the upper half plane with g = 0 on 
Ro and g = 1 on Rep. We can choose + arg Z, SO an answer to the exercise is 


+ arg f(z). 


In the next exercise, recall that a function g : U — R is said to be of class C! 
if its partial derivatives D,g and D2 exist and are continuous. Let V be another 
open set. A mapping 


f:V—>R 


where f(x, y) = (u(x, y), v(x, y)) is said to be of class C! if the two coordinate 
functions u, v are of class C’. 

Ifn : [a,b] > V is acurve in V, the we may form the composite curve fon 
such that 


(f ont) = f(n@). 


Then y = f onisacurve in U. Its coordinates are 


f(n@)) = (U(n®), v(n@)). 


a 
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Exercise VIII.2.5. Let y : [a, b] > R® be a smooth curve. Let 
y@) =(n@®, wt) 


be the expression of y in terms of its coordinates. The tangent vector is given by 
the derivative y'(t) = (y;(t), y3(t)). We define 
N(t) = (V(t), —1@)) 
to be the normal vector. We define the unit normal vector to be 
N(t) 
t) = ——, where |N(t)| = VNi(t)? + Na(t)*, 
n(t) Nol where |N(t)| i(t)* + N2(t) 


assuming throughout that |y'(t)| 4 0 for all t. Verify that y(t) - N(t) = 0. 
If y is a curve in an open set U, and q is of class C! on U, we define 


a 
Dig = oe = (grad gy) -n 


to be the right hand normal derivative of gy along the curve. 

(a) Prove that if 9/dn = 0, then this condition remains true under a change of 
parametrization. 

(b) Let f : V + U be analytic. Letn beacurve in V andlety = fon. If D,g =0 
on y, Show that D,(g o f) = 0 on n. [Hint: Prove a stronger result. Fix some 
value to € [a, b]. Show first that (D,~)(y(to)) = 0 if and only if there is a real 
number c such that (grad ¢)(y (to)) = cy'(to). In other words, for all w € C = R’, 
we have o'(y(to))w = (cy'(to), w). Cf. Chapter I, §7 (1). Then use the chain rule 
to compute (y o f)(n(to))x with arbitrary z € C = R?.] 


Solution. (a) Let 8 = y o g be a reparametrization of the curve y. Then 
a ; a : 
(grad y) Np = (BBA) — BOBO. 
x dy 


but by the chain rule we have 6; = y;(g(t))g’(t) so the above expression is equal 
to 


0 0 
g(t) (3 (vigioy{(g(n) — SE cvteonrse) 
x dy 


The expression in the big parenthesis is 0 by assumption so (grad gy) - Ng = 0 and 
therefore the condition dg/dn = O remains true under a change of parametrization. 
(b) Fix fo in the domain of y. The condition D,g = 0 says that the gradient of @ 
at y(to) is parallel to the vector y‘(fo), so there exists a constant c such that 


g' (tow = c(y'(to), w) 
for all vectors w € R?. If z is a vector in R? we have 
(go f)'(nlto))z = (Ff (n(to))) DF (n(to))z, 
but f is holomorphic, so 
Df (n(to))z = F'(n(to))z 
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where the multiplication on the left is that of matrices and the multiplication on 
the right is that of complex numbers and where the identification of R? and C is 
the usual one. From this, we obtain 
(go FY (nGo))z = oF (no) f(n(to))z 

= 9'(v (to) f(n(to))z 

= c(y'(to), f’(n(to))z) 

= c(f'(n(to))n'(to), f’(n(to))z) 

= cl f’(n(to))?7(n' (to), 2), 
where for complex numbers z;, z2 we define (z;, 22) = Re(z1Z2) (this corresponds 
to the usual scalar product in R?). 

This shows that the gradient of yo f at n(to) is parallel to n’(to) and we conclude 
that 0(g0 f)/dn = 0 on 7. Note that this computation also describes the change of 
the gradient under the mapping f , namely the factor | f’(n(to))|* which corresponds 
to the determinant of the Jacobian of /. 

One could also argue as follows. Let A be the 2 x 2 matrix defined by 


A= ( ans 
1 0 
Then note that Ay’ = N, so the condition d9/dn = 0 can be written as 
0 = g’Ay' = g'A(Df)r’. 
Similarly 
= (yo fyAn! 


= y'(Df)An’. 


But f is holomorphic, so its real and imaginary parts satisfy the Cauchy-Riemann 
equations and this means A(Df) = (Df)A. We conclude that 0(g 0 f)/dn = 0. 


apo f) 
on 


Exercise VIII.2.6. Find a harmonic function ¢ on the indicated regions, with the 
indicated boundary values. (Recall what sin z does to the vertical strip.) See the 
figures on pages 158-159. 


Solution. (a) It suffices to find an isomorphism which takes the given region to the 
upper half plane, and where the piece of the boundary where g = 0 corresponds 
to the positive reals, and the piece of the boundary where gy = 1 corresponds to 
the negative reals. Then we may take u(z) = (1/7) arg(z). We now show how to 
obtain this isomorphism. 

First, the isomorphism w +> (w — 1)/(w + 1) maps the first quadrant to the 
upper semidisc. Then apply z +» log z to map this semidisc to a half strip. Now 
rotate this vertical strip, and translate it so that it becomes the vertical strip {x +iy : 
—1/2 <x < 2/2, 0 < y}. Now apply z + sinz to this strip and translate to 
obtain the upper half plane with the desired boundary values. We keep track of the 
boundary values on the pictures on page 160. 
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(a) 


(b) 


(c) 
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(d) 


(e) 


(b) It suffices to map the given region to a half vertical strip with boundary value 
1 on the left vertical segment, g = 0 on the right vertical segment and dg/dn = 0 
on the horizontal segment. Then we may take the function 1 — x as an answer. The 
sequence of pictures on pages 158-159 describes the isomorphism. When there is 
no mention of the map, we simply rotate, dilate and translate. 

(c) The function (2/7 )x + 1 will work. 

(d) This domain appears in part (b) as we can see from the pictures. Pick up the 
sequence of isomorphisms from there, and take at the end the function 1 — x. 

(e) Here, use a translation, a dilation and sin z with another translation to end up 
with the upper half plane with g = 0 on the positive reals and y = 1 on the 
negative reals. Set u(x) = (1/7) arg z. 
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Exercise VIII.3.1. The Gauss theorem (a variation of Green’s theorem) can be 
stated as follows. 

Let y be a closed piecewise C! curve in an open set U, and suppose y has an 
interior contained in U. Let F be a C' vector field on U. Let n be the unit normal 
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vector on y. Then 


[rn =f (div F)dydx. 
Y Int(y) 


Using the Gauss theorem, prove the following. Let u be a C? function on U, 
harmonic on the interior Int(y). Then 


[ Pw =0. 
y 
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2 
4=1 2 
Ol dYamzo tL Peo 
| 
Sm z 
eo 


Here D,u is the normal derivative (grad u) - n, as in Exercise 5 of §2. 


Solution. Apply Gauss’s theorem to the vector field F = grad u and note that 
2 a2 


Zp tap oO 


div F = 
iv ay? 


Subharmonic Functions 


Define a real function to be subharmonic if 9 is of class C? (i.e., has continuous 
partial derivatives up to order 2) and 
yp ao 


ax? * ay2 = ° 
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The next exercise gives examples of subharmonic functions. 


Exercise VIII.3.2. (a) Let u be real harmonic. Show that u2 is subharmonic. 
(b) Let u be real harmonic, u = u(x, y). Show that 


(grad uy = (grad u) - (grad u) 


is subharmonic. 

(c) Show that the function u(x, y) = x2 + y? — 1 is subharmonic. 

(d) Let uy, uz be subharmonic, and c, C2 positive numbers. Show that cyuy +c2u2 
is subharmonic. 


Solution. (a) Let v = u2. Then v is of class C2 and by the chain rule we get 
av au au a7u au\? 
— =2— — =2— 24—]. 
eo ae OS oe oe (*) 


By symmetry we find 


a2v a2u au\? 
— =2—— 2{—). 
ay? ay?” % &, 


Since u is harmonic we have Au = 0 whence 


Applying the chain rule we find 

du 35 au du 7 07u ne a3u du a au \? 

dx2 | «8x3 ax Ox? dy2dx ax axdy) |° 
We get a symmetric expression for 97v/Ay”. Adding both terms, and using the fact 
that Au = we find that Av > 0 as was to be shown. 


(c) We simply have Au = 4 > 0. 
(d) Differentiation is a linear operator so we get 


A(cyu, + C2u2) = cy Au, + c2 Aug. 


The numbers c, and c2 are positive, and u,; and u2 are subharmonic so A(cju) + 
C2U2) = 0. 
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Exercise VIII.3.3. Let y be subharmonic on an open set containing a closed disc 
of radius r, centered at a point a. Forr < rj let 


h(r) = i g(a + re?) —. 
1) 20 


Show that h(r) is increasing as a function of r. [Hint: Let u(r, 0) = g(a + re’®). 


Then 
d 2x a ( dau \ dé 
—(rh'(r)) = fees (pene ea 
a i "or ($) On 


Use the expression for A in polar coordinates, and the fact that the integral of 
82/907 is 0 to show that rh’(r) is weakly increasing. Since rh'(r) = 0 for r = 0, 
it follows that rh'(r) = 0, so h'(r) = 0.] 


Solution. The Laplacian in polar coordinates is given by 
a? ae a nm 1 8 
dr2 or Orr? 062° 


2 (,3¥ ntl as > 07u 
OK apy? oor are: 


and since r2Au > 0 we conclude that 


A= 


Now 


d 2x 
r—(rh'(r)) > i Wart ha SO: 
dr 0 
The fact that the integral of 87u/06? is 0 follows from the fundamental theorem 
of calculus and the fact that u is periodic. 


Exercise VIII.3.4. Using Exercise 3, or any other way, prove the inequality 


2n . d@é 
g(a) < [ g(a + re'’)— for every r. 
0 2n 


Solution. With the notation of Exercise 3 we have h(0) < h(r) because h is 
differentiable and h’(r) > 0. Moreover, h(0) = g(a), so we get the desired 
inequality. 


Exercise VIII.3.5. Suppose that is defined onan open set U and is subharmonic 
on U. Prove the maximum principle, that no point a € U can be a strict maximum 
for ¢, i.e., that for every disc of radius r centered at a with r sufficiently small, we 
have 


g(a) < maxg(z) for|z—al=r. 


Solution. Let a € U, and let r be so small that the closed disc D,(a) centered at a 
and of radius r is contained in U. Since g is continuous on the compact set C,(a), 
the boundary of D,(a), it attains its maximum on that set and therefore 


id 
g(atre’)< max, (2) 
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for all 0. Integrating with respect to 6 from 0 to 27 and using the result of Exercise 
4 we find 


1 2n @ 
= < m : 
g(a) < 5 [ g(a +re'’)dé < Bes y(z) 
Conclude. 


Exercise VIII.3.6. Let y be subharmonic on an open set U. Assume that the 
closure U is compact, and that ~ extends to a continuous function on U. Show that 
the maximum for ~ occurs on the boundary. 


Solution. The function g is continuous on the compact set U and therefore attains 
its maximum on U. Suppose that ¢ attains its maximum value at an interior point 
a of U. We claim that there exists z € dU such that g(z) = g(a). 

First we show that ¢ is locally constant at a. Select r so small that the closed 
disc D,(a) is contained in U. Consider the function f defined on the boundary of 
D,(a) by 


f(0) = 9a) — gla + re’). 


By assumption f > 0. Suppose that there exists 0 < 0 < 2m such that f(0) > 0. 
Then by continuity we have 


2a 
i f(0)d0 > 0. 
0 


This inequality combined with the result obtained in Exercise 4 we find 


1 2n ; 
g(a) < 5— : g(a + re'®)dé < (a), 


which is a contradiction and therefore f = 0. This proves that ¢ is locally constant. 

Now let V be the largest connected open set in U containing a. By the method 
of propagation along curves and the fact that y is locally constant, we see that 
y(z) = (a) for all z € V. Since V c U the boundary of V, dV is nonempty 
and we contend that 8V c dU. If not, then we can find z € 0V with z € U. 
Taking a small ball B C U containing z we see that V U B is open, connected and 
contained in U. This contradicts the maximality of V and proves our contention. 
By continuity, we have g = g(a) on OV and therefore there exists z € OU such 
that y(z) = g(a) as was to be shown. 


Exercise VIII.3.7. Let U be a bounded open set. Let u, v be continuous functions 
on U such that u is harmonic on U, v is subharmonic on U, and u = v on the 
boundary of U. Show that v < u on U. Thus a subharmonic functions lies below 
the harmonic function having the same boundary value, whence its name. 


Solution. The function v — u is subharmonic because 
A(v — u) = Av— Au = Av2>0. 


On the boundary of U we have v—u < 0, so by Exercise 6 it follows thatvu—u <0 
on U as was to be shown. 
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VIII.4 The Poisson Formula 


Exercise VIII.4.1. Give another proof of Theorem 4.1 as follows. First by 
Cauchy’s theorem, 


Let g be the automorphism of the disc which interchanges 0 and z. Apply the above 
formula to the function f o g instead of f, and change variables in the integral, 
with w = g(C), € = g7!(w). 


Solution. Using the map Dg — D defined by z +> 2z/R we see that the 
automorphism of Dr interchanging 0 and z is given by 


Zz Bw 


g(w) = REE = 2 
Loon t= 
By Cauchy’s formula, 
(H=i@oys—- [| oO 


2ni Cr c 


Since g, = g7 ! we can make the change of variable ¢ = g,(w) in the integral and 
we get 


1 
Hes A FO) 


2ni Cr 82(w) ‘ 


A direct computation shows that 


(w)dw. 


g(w) —-1+% 1-8 
gw) (1-B)? z-w 
-14+% 


~ (1= ) @- w) 
and therefore letting w = Re’® in the integral we get 
-14+% 


(1 — 32) @— w) 


’ 


1 2n : 
[@=5- f(Re’*) 
T JO 
SO it is sufficient to show that 


| Zz 
Re(2*2) - Ew, 
w-Zz (1-— 4)@-w) 


The left hand side is equal to 


re(242) =F (2H) ww — ZZ 


2\o-z' w-z) w—-Dw-D’ 
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and since R? = w@, the right hand side is equal to 


-14+4% 14% ww — 7 
Ty BONG Ce Pe EDN on > 7a A 
(l-j2)@-w) (l-gie)@- vw) (w- aw 2) 


This concludes the exercise. 


Exercise VIII.4.2. Define 


1 R? — r? 
P50) > ee 
nO) = oF RP 2Rr eos Lr 

forO<r<R. 
Prove the inequalities 

R-r : R+ 
—— <2 Pr (O-—g) < 
Rar”  Prr( OS 


forO<r<R. 
Solution. We have 

—2rR < —2rRcos(@ —@) < 2rR 
hence 

(R—r) < R? —2rRcos(@ — gy) +r? <(R+r). 

The inequalities 0 < r < R imply 

2 2 2 2 

es < 2m Pr(6 - 9) < a 

and since R? — r? = (R +1r)(R — r) we get the desired inequalities. 


Exercise VIII.4.3. Let f be analytic on the closed disc D(a, R) and letu = Re(f). 
Assume that u > 0. Show that for0 <r < R we have 

-r 

R+r 

After you have read the next section, you will see that this inequality holds also 


if u > 0 is harmonic on the disc, with a continuous extension to the closed disc 
D(q, R). 


; R 
u(a) < u(a + re’®) < ula. 
=r 


Solution. After translation we may assume that a = 0. The function u is harmonic 
because it is the real part of an analytic function so by Theorem 4.2 we have with 
the notation of Exercise 2 


2n 
u(re!?) = [ u(re’)P,(0 — y)d0. 
0 


The inequalities of Exercise 2 combined with the fact that u > 0 give 


Qn  R—rdé : an » R+r dé 
id ig id ney 
i u(re Vea Oe < u(re =f u(re Ror in 
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The mean value theorem for harmonic functions states that 
a 9, dO 
u(O) = [ u(re?)—. 
0 20 
Conclude. 


Exercise VIII.4.4. Let {u,,} be a sequence of harmonic functions on the open disc. 
If it converges uniformly on compact subsets of the disc, then the limit is harmonic. 


Solution. Let 0 < ro < 7; < 1 and choose functions f,,, analytic on the unit disc, 
and such that Re(f,) = u,. After subtracting an imaginary constant if necessary, 
we may assume (by Theorem 4.2) that for z € D,, 
Qn i8 
i.rie” +z dé 
fn(Z) = un(rie’)- a 
0 re’? — 720 
For z € D,, let 
rie? +z dO 
reo —z2n : 


2n , 
f@= i u(re'?) 


where u is the limit of {u,}. Then, for z € D,, we have 


2n id 
‘a io. |rie’’ +z| dé 
Ifn(z) -— FI < [ lun(rie”) — u(rie”)| vielen lore 
< ll I = 
Un — Uullp. —— 
S W4n Dr, as 
where || - Ilb,, denotes the sup norm on D,,. So f, — f uniformly on compact 


subsets of D,, whence f is holomorphic on D,, and Re( f) = u because 
Re(f) = lim Re(f,) = limu, = u. 


We conclude that u is harmonic on D,,, and since ro was chosen arbitrarily we get 
that u is harmonic on the unit disc. 
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One can also consider Dirac sequences or families over the whole real line. We 
use a notation which will fit a specific application. For each y > 0 suppose given 
a continuous function Py on the real line, satisfying the following conditions: 


DIR 1. P,(¢) = 0 for all y, and all real t. 
DIR 2. (°°, Py(t)dt = 1. 
DIR 3. Given €, 5 there exists yo > 0 such that if 0 < y < yo, then 


—5 (ore) 
| + i] Py(t)dt <e. 
—00 5 


We call { P,} a Dirac family again, for y — 0. Prove: 
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Exercise VIII.5.1. Let f be continuous onR, and bounded. Define the convolution 
Py * f by 
[o.e) 


Py * f(x) = i. Py(x — t)f(t)dt. 


Prove that P,* f(x) converges to f(x) as y — O for eachx where f is continuous. 
The proof should apply to the case when f is bounded, and continuous except 
at a finite number of points, etc. 


Solution. Let x be a point where f is continuous. Changing variables and using 
the properties of the family {P,} we find 


BafpoO=f@= / P,(t) f(x —t)dt — / Py(t) f(x)at 


—0o i 


thus 


IP, * f(x) — fo! < i Pf (x — 1) — f(x)ldt. 


Let « > 0. Since f is continuous at x there exists 5 > 0 such that if |t| < 6 then 
| f(x —t) — f(x)| < €. Write 


love) —5 5 fore) 
/ PIF — 2) — f(xidt = / re | + i P,()| fx —t) — Flalat. 


Choose yo as in DIR 3 so that the sum of the first and third integral is bounded by 
2Be where B is a bound for f. The middle integral is estimated by € so we see 
that Py * f(x) > f(x) as y > 0. 


Exercise VIII.5.2. Let 


Py(t) fory >0. 


ee ee 

NU 12 + y2 
Prove that {P,} is a Dirac family. It has no special name, like the Poisson family 
as discussed in the text, but it is classical. 


Solution. The first condition for a Dirac family holds because y > 0. Let 
b 
I(a, b) = | P,(t)dt. 
a 


Then changing variables t = yu we find 


17" d 1 
I(a,b) = — ide —[arctan ul’? 
2 

T Jasy l+u nu 


Letting a > —oo and b > ov we find 


2 1 (xn —-« 
=—{—-—JjJ-l 
/ . Py(f)dt = — ( 5 ) 


so the second condition for a Dirac family is verified. 
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To see why the third property is verified we let b > oo so that 


re 1 (x a 
i Py(t)dt = 7 G — arctan ()) : 


Given €, 5 > 0 choose yo such that for all 0 < y < yo we have 


um €K 
tan(d irae 
arctan s(n 5 


Then for these values of y we obtain the inequality 


2 € 
/ Py(t)dt < —, 
3 2 


—65 oe) 
/ + / Py(t)dt <e. 
—0o0 t) 


Exercise VIII.5.3. Define for all x and y > 0: 
F(x, y) = Py * f(x). 


Prove that F is harmonic. In fact show that the Laplace operator 
a\? (ay 
(z) +() 


a 
(t—xP+y? 


so by symmetry we get 


applied to 


yields 0. 
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You will have to differentiate under an integral sign, with the integral being 


taken over the real line. You can handle this in two ways. 
(i) Work formally and assume that everything is OK. 


(ii) Justify all the steps. In this case, you have to use a lemma like that proved in 


Chapter XV, §1. 


Solution. The map 


1 
8(Z) = jae 
is holomorphic on the upper half plane and a direct computation shows that 
Im(g,(z)) = a Py(x — 1), 


hence P,(x — ft) is harmonic. 


Exercise VIII.5.4. Let u be a bounded continuous function on the closure of the 
upper half plane (i.e., on the upper half plane and the real line). Assume also that 
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u is harmonic on the upper half plane, and that there are constants c > 0 and 
K > 0 such that 


1 
ju(t)| < K ine for all |t| sufficiently large. 


Using the Dirac family of the preceding exercise, prove that there exists an analytic 
function f on the upper half plane whose real part is u. [Hint: Recall the integral 
formula of Exercise 23 of Chapter VI, §3.] 


Solution. Let 
gz) = / BO; 


cool —Z 


for z € H. We want to show that g is analytic. Let V be a compact subset of the 
upper half plane H. Then for z € V, |z| is bounded. There exists B > 0 such that 
if |t| > B, then |¢ — z| > |¢|/2 for all z € V and |u(t)| < K/|t|°. Soif By > B 


we have 
—B, oO t —B, oO 1 
(ef Pig Pg, 
—00 B lt—z| —00 B, Iti te 


which implies the uniform convergence of the integral on V. The differentiation 
lemma implies that g is analytic. So the function f defined on the upper half plane 
by f(z) = g(z)/(zi) is also analytic and we see that 


v = Re(f) = Py *u. 


From the convergence result of Exercise 2, we see that v(x, 0) = u(x). Now we 
must show that v = wu in the upper half plane. This is achieved by going to the 
disc and using Theorem 1.4. First note that since v = P, * u, we have putting 
absolute values in the integral defining the convolution and using the fact that 
f Py(x)dx = 1 


IVlloo < [lttlloo 


where || - ||. denotes the sup norm. Hence v is also bounded on the upper half 
plane, and it suffices to show that if w is a bounded harmonic function on the upper 
half plane which extends continuously to R with value 0, then w is identically 0. 
Consider the isomorphism h : D — H given in Chapter VII. Then w oh is 
harmonic on D. It is also bounded and continuous at the boundary except possibly 
at one point. Since w = 0 on the boundary where it is continuous, we conclude 
from Theorem 1.4 that woh = Oand therefore w = 0. This concludes the exercise. 


Let u be a continuous function on an open set U. We say that u satisfies the 
circle mean value property at a point zo € U if 


1 2n ; 
u(Zo) = =— i u(zo + re'?)dO 
2n 0 
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for all r > O sufficiently small (so that in particular the disc D(zo, r) is contained 
in U). We say that u satisfies the disc mean value property at a point zo € U if 


1 
u(Zo) = —ff udxdy, 
mr D(zo,r) 


for all r > 0 sufficiently small. We say that the function satisfies the mean value 
property (either one) on U if it satisfies this mean value property at every point of 
U. By Theorem 3.3 and Theorem 5.5 we know that u is harmonic if and only if u 
Satisfies the circle mean value property. 


Exercise VIII.5.5. Prove that u is harmonic if and only if u satisfies the disc mean 
value property on U. 


Solution. If u is harmonic, then is satisfies the circle mean value property 


1 on . 
u(zZo) = all u(zo + pe!?)dd. 
20 0 


Multiplying both sides by p and integrating from 0 to r, we see that u satisfies the 
disc mean value property. 


Conversely, suppose that u satisfies the disc mean value property. Using polar 
coordinates, the disc mean value property gives 


1 r p2n ; 
u(Zo) = —> / / pu(zo + pe'’)ddp, 
wr 0 Jo 


so writing r? as an integral we get 


r 1 r p2n : 
[ pu(zo)de = —— / i] pu(zo + pe’”)dédp. 
0 20 0 JO 


Differentiating with respect to r we find 


1 2n 6 
ru(z9) = =f ru(zo + re’’)dé, 


so cancelling r we find that u satisfies the circle mean value property and is therefore 
harmonic. 


Exercise VIII.5.6. Let H* be the upper half plane. For z € H* define the function 


1 1 1 
hg) = = -—— e€ Ht. 
0) = 5 (— —) fort 
Then h, is analytic in H* except for a simple pole at z. Let f be an analytic 
function on H* UR (i.e., on the closure of the upper half plane, meaning on an 


open set containing this closure). Suppose that f is bounded on H* UR Prove 
that 


/ Fyh,(t)dt = f(2). 
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This is the analogue of Theorem 4.1 for the upper half plane. [Hint: Integrate 
over the standard region from the calculus of residues, namely over the interval 
[—R, R] and over the semicircle of radius R.] 


Solution. Let z ¢ H+. The function f(¢)h,() is analytic on the closure of the 

upper half plane and has a simple pole at z with residue f(z)/(2zi). For R large, 
we will have 

(z) 

[ teneoar = 2 2. 

YR 


where yr denotes the standard path consisting of the interval [—R, R] and the 
semicircle |z| = R in the upper half plane. To conclude the proof, we must show 
that the integral over the semicircle tends to 0. But this follows because f is 
bounded and 
lz —2| B 
Pree REE ee ey 
I¢—z1l¢—Zl ~ II 
Exercise VIIL5.7. In Exercise 6, consider the case z = i. Let 
z-1 w+ti 
= - SO Z=-—i—— 
Z+1 w-1 
be the standard isomorphism between the upper half plane and the unit disc D. 


Show that 
1 
eae 
Z—l Z+l w 


In light of Exercise 1, this shows that the kernel function in Exercise 2 corresponds 
to the Poisson kernel under the isomorphism between H+ and D. 


lA) SC 


Solution. This is just a computation 
ldw_ 1 Go 


wdz w (z +i)? 


= iti ( 2i ) 
~ z—i \(z+i? 


ee 
~ (z+ i\(z—i) 
1 1 


Exercise VIII.5.8. Let x = rcosé, y = rsin@ be the formulas for the polar 
coordinates. Let 


f(, y) = f(rcos6@,rsin@) = g(r, 9). 
Show that 

a7 1 ag 1 a2g 20h 

ar2 r dr 2902 ax2 a 
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For the proof, start with the formulas 


a 
E = (Dj f)c0s6 + (D2) sind and sp = ~ ifr sin + (Da f)r cos8, 


and take further derivatives with respect to r and with respect to 0, using the rule 
for derivative of a product, together with the chain rule. Then add the expression 
you obtain to form the left hand side of the relation you are supposed to prove. 
There should be enough cancellation on the right hand side to prove the desired 
relation. 


Solution. The hint gives the proof away. For the details of this computation you 
can look at Exercise XII.3.5 in my book Problems and Solutions for Undergraduate 
Analysis published by Springer-Verlag. 


Exercise VIII.5.9. (a) Fort > 0, let 


= = 1 —x?/4t 

K(t, x) = K;(x) rer : 
Prove that {K;} for t — 0 is a Dirac family indexed by t, and t > 0 instead of 
n — oo. One calls K the heat kernel. 
(b) Let D = (8/8x)* —8/8t. Then D is called the heat operator (just as we defined 
a Laplace operator A). Show that DK = 0. (This is the analogue of the statement 
that AP = Off P is the Poisson kernel.) 
(c) Let f be a piecewise continuous bounded function on R. Let F(t, x) = (Kr * 
F(x). Show that DF = 0, i.e., F satisfies the heat equation. 


Solution. For t > 0 we have K(r, x) => 0. Changing variables 2./tu = x we find 
that 


/ . K(t,x)d | pees er tg A / . 2Vie du =1 
»X)ax = —_= > — = 
—00 -~oo V4rt V4rt Joo 


because f° edu = 7. 
We now show that the last property of a Dirac family holds. Let «, 5 > 0 be 
given. We see after the change of variable 2,/tu = x that 


ta 1 29 2 
K(t, x)dx = —= edu. 
I Jr 8/2JSt 
But for all t close to 0, we have 6/2St > 0, and for u > 1 we have en <e", 
hence for all t close to 0 we have 
oe) 1 (oe) 5 1 00 e75/2Vt 
K(t,x)dx = —= e“du< — e “du < ; 
I Jt Ispvi V0 Isai Ja 

Since e~8/2¥? _, 0 ast > Oand K (t, x) is even in x, there exists fy > 0 such that 
for all O < t < to we have 


—65 foe) 
/ +f K(t, x)dx <e. 
—0o 5 
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This concludes the proof that {K;} is a Dirac family for t > 0. 
(b) Differentiating once with respect to x we get 


a 1 Hoe 8 
—K t, oan ee /At 
A ae ay 
so 
2 


ax? 13/2 473/2 


-1 2 1 x a 
K(t,x) = =e" Ez ; 
V4n 
Differentiating once with respect to t we find the same expression as 87K /4x? so 
DK =0. 
(c) By definition we have 


foe} 
Fit,x)= } K(x — y)fQ)dy. 
—0O0 
Consider the integrand as a function of t and y. Suppose that ¢ is in a compact 
interval. Then from the result found in (b), the fact that e~”” is rapidly decreasing 
and integrable and that f is bounded, we see that there exists integrable functions 
g and w such that 


a 
[K(x — y)f(y)| < g(y) and ap i —y) fy < vO) 


for all t and y. So we can differentiate under the integral. The same argument 
applied to K,(x — y) f(y) and 8/8xK,(x — y) f(y), viewed as functions of x and 
y, yield 


DF(t,x) = i DK,(x — y)f(y)dy = (DKi) * f(x) = 0. 


—0O 


IX 


Schwarz Reflection 


IX.2 Reflection Across Analytic Arcs 


Exercise IX.2.1. Let C be an arc of the unit circle |z| = 1, and let U be an open 
set inside the circle, having that arc as piece of its boundary. If f is analytic on U 
if f maps U into the upper half plane, f is continuous on C, and takes real values 
on C, show that f can be continued across C by the relation 


f() = fQ/2). 


Solution. By Theorem 2.2, we know that f can be continued analytically across 
the arc. Thus the only thing to prove is that this continuation is given by the stated 
formula: 


f@) = fU/2), (1) 


If zis on the unit circle, then z = 1/Z, and since f is real valued on the arc of the unit 
circle, the expression on the right of (1) is indeed equal to f(z). Furthermore the 
expression on the right of (1) is continuous on the arc, because it is the composite 
of continuous functions. Therefore it suffices to show that the right side of the 
above equation is analytic for |z| > 1. Here we give one way of doing this, for 
another method, see the next exercise. We apply 9/9z to the expression on the 
right and we get 


ae ees 
gg A/D = 5 FAP). 
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By the chain rule we get 
2 fay = fupZap=o 
az a= uae [0= 


because for instance 


OzZ =0zz 
since 1/z is analytic. Then the expression on the right of (1) defines an analytic 
function for |z| > 1 such that 1/z € U. Since it coincides with f on the real 
segment, it must be the same as the analytic function coming from Theorem 2.2, 
and this concludes the proof. 


Exercise IX.2.2. Suppose, on the other hand, that instead of taking real values 
on C, f takes on values on the unit circle, that is, 


|\f(—)| = 1 forzonCc., 
Show that the analytic continuation of f across C is now given by 
f(z) = 1/fC1/2). 


Solution. We argue like in Exercise 1. Suppose that |z| = 1. Then 1/Z = z and by 
assumption | f(z)? = 1, so f(z) = 1/f(z) = 1/f(1/Z) on the arc. By continuity 
of f there exists an open subset V of U such that f 4 0 on V andC Cc OV. It is 
sufficient to show that 1/ f(1/Z) is analytic for |z| > 1 and 1/Z € V. Let |zo| > 1 
and 1/Z € V. Put w = 1/Z for z near zo. Then f has a power series expansion 


fw) =a Yo an(w naa wo)” = ya G = =) : 


Hence 
To = =: (@o — 2)" exe zy" 
1/zZ) = a -— . 
7a = Da(2-=)= Lae 
The series on the right is absolutely and uniformly convergent for z near 79 whence 


it defines an analytic function of z. Since f is nonzero near wo we conclude that 
1/ f(1/Z) is analytic near zo. This ends the proof. 


Exercise IX.2.3. Let f be a function which is continuous on the closed unit disc 
and analytic on the open disc. Assume that \ f(z)| = 1 whenever |z| = 1. Show 
that the function f can be extended to a meromorphic function, with at most a 
finite number of poles in the whole plane. 


Solution. The function f can only have finitely many zeros, otherwise they would 
accumulate in D and this would contradict the fact that | f(z)| = 1 on the unit circle 
and that f extends continuously to the closed unit disc. Let z}, ..., Zm be the zeros 
of f inside the disc (not counting multiplicity) and let 


m;=ord, f and P,(z)= 
— Zz 


IX.2 Reflection Across Analytic Arcs 177 


Then P; has a zero of order 1 at z;, so if we define 
a(z) = [ | Po” 


then h(z) = f(z)/g(z) is analytic in the unit disc, extends continuously to the unit 
circle and |h(z)| = 1 whenever |z| = 1 because | P;(z)| = 1 whenever |z| = 1. By 
Theorem 2.2 we can extend A to an entire function h. If we then consider 


f(z) = h(z)g(2) 


we see that f = f on the unit disc and f is meromorphic with at most finitely 
many pole, namely at the points 1/7;. 


Exercise IX.2.4. Let f be a meromorphic function on the open unit disc and 
assume that f has a continuous extension to the boundary circle. Assume also that 
f has only a finite number of poles in the unit disc, and that | f(z)| = 1 whenever 
|z| = 1. Prove that f is a rational function. 


Solution. Let {z;}, i = 1,...,m be the zeros or poles of f inside the disc. Let 
m; = ord, f and P(z)= i. 
1— Zz 


Then P; has a zero of order 1 at z;. Let 


az) = | | Piz) and A(z) = f(z)/g@). 


Then h has no zero or pole in D, h extends continuously to the closure of D, and 
since | P;(z)| = 1 when |z| = 1, it follows that |h(z)| = 1 when |z| = 1. Hence 
by Exercise 2, h extends to an entire function by reflection in the unit circle. But 
there exists 6 > 0 such that |h(z)| > 6 for z € D because h has no zero in the 
closed disc. From the reflection, it follows that the analytic extension of h to C is 
bounded, whence h is constant by Liouville’s theorem. This proves that f = cg 
for some constant c, as was to be shown. Note that we could also use Exercise 
VI_.1.34 to see that A is constant. 


Exercise IX.2.5. Work out the exercise left for you in the text, that is: 


Let W be an open neighborhood of a real interval [a, b]. Let g be analytic on W, 
and assume that g'(t) # 0 for allt € [a,b], and g is injective on [a, b]. Then 
there exists an open subset Wo of W containing [a, b] such that g is an analytic 
isomorphism of Wo with its image. 


[Hint: First, by compactness, show that there is some neighborhood of [a, b| on 
which g' does not vanish, and so g is a local isomorphism at each point of this 
neighborhood. Let {W,} be a sequence of open sets shrinking to [a, b], for instance 
the set of points at distance < 1/n from [a, b]. Suppose g is not injective on each 
W,,. Let 2, # 2), be two points in W,, such that g(Zn) = g(z,,). The sequences {Zp} 
and {z),} have convergent subsequences, to points on [a, b]. If these limit points 
are distinct, this contradicts the injecticity of g on the real interval. If these limit 
points are equal, then for large n, the points are close to a point on the interval 
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and this contradicts the fact that g is a local isomorphism at each point of the 
interval. ] 


Solution. Around any point x on the interval, there exists, by continuity, an open 
neighborhood V, on which g’ # 0. Then J V,; covers [a, b] and by compactness 
we may choose a subcovering, which will be our desired open neighborhood. The 
rest of the proof is given in the hint. 


Exercise [X.2.6. Let U be an open connected set. Let f be analytic on U, and 
suppose f extends continuously to a proper analytic arc on the boundary of U, 
and this extension has value 0 on the arc. Show that f = 0 on U. 


Solution. Let y : [a, b] + C be the proper analytic arc. Since U is connected, it 
suffices to show that f is 0 on a neighborhood of some point which lies on the ana- 
lytic arc. By Exercise 5, y defines an analytic isomorphism of some neighborhood 
W of [a, b] onto its image. So we may assume that [a, b] is the boundary of some 
small open connected set V contained in the plane. Let Vt and V~ denote the part 
of V lying above and below the real axis respectively. We wish to show that some 
small segment in [a, b] is the boundary of either V* or V~. Suppose some point 
z on (a, b) is not on the boundary of V+. Then z is contained in some small open 
disc D(z, r) which does not intersect V*. Since every point on [a, b] is a boundary 
point of V, we conclude that the full segment [a, b] N D(z, r/2) is contained in 
the boundary of V~. So assume without loss of generality that some segment J of 
{a, b] is contained in the boundary of V~. Since f = 0 on [a, b] we can extend 
f oy analytically past J by Schwarz reflection and we then conclude that f is 
identically 0 on V~. Since U is connected, we conclude that f is identically 0 on 
U. 


xX 
The Riemann Mapping Theorem 


X.1 Statement of the Theorem 


Exercise X.1.1. Let U be a simply connected open set. Let z1, 22 be two points of U. 
Prove that there exists a holomorphic automorphism f of U such that f(z1) = 22. 
(Distinguish the cases when U = C and U # C.) 


Solution. Suppose U = C. Then f(z) = z+(Z2 —2Z1) is a solution to the problem. 
If U # C, then by the Riemann mapping theorem, we can map U to the open unit 
disc by a holomorphic isomorphism g : U > D. The automorphisms of the disc 
act transitively, so we can find f € Aut(D) which maps g(z;) to g(z2). Then 
g—!o f og isa solution to the problem. 


Exercise X.1.2. Let f(z) = 2z/(1 — 2”). Show that f gives an isomorphism of 
the shaded region with a half disc. Describe the effect of f on the boundary. See 
the figure on page 180. 

What is the effect of f on the reflection of the region across the y-axis? 


Solution. Let U be the shaded region and let y be its boundary. Let Dz, be the 
left half unit disc. We first show that f(y) = 9D ,. We use polar coordinates to 
parametrize the arc included in y. Let u(0) = 1+ /2e!® with 37/4 < 0 < 51/4. 
We have 


20. + V2e!*) V2e79 +2 


8) = ——— = — 
fu )) (a + 1 4. V2e®\(1 ie V2e!®) 2 + / 2019 
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circle of radius \/2. center | 


But 2+ /2e! = /2e7'® + 2 so | f(u())| = 1 which proves that the image of y 
under f is contained in the unit circle. But 


arg f(u(9)) = arg(/2e!? + 2) — arg(2 + V2e) +7 
=m —2arg(2 + V2e"*), 


and 2+ /2e’° parametrizes the circle centered at 2 or radius /2, so from the figure 
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we see that the range of arg f(u(6)) is [1 /2, 32/2]. Now we describe the effect of 
f on the vertical segment iy with —1 < y < 1. We have 

2iy __2y 

FO TP te 

and since y > (2y)/(1 + y”) isa bijection from [—1, 1] onto itself, the vertical 
segment is mapped onto i[—1, 1]. This proves that f(y) = dD_. 

Theorem 4.3 of Chapter VII shows that f is an isomorphism of U with D;. 
Now to see what happens to the reflection of the region U across the y-axis, note 
that the new region is also the image of the region U under the symmetry of center 
the origin. Then it suffices to see that 


f(—z) = -—f (2) 


to conclude that the image of the new region is the reflection of f(U) across the 
y-axis, whence the right half disc. 


X.2 Compact Sets in Function Spaces 


Let U be an open set, and let {K;}(s = 1, 2, ...) be a sequence of compact subsets 
of U such that K, is contained in the interior of Ks4, for all s, and the union of 
the sets K, is U. For f holomorphic on U, define 


o35(f) = min(1, If lls), 
where || f ||; is the sup norm of f on K;. Define 


CO 


o(f)= > sof). 


s=l 
Exercise X.2.1. Prove that o satisfies the triangle inequality on Hol(U), and 
defines a metric on Hol(U). 


Solution. We show that o defines a metric d on Hol(U) given by 
a(f,g)=o(f — 8). 


The only non trivial property to verify is the triangle inequality. First we show that 
the triangle inequality holds for o. It suffices to show that the triangle inequality 
holds for o, for all s. 

Suppose that || f + gl; < 1. If one of || f ||, or \lg lls is => 1, then 


o(f += lf +alls <1 Sos(f) + o5(g), 
and if not, then 
o(f +g)=Ilf + alls <llflls + llgils < os(f) + o5(g). 
Suppose that || f + g||; > 1, then 
o(ftg)=1< lf +alls < Ilflls + llalls 
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but o;(f) + o5(g) is either > 1 or equal to || f ||; + |lg|ls. so this proves that the 
triangle inequality holds for o,. Thus o satisfies the triangle inequality and 


d(f,h)=o(f —h) <o(f —g)+o(g —h) =d(f, g)+d(g,h), 
thereby concluding the proof that d is a metric. 


Exercise X.2.2. Prove that a sequence { f,} in Hol(U) converges uniformly on 
every compact subset of U if and only if it converges for the metric o. 


Solution. Suppose that f, — f uniformly on every compact subset of U. Given 
0 < € < 1, choose an integer ng such that 1/2"°+! < €. Select an integer N such 
that N > no and o,,(f, — f) < € for all n > N. Since K, C K+, we have 
O; < 054, and therefore for all n > N we find that 


of, —-fy= ae = 03 n= f+ J 35 J othe f) 


s= not+l1 


= eh n+y4 


no+1 


= Ono fn — N+=— 


< 2e. 


Qno+l 


Conversely, assume that f, —- f for the metric d. Let K be a compact set and 
let 0 < € < 1. Select and integer no such that for all n > no we have K C Ky. 
Select N such that for alln > N we have o(f, — f) < €/2”. So for alln > N 
we have 


1 ea | 
Batman — NS GeO Ia = A) < aap 


hence o,,(fn — f) < € for alln > N. This implies that f, > f uniformly on K 
because 


fn — Fllx < Mtn — Fillnn = Ono tn — f) < € 
foralln > N. 
Exercise X.2.3. Prove that Hol(U) is complete under the metric o. 


Solution. Let { f,}°°, C Hol(U) be a Cauchy sequence for the metric d induced 
by o (see Exercise 1 of this section). For each s we have 


1 
55 In -F Sm) < O(fn — fm) 


so { f.}72, is Cauchy for the sup norm on every compact set. Hence { f,}°2, con- 
verges to a limit function f and the convergence is uniform on every compact set 
therefore f is holomorphic on U. By Exercise 2 we know that f, — f for d so 
Hol(U) is complete for the metric d. This completes the proof. 


X.2 Compact Sets in Function Spaces 183 


Exercise X.2.4. Prove that the map f > f’ is a continuous map of Hol(U) into 
itself, for the metric o. 


Solution. Let d be the metric induced by o (see Exercise 1). In a metric space, 
continuity can be verified by looking at sequences. We use Exercise 2 repeatedly. 
Suppose that f, — f withrespecttod.Then f, — / uniformly on every compact 
subset of U, and it is a corollary of Cauchy’s formula that f7 — f’ uniformly on 
every compact subset of U. Hence f’ — /’ with respect to d. This proves that the 
map f +> /’ is continuous for the metric d. 


Exercise X.2.5. Show that a subset of Hol(U) is relatively compact in the sense 
defined in the text if and only if it is relatively compact with respect to the metric 
o in the usual sense, namely its closure is compact. 


Solution. In this exercise we use repeatedly the fact that in a metric space, 
compactness is equivalent to sequential compactness. 

Let ® be a subset of Hol(U). By definition ® is relatively compact if every 
sequence in ® has a subsequence which converges uniformly on every compact 
subset of U. Suppose ® is relatively compact according to this definition. We want 
to show that ® is compact in the metric space (Hol(U), d), where d is the metric 
induced by o. Let { f,}°2, be a sequence in ® and for each n choose a function 
8n € ® such that d(f,, 8n) < 1/n. Then by assumption, {g,} has a subsequence 
{n,} which converges uniformly on compact subsets of U. By Exercise 2, {gn,} 
converges with respect to d and therefore { f,,,} converges with respect to d. Since 
@ is closed we conclude that { f,} has a subsequence which converges in ®, as 
was to be shown. 

Conversely, suppose that ® is relatively compact with respect to the metric d 
induced by o. Let { f,} be a sequence in ©. Then ® is sequentially compact, so 
{fr} has a subsequence which converges with respect to d. Exercise 2 implies 
that this subsequence converges uniformly on every compact subset of U, so ® is 
relatively compact. 


Exercise X.2.6. Let ® be the family of all analytic functions 
f(z) =z+a2" +4322 +--- 


on the open unit disc, such that \a,| < n for each n. Show that ® is relatively 
compact. 


Solution. By assumption ® C Hol(U). To apply Theorem 2.1 (Ascoli’s theorem) 
we must show that ® is uniformly bounded on compact sets in the unit disc. Let 
K be acompact set in D. There exits a positive number c < 1 such that for all 
z € K we have |z| < c. If f € ® we get the following estimate 


IF@I< Do lanlc" < donc”. 


Applying the ratio test we find that )* nc" < oo. This implies that ® is uniformly 
bounded on compact sets and we are done. 
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Exercise X.2.7. Let {f,} be a sequence of analytic functions on U, uniformly 
bounded. Assume that for each z € U the sequence { f,(z)} converges. Show that 
{fn} converges uniformly on compact subsets of U. 


Solution. Since { f,} is uniformly bounded, the beginning of the proof of Theorem 
2.1 shows that the family { /,,} is equicontinuous on compact sets. Let € > 0 and 
K be a compact subset of U. Choose 6 > 0 such that for all |z — z'| < 5 and 
z,z' € K we have | f,(z) — fn(z’)| < € for all n. From the covering U,<x B(z, 5) 
of K, choose a finite subcovering B(z1, 5), ..., B(z, 5). Choose N so large that 


|Fn(Zi) — fm(Zi)| < € 


for alln, m > N and all i. Now we show that { f,,} is uniformly convergent on K. 
Given z € K choose i such that z € B(z;, 6). Then for all n, m > N we have 


|fn(Z) — fm(Z)| < | fal2) — fn(Zi)| + | fa (Zi) — fm (Zi)| + fm (Zi) — fm (2) 


<e+et+e. 


This concludes the proof. 


XI 


Analytic Continuation along Curves 


XI.1 Continuation Along a Curve 


Exercise X1I.1.1. Let f be analytic in the neighborhood of a point zo. Let k be a 
positive integer, and let P(Tp, ..., T,) be a polynomial in k + 1 variables. Assume 
that 


P(f, Df,..., D¥ f) =0, 
where D = d/dz. If f can be continued along a path y, show that 
PUG Dip ii iy) SO 


Solution. Let (fo, Do), ..-,;(fn, Dn) be an analytic continuation along y of 
the function f. So f, = f, in a neighborhood of the endpoint of y. 
Since fo = f; on Do M D, we have P(fi, Dfi,...,D* fi) = 0 on Do N 
D,. But P(fi, Dfi,..., D* fi) is analytic on the connected open set D; so 
P(fi, Dfi,..., D* f,) = 0 on Dj. By induction we get POY Dies D‘ f,) = 
0, as was to be shown. 


Exercise XI.1.2 (Weierstrass). Prove that the function 


f@= 02" 


cannot be analytically continued to any open Set strictly larger than the unit disc. 
[Hint: If z tends to I on the real axis, the series clearly becomes infinite. Rotate 
z by ak-th root of unity for positive integers k to see that the function becomes 
infinite on a dense set of points on the unit circle. ] 
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Solution. The set {e?”'"},<g is dense in the unit circle. Let z pq = e2tP/ where 
p and gq are integers with g > 0. Then for0 <t < 1 we have 


q-! oo 
SF (tZp,q) a Se@epa + yaa) 
n=l n=q 


q-1 
= diz .9)" 41 1D gg... 


n=1 


because (Zp,q)"' = 1 forn > q. Thus lim,_.1 | f(tzp,q)| = © for all p, q integers 
with q > 0, and this proves that f cannot be analytically continued to any open 
set strictly larger than the disc. 


Exercise XI.1.3. Let U be a connected open set and let u be a harmonic function 
on U. Let D be a disc contained in U and let f be an analytic function on D such 
that u = Re(f). Show that f can be analytically continued along every path in U. 


Solution. Let y : [a,b] + U bea curve in U. By compactness of ae b]) we 
can find a partition a = ay < a; <--- < 4,4; = b and discs Do,..., D, such 
that y([a@;, ai41]) C Di, y(ai41) € Dj N Dj4, and D; C U. Also we can assume 
that Do = D. For each i, there exists an analytic function fi on D; such that 
Re( f= = u. On Do NM D, the functions f and f; have the same real part so they 
differ by an imaginary constant, say f — f, = ik}. If we define f; = f, + iK1, 
then f; = f on Do Dj. By induction it is clear that f can be continued along y. 


Exercise X1.1.4. Let U be a simply connected open set in C and let u be a real 
harmonic function on U. Reprove that there exists an analytic function f onU such 
that u = Re(f) by showing that if (fo, Do) is analytic on a disc and Re( fo) = u 
on the disc, then (fo, Do) can be continued along every curve in U. 


Solution. Let zo € U and let Do be a disc containing zp and such that Dp C U. 
We construct an analytic function on Do whose real part is u using the Poisson 
integral given in Chapter VIII 


1 = 
fo(z) = ani eee 


more. 


We define f = fo in a neighborhood of zo. Let w € U and let y : [a,b] > 
U be a curve joining zo and w. Arguing like in Exercise 3, using the Poisson 
integral formula to define f, we see that f can be continued along y, and in a 
neighborhood of w we get a function f,, whose real part is u. Since U is simply 
connected, the Monodromy theorem applies, and we can define f unambiguously 
in a neighborhood of w by f = f,. This shows that we can define a global analytic 
function whose real part is u. 


XI.2 The Dilogarithm 187 
XI.2. The Dilogarithm 


Exercise XI.2.1. We investigate the analytic continuation of the dilogarithm for 
the curves illustrated in the figure. Let z, = 1/2. 


(a) (b) 


(a) Let y; be a curve as shown on figure (a), circling 1 exactly once. How does the 
analytic continuation of L2 along y, differ from Lz in a neighborhood of z? 

(b) How does the analytic continuation of Lz along the path yo on figure (b) differ 
from L3.? 

(c) If you continue L2 first around yo and then around y,, how does this continuation 
differ from continuing Lz first around y, and then around yo? [They won't be 
equal! ] 


Solution. (a) By a calculation identical to the one on page 332 of Lang’s book, 
we see that the analytic continuation of L2 along y; will differ from L2 in a 
neighborhood of z; by 277i log,, (1/2). 

(b) Along the path yo, the difference will be 0 because log(1 —¢)/¢ is holomorphic 
near the origin. 

(c) Going around 7 first does not affect anything, so we just have a difference of 
2i log,,(1/2). Going around y; first we pick up a pole at the origin with residue 
an integral multiple of 277i. So going around yo we pick up this residue, so that 
we finally obtain a difference of 27 log pr(1/2) + 27i(27im) where m is some 
integer. 


Exercise XI.2.2. Let D be the Bloch—Wigner function. 

(a) Show that D(1/z) = —D(z) for z 4 0, and so D extends in a natural way to a 
continuous function on C U {oo}. 

(b) Show that D(z) = —D(1 — 2). 
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Solution. (a) We claim that for x real positive there exists a real constant c such 
that 


L(-1/x) = -L(—x) +c¢- 5 (logx) 


If this is true, then we see that 
1 


D(1/z) = —Im L(z) — Im (5o8-2»?) + arg(1 — (1/z)) log idl 


1 
= —ImL(z) —Im (5os-2?) — arg(z — 1)) log |z| + arg z log |z| 


= —ImL(z)- ; (2 arg(—z) log |z|) — arg(z — 1) log |z| + arg z log |z| 
= —Im L(z) — arg(—z) log |z| — arg(z — 1) log |z| + arg z log |z| 
= —ImL(z) — arg(1 — z) log |z| 
= —D(z). 
To prove the functional equation for the dilogarithm, we note that 


fA) = log(1 + 1/x) = log(1 + x) — logx 
dx x x 


Integrating we find the desired formula. 
(b) We claim that 
L(z) + LG — z) =c — log zlog(1 — z) 
where c is a real constant. This follows from integration by parts in the formula 
for L(z). Then 
D(z) + DC — z) = —Im (log z log(1 — z)) + arg(1 — z) log |z| + arg z log |1 — z| 
= —arg(1 — z) log |z| — argzlog|1 — z| 
+ arg(1 — z) log |z| + arg zlog|1 — |. 
Exercise X1.2.3. For k > 2 define the polylogarithm function 


oO on 


z 
Liz) = > ~ forlel <1. 


n=1 
Show that for every positive integer N, 
Ly(2%) = NE Li). 
gyal 
where the sum is taken over all N-th roots of unity. [Hint: Observe that if ¢ is an 
N-th root of unity, € 4 1, then 
L=2* 


N-1 _ = 
bt Gabe he Tae 0.] 
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Solution. Let @ = e*"'/", so that the N-th roots of unity are w°, w!,...,@%—!. 
Then 


Note that w” = 1 precisely when n = 0 mod N, and when this is not the case we 
have 


1 nN 


N-1 _ 
Y@'y =" =0. 
j=0 i 


@" 


These observations imply that 
oo ZIN 
L,(Z) = —_N 
2662 = 2a 
1 A) 
~ Wei Pe TE 


1 
= yet Lele"). 


Exercise XI.2.4. Prove the relation 


[Ja-sx)=1-x", 


geal 


where the product is taken over all N-th roots of unity ¢. 


Solution. Let @ = e2%'/". Then, w°,w,...,@%~! are N distinct N-th roots of 
unity, so 
N-1 
XN -1=[]|(x -o’). (1) 
j=0 


Now observe that 
og agyt hh) See OD) 


_2ai W=DN 
N 2 


eget) 2c jyN ak, 


so that multiplying the equation (1) by —1 we get 


N-1 
1—x" =-[|[(x -o’) 
Lt 
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N-1 
= (-1I)%(-1)""! []& - @) 


j=0 
N-1 
= —w /(X —o’) 
j=0 
N-1 
= |[d-ox) 
j=0 


= [[a-¢x). 


phal 


XII 


Applications of the Maximum Modulus 
Principle and Jensen’s Formula 


XII.1 Jensen’s Formula 


Exercise XII.1.1. Let f be analytic on the closed unit disc and assume that 
| f(z)| < 1 for all z in this set. Suppose also that f(1/2) = f(i/2) = 0. Prove that 
| f(O)| < 1/4. 


Solution. If f(0) = 0 there is nothing to prove. If not, we apply Theorem 1.1 
which states that 


If llz 
IFOl< ay 
where R is the radius of the disc and z;,... , Zy the zeros of f ordered in increasing 
absolute value. Putting R = 1, and using the fact that | f(z)| < 1 on the closed 
unit disc, we obtain 


IZ1-++Znl 


| f(O)| < |z1--- zal. 


We know the exact value of two zeros of f,, and for the other zeros we have |z;| < 1. 
Hence 
1 


1 1 
FOURS hae 


Exercise XII.1.2. Let f be analytic ona disc D(zo, R), and suppose f has at least 
n zeros ina disc D(z, r) withr < R (counting multiplicities). Assume f (zo) # 0. 
Show that 


(=) < IIflle/If (eo). 
: 
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Solution. Define an analytic function g on D(0, R) by g(z) = f(z + 20). Then 
lgllx = ll f llz where || -|| z denotes in the first case the sup norm on the disc D(0, R) 
and in the second case, the sup norm on D(Zo, R). If 21, ..., Zn denotes n zeros of f 
in the disc D(Zo, r) consider n zeros of g given by z,; = Z1 —20,---, Z, = Z1 — Zo. 
Clearly, z;,..., 2, € D(0,r) so by Theorem 1.1 we have 


je] = lei gy Mellen, 


R" nl STR 


Therefore 


r” 
lf (Zo)| < If lle aa 
This concludes the proof. 


Exercise XII.1.3. Let f be an entire function. Write z = x +iy as usual. Assume 
that for every pair of real numbers xq < x, there is a positive integer M such that 
f(x+iy) = O(y™) for y > 00, uniformly for xo < x < x,. The implied constant 
in the estimate depends on xo, x, and f. Let a, < ay be real numbers. Assume 
that 1/f is bounded on Re(z) = ap. For T > 0, let N¢(T) be the number of zeros 
of f in the box 


a<x<a and T<y<THl. 


Prove that Ns(T) = O(log T) for T — oo. [Hint: Use an estimate as in Exercise 
2 applied to a pair of circles centered at ay + iy and of constant radius. ] 


Remark. The estimate of Exercise 3 is used routinely in analytic number theory 
to estimate the number of zeros of a zeta function in a vertical strip. 


Solution. Let T > 0 and let zr = a) + iT. We also denote by B(T) the box 
described in the statement of the exercise. Select r > 0 such that B(T) is contained 
in the disc of radius r centered at zy, and let R = 2r. The picture is on the next 


page. 
em < fille 
r ~ |f@r)| 


By Exercise 2 we have 
Taking the log on both sides and using the fact that R = 2r we get 
N;(T)log2 < log Il f llr — log|f(Zr)I. 


But D(zr, R) is contained in some strip X» < x < x; and in this strip we have 
f(x +iy) = O(y”) for y > oo uniformly in x, and R is independent of T (R is 
fixed) so we have || f ||c(z;,r) = O(T™) as T — oo. By assumption, f is bounded 
from below on the line Re(z) = a2 so there exists 6 > O such that | f(zr)| > 6 
for all large 7. Combining all these results with the above inequality, we obtain 
N;(T) = O(log T) for T — ov, as was to be shown. 
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Next we develop extensions of the Poisson formula. We first set some notation. 
Fora € Dr, define 


R? —az 
G ’ _ G = SS ae 
R(Z, a) R,a(Z) RG =a) 
Then Gr.q has precisely one pole on Dr and no zeros. We have 
IGra(z)| =1 for |z| = R. 


Exercise XII.1.4. Apply the Poisson formula of Chapter VIII, §4 to prove the 
following theorem. 


Poisson-Jensen Formula. Let f be meromorphic on Dp. Let U be a simply con- 
nected open subset of Dr not containing the zeros or poles of f. Then there is a 
real constant K such that for z in this open set, we have 

Re'® +z dé 


ere ae Y > (ord, f)log Ga(z,a) +iK. 


acDr 


2n 
log f(z) = if log | f(Re'®) 


[For the proof, assume first that f has no zeros and poles on the circle Cr. Let 


h(z) = f@) |] Gee arf 


and apply Poisson to log h. Then take care of the zeros and poles on Cr in the 
same way as in the Jensen formula. ] 


Solution. Suppose first that f has no zeros or poles on Cr. Define h by 
h@) = f@) |] Grea. 


acDr 


194 XII. Applications of the Maximum Modulus Principle and Jensen’s Formula 


Then h has no zeros or poles on Dr and log h(z) is holomorphic on Dr. Then by 
Poisson (Theorem 4.2 of Chapter VIII) there exists an imaginary constant i K such 
that 


ae wo, Re? +z dé 
= iO 2 
log h(z) = [ Re (log h(Re )) Re® —z2n +ikK, 
so 
20 : R iO de 
log f(z) +} (ord, f) log Ga(z, a) = [ log | f(Re’®)| ——~ ABT 
0 Re!® —z2n 


aeDr 


For the general case, we see that it is sufficient to prove the formula for a number 
Zo on the circle, and the function g(z) = z — Zo. Then g is holomorphic on the 
closed disc Dr except at zo. We give two ways to deal with the improper integral. 

The first method uses the dominated convergence theorem of Lebesgue integra- 
tion. Pick a sequence of number R’ approaching R. For z in a closed disc Dr and 
R’ sufficiently close to R, we have by Theorem 4.2 of Chapter VIII, 


2n : R ef +2z dé 

= 110 pe q 
g(z) =f log |Re Zol poy 225 +ik, 
where K = Im(log(—Zo)) for a definite choice of the branch of the logarithm. 
It remains to show that the integral on the right approaches the integral with R’ 
replaced by R. This is an immediate consequence of the dominated convergence 
theorem, provided we can prove that for all R’ sufficiently close to R and 6 close 
toOo = arg Zo, we have 


llog |R’e’’ — zo|| < |log |Re’? — zo] . 


After a rotation bringing zo to R and after setting x = R/R’, so x is real > 1, we 
are reduced to the case when R = 1, Zo = 1. Thus we have to prove that for 6 near 
O and x > 1 we have 


lei? —1| < |e’? —x|, 
and therefore 
|log |e’ — x|| < |log |e’? — 1]| 


which is clear from drawing a picture. 

The second method uses the technique of kinks on the circle as for the Lemma 
in the proof of Jensen’s formula. We do this as follows. Let y(€) be the circle of 
radius R modified to have a little kink around 2p of radius €. So y(€) consists of 
two curves. The first curve consists of al numbers Re’? with |@ — 0| > 5, where 
6 depends on € and tends to 0 as € — 0. We let this curve be y(€). The second 
curve is an arc of a circle of radius € around zo, which we denote by 72(€). 
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By Cauchy’s theorem 


nen ae gS) ats) ats) 
log(z ~ 20) = g(z) = 5— I. se at =[. so Cae sO ge, 


If one uses the number w = R*/Z as in the proof of Poisson’s formula in Chapter 


VIII we get 
1 
ps / BO) ae 
2ri y(e) c — Ww 
Subtracting as in Poisson’s formula, we find 


i9 
8(z) = | g(Re’®) Re ee + : / | = fo dt 
|@—@|26 y2(€) 


Re®—z2n 2ni fC-z t¢-w 


= 81,¢(Z) + 82,¢(Z). 
The length of the curve y2(€) is O(€) for € > 0. We also have the bound 
Ig(S)| = O(\loge|) for ¢ on y2(€). 
Hence the second integral on the right tends to 0 as € > 0. Thus we may write 


Re'® +z d0 


2x 
— Re’? ~ z)Re ———-—- —. 
s(2) [ PES 7 RS Re! — 220 
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We can now argue like in Theorem 4.2 of Chapter VIII. By using the fact that 
log(Re!® — zo) is absolutely integrable, we may differentiate the function 


Qn id 
: Re” +z dé 
= log |Re’® — zo|——- — 
81@) [ Bier 20 Re® — z 2x 
under the integral sign to see that g; is holomorphic on Dr. Since g and g; have 
the same real part it follows that g — g; is a pure imaginary constant, which proves 
the desired formula. 


Exercise XII.1.5. Let f be meromorphic. Define n;(0) = max(0, n -(0)), and: 
R 


Nf(00, R) = —(orda f)1 {,(0) log R, 
ne acDr Das a#0 a a) "e ja| Friis )log 
R 
NpO,R)= > (ordy Fylog 7) +77 (O)log R. 


aeDr, f(a)=0,a40 la 


Show that Jensen’s formula can be written in the form 


2n . dé 
/ log If (Re) + N(oo, R) — N¢(0, R) = log|c sl. 
0 


Solution. After looking at Jensen’s formula, we see that it is sufficient to prove 
that 


1 
Ns(co, R)— NpO,R)= > n s(a)log |a|/R + n (0) log =. 
aeDr,ax40 


Separating zeros and poles we can write 


> ns(a)log|al/R = >» —n,(a) log R/la| 


aéDr,a40 aéDr, f(a)=00,a40 


— SS ng(a)log R/la| 
aéDr, f (a)=0,a40 


and therefore, we will be done if we can show that 
ny -(0) log R — n;(0) log R = n (0) log 1/R. 


But this follows at once from considering the cases were the origin is a zero, a 
pole, or neither. 


Exercise XII.1.6. Let a be a positive real number. Define 
. log* (a) = max(0, log). 

(a) Show that loga = log* (a) — log*(1/a). 

(b) Let f be meromorphic on Dp. Forr < R define 


2n 
mr) = i logt incre and GR (2) = Il Gr(z, ay Ff 


aéDr, f(a)=00 
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Let G = GR . Show that 
mg(r) = Ne(oo, R) — Ns(, r). 
(c) Following Nevanlinna, define the height function 
Ts(r) = mg(r) + Ny(~, 7). 
Deduce Nevanlinna’s formulation of Jensen’s formula: 
Typ(r) = T;(r) — log |csl. 
Solution. (a) If a > 1, then 1/a < 1 so 
log* (aw) — logt(1/a) = loga + 0. 
Ifa <1, then 1/a > 1,s0 
log* (a) — logt(1/a) = 0 — log 1/a = loga. 


(b) We begin with mg(r) and work our way to N¢(oo, R) — N¢(oo, r). Since 
1/G,,q(z) is holomorphic on the open disc D(0, r) and bounded by one on the 
circle, we conclude that |G;,q(z)| > 1 and we may replace log* by log. This gives 
us, together with Jensen’s formula (Exercise 5) and the definitions 


2n F de 
_ 1 a id)| 7 
mc(r) [ og” |G(re ) on 


2n : dé 
id 
y -n (a) | logt |Gralre Miame 


acDR 
f(a)=00 


> =n;(a) [log |cor, 


— NGpq(00, r) + Ne,,(0,7)]. 


In the above, the term a = 0 contributes only if 0 is a pole of f and is 
= —n (0) [log R - nj), logr + ng, (0) log | 
= —n,(0) [log R — logr] = —n{,, [logr — log R]. 


For the terms with a # 0, we obtain the sums 


R r 
ye —n f(a) og — — log =| 


aeDRNDr la| |a| 
f(a)=00 
a#0 
R 
+ ys —n f(a) E = 
aeDRNDE la| 
f(a)=00 
a#0 
R r 
= be —n (a) log — — +S —n ;(a) log — 
acDrR la| acDr la| 
fore. ir 


= N¢(oo, R) — ny, (0) log R — N;(00,r) + nf,,(0) logr 
= Ny(oo, R) — Ny(00,r) + nj, ,(0) [logr — log R] 
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Adding the term a = 0 and the terms a # 0 concludes the proof. 
(c) By definition we see that the difference T;(r) — T1/s(r) is equal to 


2n . . do 
i (log* | f(re’®)| — log* |1/f(re'®)|) dq t Ns(00, 7) — Mijp(00, 7). 


The result in (a) together with the fact that N1/s(00, r) = N(0, r) gives 


Qn 
ig,, 40 
Ty(r) = Ty) = [ log fre" = + N(oo, r) = N;(0, r). 
0 
The preceding exercise implies that 


Tr(r) — Tr¢(r) = log |e | 


as was to be shown. 


XII.2 The Picard—Borel Theorem 


Exercise XII.2.1. Let h be an entire function without zeros. Show that mj is 
continuous. [This is essentially trivial, by the uniform continuity of continuous 
functions on compact sets.] 


Solution. By definition 
2n : d@e 
m,(r) = i log* la(re) 5. 


The function log* |h(re'®)| of two variables r and 6 is continuous, so if we fix 
t > Oande > 0, we see that foreach 0 < @ < 2z, there exists a a ball By centere1 
at (t, 9) and of radius sg such that for all (7, 6) € Bg we have 


log |h(te’)| — log* |h(re'®)|| < €, 
and in particular if @ = 6 we get 
llog* |h(te®)| — log* |h(re'®)|| < €. 


Since |, Bg is an open cover of the compact interval 0 < 6 < 27, we can select 
a subcover and in particular a number 5 > 0 such that if |t — r| < 6, then 


log* |A(te’*)| — log* |A(re’*)|| < € 
for all 0 < 6 < 27. Whence 
|mp(t) — mi(r)| < € 
whenever |t — r| < 6, and this proves that m, is a continuous function. 


Exercise XII.2.2. Let f be a meromorphic function. Show that m ¢ is continuou. i. 
This is less trivial, but still easy. Let z1,...,2s be the poles of f ona circle of 
radius r. Let z; = re'®, and let 1(0;, 5) be the open interval of radius 5 centere d 
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at 6;. Let I be the union of these intervals. Then for 0 ¢ I, f(te!’) converges 
uniformly to f(re!’) ast > r, soast > r, 


[ost ireege > ff lost pcre. 
Given e, there exists 5 such that if 0 € 1(6;, 5) for some j and |t —r| < 4, then 
log* | f(te'*)| = log | f(te"*)| and log* | f(re'*)| = log* | fire”) 
because | f (z)| is large when z is near z;. But for z near Zj, 
f(z) = (@ — 2j)°8@), 
where e > 0 and |g(z)| is bounded away from 0. Hence for z near Z;, 


log | f(z)| = —e log |z — z;| + bounded function. 
Then 


9. 40 9.40 
log | f(re!®)|— and / log | f (te!?)| — 
Pas 5 Qn 9€1(6;,8) ely 2x 


are both small, because they essentially amount to 


8 
/ log |6|dé, 


up to a bounded factor. Put in the details of this part of the argument.] 
Solution. Consider the integral 


9, 40 
=f log | f(re®)|—. 
9€1(6;.8) 2 


We know that for z near z; we have 
log | f(z)| = —e log |z — z;| + bounded function. 


The integral of a bounded function on /(6;, 5) will be < 25C for some constant 
C, so we are done if we can show that the integral 


. dé 
log |re’® — z;|—. 
as! 12x 


is small. We have z; = re'®/, so changing variables p = @ — 6; in the above 
integral we find 


3 3 8 
i dg dg : dp 
1 ? ||) — = logr— + ] '? — Jj]—, 
a og (rle l) 5) i ogrs ie og |e IS 


The last integral on the right is essentially p ; log |yldy because for all g near 0 
we have 


1 . 
zl¢l < le’? —1| < l¢l. 
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To see this, draw a picture, or square each side, substitute sine and cosine and use 


elementary calculus. 
For the integral 


19,40 
[ log | f (te )1— 
0€1(6;,8) T 


we are reduced to estimating the integral 


; do 
[ log |te!® — z;|—. 
6€1(0;,8) 21 


Changing variables g = 6 — 0; we find that this last integral is equal to 


5 do 5 
] — ] 
[reerZ + [i toe 


Then for all t/r close to 1 and all g near 0 


j t 
ei? 8 


cle| < 


el? — | 
r 
where c is a small positive constant. This concludes the exercise. 
Exercise XII.2.3. Let f be meromorphic. Let a be a complex number. Show that 
Ts(r) = Ts-a(r) + On(1), 
where |O,(1)| < logt |a| + log 2. 
Solution. We use the notation, assumptions, and results of Exercise 5 and 6 of the 


preceding section. Jensen’s formula applied to f — a gives 


2n ; do 
log |cf—a| + N¢—a(0,r) = [ log | f(re!®) — als + Np-a(, r). 
0 


From the definition we have N r_a(r, 00) = N f(r, 00). We also know that loga = 
log* a — log* 1/a so letting a = | f(re!®) — a| and using the definition of m s_a 
we obtain 


2n ; de 
log |c¢-al + Np—a(0, 7) + miy(¢—ay(r) = [ logt | f(re’®) — als +N;(00,r). 
0 
The left hand side of the above equality can be rewritten as log |c r_al + Ti¢—a) 
because Nr_(0, r) = Ni(f—a)(00, r). Applying Exercise 6 of §1, we get 
2n . do 
Ty-a(r) = [ logt \f(re’®) —a|— +N;(~,r). 
0 Qn 
The triangle inequality implies 
log* | f (re!) — a| < log* (| f(re’*)| + Ial). 
However, if a, 8 > 0 we have 


logt(a + B) < log* a + logt 6 + log2 
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and this inequality follows from looking at log+(2 max(q, B)). Using the triangle 
inequality once more, we find 


|f(re!?) — al < |f(re!*)| + la 
and 
If(re'*)| < |f(re*) — a + lal. 
The previous remark implies 
log* | f(re'*) — al < log* | f(re'*)| + log* |a| + log 2 
and 
log* | f(re!®)| < log* | f (re!) — al + log* Ja| + log2, 
whence 
Tr (r) — log* |a| — log2 < Ty_a(r) < T(r) + logt |a| + log2 
as was to be shown. 


We give another proof not using Jensen’s inequality. By definition 


2n ; dé 
Ty-a(r) = [ logt | f(re!®) — als + N¢—a(00, R). 
0 


But from the definitions, it is clear that N¢_(0o, R) = Nf(oo, R) so 
2n : do 2n . doe 
as —_ + id, )o + i0\) 
Ty-al0) Tyr) = [tog ifcre!)— al — f° hog ise" 15S 


2n ; . dé 
=| (log* |f(re'*) — aj — logt | f(re’®)|) —. 
0 21 


Now conclude using the inequalities we used in the first proof. 


XII.6 The Phragmen—Lindeléf and Hadamard 
Theorems 


Exercise XII.6.1. Let U be the right half plane (Re(z) > 0). Let f be continuous 
on the closure of U and analytic on U. Assume that there are constants C > 0 and 
a <1 such that 


If@I < Cel 


for all z in U. Assume that f is bounded by 1 on the imaginary axis. Prove that f 
is bounded by 1 on U. Show that this assertion is not true if a = 1. 


Solution. If a = 1 the assertion is not true, because the function f(z) = e% gives 
a counter example. 
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In the case a < 1, we give two proofs. In the first proof we reduce the problem 
to the Phragmen—Lindelof theorem. If S denotes the strip 
S=(etiy:—F <x< a 
consider the isomorphism ¢ : S — right half plane, defined by 


y(w) =e”. 
We now show that the functionh = f o@ satisfies the hypothesis of the Phragmen— 


Lindeléf theorem. The function g maps the boundary of S onto the boundary of 
the right half plane, so |h(w)| < 1 on the sides of the strip and we have 


|h(w)| < Cel?" < Cee 


We can apply the Phragmen—Lindel6f theorem to conclude that |h(w)| < 1 on the 
strip. Hence | f(z)| < 1 in the right half plane as was to be shown. 

We now give a direct proof which is modeled on the proof of the Phragmen— 
Lindel6df theorem. Choose a number y such thata < y < 1. Let z = —1 and 
take the branch of log(z — zo) obtained by deleting (—co, zo] from the real axis 
and taking the angles from —z to 7. For each € > 0, define a function g, is the 
right half plane by 


jw] 


Belz) = flee e-"," 
This function is analytic on the right half plane and extends continuously on the 
imaginary axis. Then 
lge(z)| = Lf (z)le€ 2-20” cos yO 


where 6 = arg(z — Zo). For z in the right half plane we have —17/2 < 6 < 1/2 
hence —yx/2 < y@ < ym/2 and this guarantees the existence of a constant c > 0 
such that cos y@ > c for all z in the right half plane. Hence 


lge(z)| < | f(z)le* 2-2", 
and for all large |z| we get 

|ge(z)| < CelZl" e-€lz—zol%e 
This estimate implies that for z in the right half plane, we have the limit 


lim _|g.(z)| = 90. 
|z|>00 


On the imaginary axis we also have |g,(z)| < |f(z)| < 1. Let Dyight(R) denote 
the closed right half disc centered at the origin and of radius R. The above results 
together with the maximum modulus principle applied to Dyight(R ) with arbitrarily 
large R shows that |g_(z)| < 1 in the right half plane. Now, if R is fixed, we have 
[8e(z)| < 1 in Dright(R) so 


If(2)| < ef lz—z0l” cos v8 < ef (R+lz0l)” 


and letting « > 0 we obtain | f(z)| < 1 in Dyigh(R). Since R was arbitrary, we 
conclude that | f(z)| < 1 in the right half plane, as was to be shown. 
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Exercise XII.6.2. More generally, let U be the open sector between two rays from 
the origin. Let f be continuous on the closure of U (i.e., the sector and rays), and 
analytic on U. Assume that there are constants C > 0 and a such that 


If(z)| < Cell 


for all z in U. If x/B is the angle of the sector, assume that0 <a < B. If f is 
bounded by 1 on the rays, prove that f is bounded by 1 on U. 


Solution. Let H be the right half plane. We show how this exercise reduces to 
Exercise 1. There exists @ € R such that y : U — H defined by 


w(z) = e 7/2 (gi8 76 


is an isomorphism. This result comes from the following sequence of transforma- 
tions 


Let g = f ow—'. From reversing the above steps we find 
lw) = Is'/?, 
thus 


Ig(s)| < Ce” 
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with a/B < 1. Clearly, |g(s)| < 1 on the imaginary axis because | f(z)| < 1 on 
the rays of the sector U. Exercise 1 applies to this situation, so |g(s)| < 1 on the 
right half plane. Hence | f(s)| < 1 in the sector. 


Exercise XII.6.3. Consider again a finite strip 0, < 0 < 02. Suppose that f 
is holomorphic on the strip, | f(s)| —> 0 as |s| — 00 with s in the strip, and 
| f(s)| < 1 on the sides of the strip. Prove that | f(s)| < 1 in the strip. 


Solution. We assume that f extends to a continuous function on the boundary of 
the strip. This exercise is a simple application of the maximum modulus principle. 
Take a truncated rectangle in the strip, say 


R(T) = {x tiy:o, <x <0. and -T<y<T}, 


and select a disc centered at 0 of radius so large that the rectangle is contained in 
the disc, and such that for all z in the strip and z on the boundary of the disc we 
have | f(z)| < 1. This can be done because of the assumption that | f(s)| — 0 
as |s| > oo with s in the strip. The maximum modulus principle applied to the 
closed disc intersected with the strip shows that | f(z)| < 1 in the rectangle. The 
rectangle was chosen arbitrarily, so | f(z)| < 1 for all z in the strip. 


Exercise XII.6.4. Let f be holomorphic on the disc Dr of radius R. ForOQ <r < 
R let 
1 2n ; 
I(r) = — [ [f (re!) P?de. 
21 0 


Let f = > anz" be the power series of f. 


(a) Show that 
I(r) = Yo lanPr”. 


(b) I(r) is an increasing function of r. 

(c) [FOP < Mr) < IFIP. 

(d) log I(r) is a convex function of \ogr, assume that f is not the zero function. 
[Hint: Put s = logr, 


J(s) = Ie’). 
Show that (log J)” = PI Use the Schwarz inequality to show that 
J" -(J'Y = 0.) 


Solution. (a) The power series expansion of f combined with a switch to polar 
coordinates give the following expressions 


f(re'®) = Soarte™ and Sf (re’®) — ate. 


When we integrate from 0 to 27 the function e'*’ where k € Z and k # 0, we get 
0, so multiplying the above two series we obtain 


1 2x 
10) = | So an [?r"d@ = Y° lan|?r”, 
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as was to be shown. 

(b) For each n the function r +> r?” is increasing, so the formula of (a) implies 
that /(r) is an increasing function of r. 

(c) The first inequality is a consequence of (a), and the second inequality can be 
proved as follows, 


1 2n ; 1 2n 3 ‘1 
— ede < — dé < ; 
sf lreeido < =f iibae < wie 
(d) The basic rules of differentiation imply 
vy ALN PS HOY 

log J)” = (— } = ———_. 

(log J) ( 7 ) 73 
Since r = e* we have 


J= olan", J’ =o lan? (2n)e?" and J’ = Y= lan|?(4n? Je”, 


In £? (the space of complex sequences {x,} such that )~ |x, |? converges) we have 
the hermitian product 


({un}, (On}) = Yo unDn. 


Letting uy, = a,(2n)es"4 and v, = a,e" we see that after applying the Schwarz 
inequality 


({un}, {Un})? < ({Un}, (Un}) {Un}, (vn}) 


we get (J’)? < J” J, as was to be shown. 


XIll 


Entire and Meromorphic Functions 


XIII.1 Infinite Products 


Exercise XIII.1.1. Let 0 < |a| < 1 and let \z| < r < 1. Prove the inequality 


a + |a|z 2 l+r 
(l1-@z)a|~ 1-—r° 
Solution. We have 
atlole | [i+Coz| tr 
(l—@zja| | 1-a@z |~ 1-r' 


Exercise XIII.1.2 (Blaschke Products). Let {a,} be a sequence in the unit disc 
D such that a, # 0 for all n, and 


YO = lanl) 
n=1 


converges. Show that the product 


fe) =] [ = Met 


pr 1-—@,Z Qn 


converges uniformly for \z| < r < 1, and defines a holomorphic function on the 
unit disc having precisely the zeros a, and no other zeros. Show that | f(2)| < 1. 
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Solution. Suppose |z| <r < 1. Let 
Gn —Z |en| 


NOs a 
—GpZ 


and h,(z) = 1 — f,(z). Then a direct computation shows that 


a + |a@n|z 
— OnZ)Oan 


lAn(z)| = [1 — |otnl |, 


so by Exercise 1 we get the sae 
|hn(z)| < CU — lan!) 


where C = (1+1r)/(1—r). For all large n we have |h,,(z)| < 1/2 and by definition 
Jn = 1 — h, So there exists a positive constant K such that for all large n we get 


|log fn(z)| < K|hn(z)| < KC — |a,|). 


Since the series )°(1 — |a,|) converges, we conclude that the series )- log f,(z) 
converges uniformly and so does the product [|] f,(z). Hence the product defines 
a holomorphic function on the unit disc. 

Each term in the product is < 1 so | f(z)| < 1. We now show that f has the 
desired zeros, and to do this we argue as in § 2 of Lang’s book. We fix some 
radius r and consider on |z| < r. From the previous inequalities and the fact that 
>-(1 — |an|) converges, we see that given € there exists No such that if N > No 
then 


N 
log [] falz) 


n=No 


<€. 


So the product TW Ny Jn(Z) is close to 1. By definition 


No— 


f@= nt fu) Jim, I] Sa(2). 


* n=No 


The first product on the right has the appropriate zeros in the disc |z| < r. The 
limit of the second product on the right is close to 1, and hence has no zeros. 


Exercise XIII.1.3. Let a, = 1 — 1/n? in the preceding exercise. Prove that 
lim f(x) = 0 fO<x <1. 


In fact, prove the estimate e On-1<X <Q: 


An — A = 
<| T = <2e7"/3, 
kal + % 


Solution. We have )~1 — |a,| = >> 1/n? so the Blaschke product converges. 
Suppose that a,_; < x <a, and thatk >n.Thenx < a, and ax < 1 so 
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We also have 


1 
my x= 1p me <1 axetil aoe 


Ay —x 


0< <1 


1 — ayx 
and therefore 


ak —-x 


I 


k=n 


1 — ax 


because from Exercise 2 we know that the product converges. This proves the first 
inequality 


X— 


n-1 
If) < I] (aS 


If k <n, then x — ay < a, — a and 1 — xa, > 1 — a, so we have the second 
inequality, namely 


at X— Be = bly 
I] = I 1 : 
eA 1 — ax pet 1 Ok 


To establish the third inequality we first note that 


n—1 n—1 2 

An — OE k _ 1 (n— 1)n(2n — 1) 
Wee) 2G) ea 
But (n — 1)n(2n — 1) > 2n? — 3n? so 


n-1 
On — A n 1 n 
] —— }] <--+- < —-—+]log?2. 
Y tos (=) = ag ge 


Exponentiating we see that the last inequality 


drops out. It is now clear that lim,_,; f(x) = 0. 


Exercise XIII.1.4. Prove that there exists a bounded analytic function f on the 
unit disc for which each point of the unit circle is a singularity. 
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Solution. We use the previous exercise and the fact that {e?"'”},<g is dense on the 
unit circle. Define a sequence {o,¢}1 <n, 1<k<n in the unit disc by 


1 ; 
On.k = (1 — =) etn, 
n 


Then |a,,.| = 1 — 1/n? and therefore 


Sid = lad =P = lene = <0. 


l<n l<k<n l<n 
Exercise 2 implies that the product 


f@= Il Onk —Z [On xl 


l<n,l<k<n i= On ke An,k 


defines a holomorphic function on the unit disc which satisfies the desired 
properties. 


Exercise XII1L.1.5 (q-Products). Let z = x +iy be a complex variable, and let 
Tt = u+iv with u, v real, v > 0 be a variable in the upper half-plane H. We 
define 


Consider the infinite product 


(1-42) [GQ - 9241 — 97/42). 


n=1 


(a) Prove that the infinite product is absolutely convergent. 
(b) Prove that for fixed t, the infinite product defines a holomorphic function of 2, 
with zeros at the points 


m+nt, m,n integers. 


We define the second Bernoulli polynomial 
1 
Buy) =y -yt ra 
Define the Néron—Green function 


[oe] 
Mz, t) = A(x, y, t) — log |g? — gz) | [ — age — a? /a2)} - 


n=1 
(c) Prove that for fixed t, the function z +> X(z, T) is periodic with periods 1, t. 
Solution. (a) We estimate the partial products separately using the criterion of 
Lemma 1.1. We get 


—2nnv 9-2ny —2nnv ,2ny 


langzl =e and |q?q,'|=e7""e 


The series )- e~?”"” converges because v > 0 so the product converges absolutely. 
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(b) Let t be fixed and let R > 0. Suppose |z| < R. Then from the previous 
estimates we see that we have 


lqrqe| Se eo 2m p20 and lanq;'| = etn o20R 


so the product converges uniformly on |z| < R. This is true for all R, so the product 
defines a holomorphic function of z. Now for |z| < R we can write the product 
TIC. — af42)(1 — a? /qz) as 


N oo 

[ [a - 424.) —4t/qz) [] G - 42420 — 42/42) 

n=1 n=N+1 
where N is so large that the absolute value of the product on the right is close to 
1 for all |z| < R. Then the zeros of the function on |z| < R are determined by 
(1 — qz) 1,a — q?qz)(1 — q?/q;). We analyze the zeros of the three factors in 
parenthesis. For the first factor we have q, = 1 if and only if z € Z. For the second 
factor we have 


qd: = e2tilattz) =] 

if and only nt + z € Z. Finally for the third factor we have q?q_, = 1 if and 
only if nt — z € Z. The argument holds for any R > 0 so the product defines a 
holomorphic function whose zeros are m + nt where m and n are integers. 

(c) Since qz4, = e?7'@+) — e2t!z — q.,, it is immediate that 


A(z + 1,7) = A(z, T). 


We now show that t is also a period. The expression in the absolute value of 
A(z + T, T) is 


foe} 
qROrM2 1 — gare) | [U — ager — age) 


n=1 


But g? get = 9092, 2dz4r = 92 'Gz and By((y + v)/v) = By(y/v) + 2y/v so 
multiplying by the appropriate terms so as to keep the product unchanged, we see 
that the above expression is equal to 


1 ihe _ 
ge ghOMP — gear) (—) (—qz')] [dG —4@tq.)l - ataz') 
1 — 474: n=l 


which after some simplifications becomes 


y/v eo) 
q no- 
=ae qhoMP — 9.) [Ud — atqe(l — a2az'). 


Zz n=1 
The periodicity of 1 follows from the fact that 


e72ny 


= pany = 
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XIII.2 Weierstrass Products 


Exercise XIII.2.1. Let f be an entire function and n a positive integer. Show that 
there is an entire function such that g" = f if and only if the orders of the zeros 
of f are divisible by n. 


Solution. Suppose that there exists an entire function g such that g” = f. Then z 
is a zero for g if and only if z is a zero of f, and from the power series expansions 
at z is is clear that ord,(g”) = n - ord,(g). But ord,(g”) = ord,(f), so the orders 
of the zeros of f are divisible by n. 

Conversely, suppose that the orders of the zeros of f are divisible by n. Let 
Z1, Z2,-.., be the zeros of f andr; = (ord,, f)/n. Let h be an entire function with 
zeros {z;} of orders r; respectively. Then f/h” is entire and has no zeros. Let 


A(z) = en 8 F@/A*)) 
Then h" = f/h" so g = hhis entire, and g” = f. 
Exercise XIII.2.2. Prove that 


[Hint: Use the constant term of the Laurent expansion of x/ sin? nz at z = 0.] 
Solution. We know that 
2 
Xu 1 1 1 
iSPEE, i ee ET Mies Fan eA. + ary) 
sin? rz ss (z—n)* pas (z—n)? 2? 


so it is sufficient to find the constant term in the Laurent expansion of the left hand 
side at z = 0. Inverting the series of the sine function we get 


1 1 1 
sinT  T 1—T2/3!+T5/5!—--- 
= = (1 + (17/3! — T9/5! +--+) + (77/3! — T9/5! +--+ +--+). 
Squaring and making the substitution T = 2z we get 


1 1 2 
——_ = —=5 + = + higher order terms, 
sin?xz 9-1?z? 33! E 
so 
2 2 
iu 1 24 
wes = + Ae + higher order terms. 
Comparing constant terms we get 
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Exercise XIII.2.3. More generally, show: 
(a) wzcotmz =1—2P—V, PO, 2 nm, 
(b) Define the Bernoulli numbers B,, by the series 


Boni > 
e-l 2) oe ty 


Setting t = 2imz and comparing coefficients, prove: 
If k is an even positive integer, then 


2¢(k) = - Tenis 


If k = 2, you recover the computation of Exercise 2. 


Solution. (a) We use the formula given in the text, namely 
1 —< 1 1 
tz = — -}. 
cot rz ; +>(= +7) 


Multiplying by z and splitting the sum over the positive and negative integers we 
find 


2 


00 
z 2z 
nzcotmz =1+) (. 2+ )=1+) ge 
n=1 


n=1 


ey as 1 a em 
EE Legge 


n=1 m=1 


(b) In Exercise 1, §1 of Chapter II we proved the formula 


(2x)™ Im 


recotne =) (- 1)” ———_ (Om)! Bom 


Interchanging the sum signs in the formula obtained in (a), we see that combined 
with the above expression of 2 z cot mz we get 


Qniy™ i ee 


“my > waa =~ m) 


where we used (— 1)” = @ yn", We evaluated the first Bernoulli numbers in Exercise 
II.1.3 so we get ¢(2) = % and (4) = 3. 


Exercise XIII.2.4. In the terminology of algebra, the set E of entire functions is 
a ring, and in fact a subring of the ring of all functions; namely E is closed under 
addition and multiplication, and contains the function 1. By and ideal J, we mean 
a subset of E such that if f, g € J then f +g € J, andifh € E thenhf «€ J. 
In other words, J is closed under multiplication by elements of E, and under 
addition. If there exists functions fi,..., f- € J such that all elements of J can 
be expressed in the form A, fj +---+A,f, with A; € E, then we call f,,..., fr 
generators of J, and we say that J is finitely generated. Give an example of an 
ideal of E which is not finitely generated. 
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Solution. Let J be the set of functions which are entire and such that f(n) = 0 
for all but finitely many integers n. Using the Weierstrass product we can construct 
a function g whose set of zeros is Z, so J is nonempty, and J is an ideal of the ring 
of entire function E. Suppose that J is finitely generated, say by fi,..., f, with 
Fi € J for all i. Let Z; be the set of integer zeros of f;. Then, the set Z defined by 


Z= Cz 
i=] 


misses only finitely many integers. Now choose some m € Z. Using Weierstrass 
products, we can construct a function 4 whose only zeros are at the points of 
— {m}. It is now clear that h cannot be written as a sum 


h=Aifit---+A4,fy 


because such a sum vanishes at m while h does not. Thus J is not finitely generated. 
In the terminology of algebra, we have just shown that the ring of entire functions 
is not Noetherian. 


XIII.3 Functions of Finite Order 
Exercise XIII.3.1. Let f, g be entire of order p. Show that fg is entire of order < 
p, and f + g is entire of order < p. 
Solution. Let « > 0. Then for all large R 
log II fglle < log fllx + log ligila < CiR?* + CoRP** < (Cy + C2)RP™, 
and this proves that fg has order < p. For the sum we see that 
If +glle <i file +ligihe <A’ +BP™ < 208" 
where C = are B). Now we may choose C > 2 so that for all large R 
If t+gllk < DP” 
where D = C?. 


Exercise XIII.3.2. Let f, g be entire of order p, and suppose f/g is entire. Show 
that f/g is entire of order < p. 


Solution. By Hadamard’s theorem we have 
hy(z) ,m z\ oPte/z) 
fey _ T= ge 
8(Z)— ghale)zma n( = 4)e P(z/zi) 


where h,; and hz are polynomials of degree < p. The infinite product in the 
denominator will cancel because f/g is entire and furthermore mj > m2. The 
remaining expression shows that f/g has order < p. 


214 XIII. Entire and Meromorphic Functions 


XIII.4 Meromorphic Functions, Mittag—Leffler 
Theorem 


Exercise XIII.4.1. Let g be a meromorphic function on C, with poles of order at 
most one, and integral residues. Show that there exists a meromorphic function f 
such that f'/f = g. 


Solution. Let S; be the set of points where g has a pole with positive residue, and 
S2 the set of points where g has a pole with negative residue. Using Weierstrass 
products, we can construct entire functions F and G having the following prop- 
erties: F has zeros at points of S, with order the residue of g at that point, and G 
has zeros at points of 5S with order the absolute value of the residue of g at that 
point. We can now define an entire function h by: 
E’' G’ 
h=g-—+-—. 
EG 
We also define g = exp ( f - h), so that ¢ is entire, nowhere zero and g’/g = h. 
Finally, we let f = pE/G which is meoromorphic and satisfies 


This conludes the exercise. 


Exercise XIII.4.2. Given entire functions f, g without common zeros, prove that 
there exists entire functions A, B such that Af + Bg = 1. [Hint: By Mittag—Leffler, 
there exists a meromorphic function M whose principal parts occur only at the 
zeros of g, and such that the principal part Pr(M, Z,) at a zero Zn of g is the same 
as Pr(1/fg, Zn), so M —1/fg is holomorphic at z,. Let A = Mg, and take it from 
there. ] 


Solution. We use the notation of the hint. Leth = M — 1/fg. Then h is holo- 
morphic at the zeros of g, but not at the zeros of f. Let A = Mg and B = —hf. 
Then both A and B are entire by construction, and 


Af + Bg =Mef —hfg =Megf —-Mfg+1=1 
as was to be shown. 


Exercise XII1.4.3. Let f, g be entire functions. 

(a) Show that there exists an entire function h and entire functions f,, g\ such that 
f =hAfi, g = hg, and fy, g1 have no zeros in common. 

(b) Show that there exist entire functions A, B such that Af + Bg =h. 


Solution. (a) If f and g have no common zeros let h = 1. Otherwise let {z1, ...} 
be the set of common zeros of f and g. With the Weierstrass product we can 
construct and entire function A such that h has zeros at z; for all i and such that 
the order of h at z; is min(ord,, f, ord,, g). Then fj = f/h and g; = g/h are both 
entire functions with no common zeros. 
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(b) By Exercise 3 there exist entire functions A and B such that 


Af; + Bg; = 1. 
Hence 
Af +Bg=h. 
Exercise X¥II.4.4. Let f\,..., fin be a finite number of entire functions, and let 


J be the set of all combinations Af, +---+ Am fm, where Aj are entire functions. 
Show that there exists a single entire function f such that J consists of all multiples 
of f, thatis, J consists of all entire functions Af, where A is entire. In the language 
of rings, this means that every finitely generated ideal in the ring of entire functions 
is principal. 

Solution. We prove the result by induction. By Exercise 3 there exists an entire 
function f such that f; = f fi and f, = f fy and A fi t+ Bf = f for some entire 


functions A and B. This implies that f is in J. Now given entire functions A; and 
A2 we have 


Aifit+ Arfe =(Aifi + Arf) f = Af 


for some entire function f. This proves the base step of the induction. 

Suppose the result is true for m — 1 functions. Let g be a generator for the ideal 
generated by fi,..., fm-—1. By Exercise 3 there exists an entire function f such 
that g = fg and fn = f fm and Ag + Bfn = f for some entire functions A and 
B.So f belongs to the ideal generated by f\,..., fn and given entire functions 
Aj,...,Am we get 


Ai fi +++ Am fm = Cg +Amfm = (C8 +Amfn)f = Af. 


This proves that any finitely generated ideal of the ring of entire functions is 
principal. If f and g generate the same ideal, there exists entire functions A and 
B such that Af = g and Bg = f. Therefore AB = 1. 


Exercise XIII.4.5. Let {ax}, {z,} be sequences of nonzero complex numbers, with 
\zx| > 00 and |zx| < |2%41| for all k. Let p be a real number > 0 such that 


fee) 


Define 


n 
An = > axl. 
k=1 


(a) Prove that A, = o(|Zn|°) for n — oo, meaning that lim A,/|Z,|° = 0. 
(b) Let d be the smallest integer > p. Let Gg be the polynomial 


d-| 
Galz) = 02". 
n=0 
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Define 
ak 
Z— 2k 


Fy(Z, 2%) = 


a 
— Ga(z/Zx)- 
Zk 


Prove that the series 


F(z) = D> Fez, ze) 


k=1 
converges absolutely and uniformly on every compact Set not containing any Z,. 
(c) Let S be a subset of C at finite nonzero distance from all z,, that is, there exists 
c > 0 such that \z — z,| => c for all z € S and all k. Show that 
F(z) = O(\zI*) forz € S, |z| > 00. 
(d) Let U be the complement of the union of all discs D(z,, 5,), centered at Z,, of 
radius 5, = 1/|zx|?. Show that 
F(z) = o(|zl?**) forz € U, |z| > 0. 
Note: For part (d), you will probably need part (a), but for (c), you won’t. 


Solution. This result follows at once from Exercise 3, §1 in Chapter-X VI. Indeed, 
let cy = |ax|/|zu|? and by = |z,|?. Then 


os. des 
Jim, Sah =0 


which is precisely what we want. 

(b) Let K be a compact set not containing any z;. Choose R so that K is contained 
in the ball of radius R centered at the origin and choose N so that |zy| > 2R. 
Suppose z € K which implies |z/z,| < 1/2 fork > N. Split the series in two 
parts 


N es) 
F(z) = > F(z, ze) + D> Fiz, zx)- 
k=1 k=N+1 


It suffices to show that the second term converges absolutely. We may write 


d-1 i 

—ad 1 at Zz 

Fy(z, ze) = — (——— ] + = 0 (= 
nae) Zk (—ye)+t i= (=) 


= (2) +25 (2) 
ze SBN) ce he 


Therefore 
00 j 
ak z 
| Fi(z, Z| < ¢ _ 
a,|| Zz 1 
Zk | | Zk 2) 


j=0 
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lax | 


<2R? : 
|z,|@+! 


But }> |ax|/|ze|4+! < 00, so we conclude that the series F converges absolutely 
and uniformly on compact sets not containing any Z,. 
(c) We can write 


és fs 
F(Z, Ze) = += Yoe/ze)! 
Y el Zk Zk j=0 


Be goa (- = | 


Z—-%me oe VL (2/2) 
442/24)" 
2 2k 
Therefore 
d 
Fez, I < ae 


and since )~ |ax|/|zz|?_ < 00 we conclude that F(z) = O(|z|%). Note that the 
standard method used in (b) to prove the convergence of F(z) can be replaced by 
the estimates we just obtained, because any compact set not containing any Z; is 
at finite distance from {z,}72. 

(d) Let |z| = R be large, and choose N, depending on R so that |zy| < 2R and 
\Zn4i| > 2R. We estimate | F;,(z, z,)| by considering two cases, k < Nandk > N. 
Fork < N, copying the computation in (c) and using the fact that |z—z,| > 1/|z«|@ 
we find that 


lax| |z\¢ 
|Z — Z| 

a pt+d 
— lal el 
Iz|? 


But |zwv| < 2|z| so we conclude that for k < N we have 


|Fx(Z, Z«)| 


IA 


lax| |zle*4 
Fiz, zx) $ ———, 
\zn| 
and therefore we obtain 
N 

An 

Do Fez, ze) < SG lzlP*. 

k=l lzw| 


We now turn our attention to the estimate when k > N. In this case, copying part 
of the argument given in (b) we get 

rag 1 
Zk 


Ce 


Zk 


|ax| \zjerd, 


|Fi(Z, 2) < <— 
| Iz|? |z|@+! 
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Combining all these estimates, we see that if |z| = R and if we denote the 
corresponding N by N(R) we get 


Ancr) 1 lal 4d 
ron s (See + oe s ere ) zl? **. 


zor |? k=N(R) 


Since N(R) — 00 as |z| — 00, we see that we do have F(z) = o(|z|°*) as 
lz] > co, z EU. 


XV 


The Gamma and Zeta Functions 


XV.1 The Differentiation Lemma 


Exercise XV.1.1. For Re(z) > 0, prove that 


i dt 
logz = i (et _ ent) — 
0 t 
[Hint: Show that the derivatives of both sides are equal. ] 


Solution. If Re(z) > 5 > 0 and t is positive, then |e~”'| < e~'°. For f near zero 
we have 


ee) ee ce ec 
and 
“ut —]—gzt+... 


so we see that the integral converges uniformly for z is compact subsets of the 
right half plane. Differentiating we find that the derivative of the function defined 


by the integral is 
[ edt = [se] za 
0 Zz 0 z 


Evaluating fo(et -—e# tt at z = 1 we find 0, so we have the formula 


loez = [ (et — ene, 
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Exercise XV.1.2. Let f be analytic on the closed unit disc. Let 


1 
LO a, 
0 +2 


Show that I(z) + f(—z) log z is analytic for z in some neighborhood of 0. [Hint: 
First consider z real positive, or if you wish, z with positive real part. Use the 
power series expansion f(t) = > cyt*, and write t = t + z — z. Collect terms. 
The part 


I(z) = 


a ' at 
> e(—zyt f —— 
k=0 of +2 


will give rise to the log term.] 


Solution. Suppose that z has a positive real part. Then we write f(t) = )° cxt* 
so that the binomial expansion gives 


f= >it +z—v = + Daw) + Yo ce(-2) 
where h(z, t) is analytic for each t. Dividing by t + z and integrating we see that 
the term on the right becomes 


14 
f(z) [ PER = f(—z)[log(1 + z) — log(z)). 


For z near 0, f(—z)log(1 + z) is analytic hence I(z) + f(—z) log(z) is analytic 
for z in some neighborhood of zero. 


The Laplace Transform 


Exercise XV.1.3. Let f be a continuous function with compact support on the 
interval [0, co[. Show that the function Lf given by 


Lf(z)= i f(te “dt 
0 
is entire 


Solution. Suppose that |z| < R. Then we have |e~*| < e*t, and since h has 
compact support, it is integrable and 0 outside some large interval. Since R was 
arbitrary we conclude that Lf is entire. 


Exercise XV.1.4. Let f be a continuous function on (0, oo[, and assume that there 
is a constant C > 1 such that 


lf@l«KC' fort > ow, 


ie., there exist constants A, B such that | f (t)| < Ae®! for all t sufficiently large. 
(a) Prove that the function 


HO= ke Feat 
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is analytic in some half plane Rez = o for some real number o. In fact, the 
integral converges absolutely for some o. Either such o have no lower bound, in 
which case, Lf is entire, or the greatest lower bound op is called the abscissa of 
convergence of the integral, and the function Lf is analytic for Re(z) > oo. The 
integral converges absolutely for 


Rez>oo+€, 


for every € > 0. 
The function Lf is called the Laplace transform of f. 
(b) Assuming that f is of class C', prove by integrating by parts that 


Lf'(z) = zL f(z) — fO). 
Solution. (a) Let z = x + iy. We estimate the integrand in the following way, 
If(te “| < Ae*e™, 


If x > B +e where e€ > 0, the integrand is uniformly bounded by an integrable 
function, namely Ae~‘', so the integral defines an analytic function on Re(z) > 
B + € for every € > 0. Therefore Lf defines an analytic function on Re(z) > B. 
(b) We integrate by parts L f(z) and get 


Lf(z) = | ee, -[ ~f'(te dt 
0 Zz Jo 
=O 4 tye. 
z 
Thus Lf’(z) = zL f(z) — f(O) as was to be shown. 


Find the Laplace transform of the following functions, and the abscissa of 
convergence of the integral defining the transform. In each case, a is a real 
number # 0. 


Exercise XV.1.5. f(t) =e”. 
Solution. We have 


foe) 
Lf@)= [ e Ve dt 
0 


so the abscissa of convergence of the integral is og = —a and we have 
—1 1 
Lf(2 = a Be . 
FC ) E +2Z 0 at+zZ 


Exercise XV.1.6. f(t) = cosat. 


Solution. The abscissa of convergence is 0 because | cosat| < 1. We apply the 
formula obtained in part (b) of Exercise 4 to f’ and we get 


Lf"(2) = zLf'(2) — f'(O) = 7 LF (2) — zfO — f'(O). 
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In this exercise we have Lf”(z) = —a?L f(z) so 
—@ Lf (z) = 7 Lf (2) -z, 
and therefore 
Lf(z) = 
Exercise XV.1.7. f(t) = sinat. 


a? + 22° 


Solution. Arguing like in Exercise 6, we find that the abscissa of convergence is 
0 and that 
Lf(z)= 


Exercise XV.1.8. f(t) = (e' +.e7')/2. 


rere 


Solution. From the inequality 
\I2f(e | — ex + e tots 


we see that the abscissa of convergence is 1. Using the result of Exercise 5 we get 


Lf(z) = : (fo eevars [ etewar) =a ( : + : ) 
de 0 0 ~ 2\-l+z 1+2z 
ses 
z—1 
Exercise XV.1.9. Suppose that f is periodic with perioda > 0, thatis f(t+a) = 
F(t) for all t => 0. Show that 


Soe fat 


Lf(z) = ———_———_- fase for Rez > 0. 


Solution. We assume that f is integrable so that for Rez > € the integral is 
uniformly convergent and therefore defines an analytic function on the right half 
plane. We can write the integral as an infinite sum and use the periodicity of f to 
get 


2a (n+l)a 


f@e “dt +--+ i fide “dt +--- 


na 


Lf(z) = [ fe“ dt + 
0 a 
= i. f(uje“du ae [ fue" du Aiea’ 
0 0 
ss i fue 4" du +--+ 
0 


= i fwmMe “(1 +e7-% +--)du. 
0 


But 


je e—Nza 


- -(N-I)za _ 
Dp ent poe pe NM w= 


’ 
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and since |e~74| = e~N Re@a _, ( as N — 00 we get 


Jor — 


— e724 


Lf(z) = 


for Re(z) > 0, as was to be shown. 


XV.2. The Gamma Function 


Exercise XV.2.1. Prove that: 

(a) T’/TC) = —y. 

(b) 1’/T(4) = —y — 2log2. 

(c)’/TQ)=-y +1. 

Solution. (a) The result follows from the formula [2 namely 


a 


-ryra=t4r + (5 - = 


(b) By P'2 we get 


223 


ryr(5)=2+ +2)" ( : be 5 Se +2log2 
7 mame dag 1 aa am le ae a is 


(c) By I'2 we get 


eae Loy a ee © ee ae 
SRO GUT DE Ge gos 


Exercise XV.2.2. Give the details for the proofs of formulas T10 and T11 


Solution. In Exercise 1 (a) we showed that I’’/T'(1) = —y, so putting z = 1 in 


T9 we get 


whence 


00 p-t _ p-tz 0 / ot ent 

- ———dt = — —- —— )dt =1"/T(2). 
ya[ Satten fl (C-eon rie 
Exercise XV.2.3. Prove that {5° e~' log tdt = — 


Solution. For Re(z) > 0 we have P'(z) = f>° e* ea, thus 


oe) 
d 
'@= i e‘(log nes 
0 
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Therefore 
[e.@) 
r’(1) -| e ‘(log t)dt, 
0 
but (1) = 1, so from Exercise 1 we get I'’(1) = —y so 
[o.@) 
i e (log t)dt = — 
0 


as was to be shown. 


Exercise XV.2.4. Show that 


: 1 1 ee at 
—-)at = 0. 
[a 7) +/ e—] ° 


Solution. From 19 and Exercise 1 (a) we have 


~~ fet 1 
dt=-— 
[ (< =) 


Split the integral from 0 to 1 and from 1 to oo. Integration by parts and Exercise 


3 imply 
0 pt (oe) 1 
/ —dt = e logtdt = —y -{ e~ log tdt. 
1 f 1 0 


So we have shown that 


1 et j 1 co dt 
© _ et logt — —— ) dt — sah, 
ike ei 71) | a1 


We now investigate the first integral on the left. Let 0 < 6 < 1. Then integrating 
by parts we find that 


: dt 
i; e' logtdt =e logd + [s Se eo -t [ o +f5 ae 
6 
so 
fee 1 1 1 
i] Selo ar= | ea = dt 
3 t e—1 3 t e-I 


The desired formula now drops out. 
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Exercise XV.2.5. Let a,,..., a, be distinct complex numbers, and let m,,...,m, 
be integers. Suppose that 


hz) =[]P@+ai)™ 


i=] 
is an entire function without zeros and poles. 


(a) Prove that there are constants A, B such that h(z) = AB*. 
(b) Assuming (a), prove that that m; = 0 for alli. 


Solution. (a) We may write 
TTn;>0 lz +a;)" 
Tn, <o F(z + aj) 
We know that 1 / T(z) has order 1, so the two functions 
1 1 
Tnaoreray “ TL, retayel 


also have order 1. By Exercise 2, §3 Chapter XIII, we find that h has order 1. By 
Hadamard’s theorem, we conclude that h(z) = e%+® for some a, b € C. 
(b) Let h(z) = []j_, P(z + a)”. Then the logarithmic derivative of h is 


hz) =[[T@ +a" = 
i=] 


h'/h(z) =) mi0'/ Te +4) 


i=1 


and we know that 


1 
—rr@=2+r+ (5-5) 


so the set of poles of ’/ T(z + q;) is 
P; = {-a; —n:n=0,1,2,...} 


and the residue at the poles P; is —m;. Let P = (;_, P;. Since we assume that 
h(z) = e4+82 we must have h’/h(z) = B. Hence all the poles cancel. We must 


show that this implies m; = 0 for all i. After renumbering the a’.s we may assume 


j 
that Re —aj,1 < Re—a; for all j. Let bj = —aj;. We can find a small circle C, 


centered at b; containing no other point of P. Cauchy’s theorem implies 
[ h'/h = 2ni(—m)). 
CQ 


But h’'/h = B so the integral is 0 and therefore m; = 0. Now we proceed by 
induction. Suppose that m, = --- = m, = 0. Consider a small circle C4, around 
by41. When we integrate h’/h over C,,1 we must consider two cases. If bys; ¢ P; 
for all 1 <i < k, the residue is —m,4, so we find mg4; = 0. If by, € P; for 
some 0 <i < k then the residue is 


—mMk1 — > mj. 


226 XV. The Gamma and Zeta Functions 


where the sum is taken over some i’s with 1 < i < k. The induction hypothesis 
implies that the sum is 0 and therefore m;,4, = 0 as was to be shown. 


Exercise XV.2.6. (a) Give an exact value for T(1/2 — n) when n is a positive 
integer, and thus show that T(1/2 — n) > 0 rapidly when n — oo. Thus the 
behavior at half the odd integers is quite opposite to the polar behavior at the 
negative integers themselves. 
(b) Show that [(1/2 —n + it) — 0 uniformly for real t, asn — 00, n equal toa 
positive integer. 
Solution. To give an exact value of [(1/2 — n) we use the fact that "(z+ 1) = 
zI'(z). By induction, we prove that for n > 1 we have 

(—2)" (—2)"2"(n!) 
——_ P(1/2) = — (1/2). 
(2n—1)---5x3x1 (1/2) (2n)! (1/2) 


The formula is true for n = 1 because 
(-1/2)T(-1/2) = (1/2) 


r(1/2—n) = 


which implies 
—2)x2 
r(—1/2) = —2F(1/2) = coro /2). 
Also, we have 
(1/2 —(n + 1) P(1/2 — (n+ 1) = FU/2 — 2). 
So 
=2 (—2)" 
1/2-— = (1/2 
i mes aaa Ye MaTOR WE WD PAIR | WEE AO Lc 
= (—2)""! 
~ (n+ 1)—1)---5x3x1 
_ (—2y"t!2"+1(n + 1)! 
~ n+)! 
which concludes the induction. Of course, we may replace I'(1/2) by its value 
/1. So we have 


r(1/2) 


r(1/2) 


4"n! 

(2n)!" 

Let a, = 4"n!/(2n)!. It suffices to show that a, decreases rapidly to 0 as n — oo. 
Indeed, 


[P/2—n)| <C 


Ant) 4(n + 1) = 2 ae 

a,  (2n+2)(2n+1) (2n+1)~ 3 

whenever n > i, so that a, = O((2/3)") asn —> ov. 

(b) Arguing like above and noting that |1 — 2n + 2it| > |1 — 2n| we find 


: 4"(n!) 
\[P(/2 —n +it)| < oa 


[PC1/2 + it)]. 


XV.2 The Gamma Function 227 


It is therefore sufficient to show that ['(1/2 + it) is uniformly bounded for all real 
t. This follows from Stirling’s formula. Indeed, 


P(1/2+ it) ~ 0/2 + ite !? "2x, 
and 
(1/2 + ite '/2-i] < Jelt loatt/2+in) — 91% 


where 6, denotes the argument of 1/2 + it. Since t and 6, are of the same sign, 
we conclude that "(1/2 + it) is uniformly bounded for real t. This concludes the 
exercise. 


Exercise XV.2.7. Mellin Inversion Formula. Show that for x > 0 we have 


1 
e* x ‘*T(s)ds, 


21i Jo=oo 


where s = o + it, and the integral is taken over a vertical line with fixed real part 


09 > Oand —co <t < oo. [Hint: What is the residue of x-*T(s) ats = —n?] 
Solution. The residue of x~*I'(s) at s = —n is 
ee 
n! n! 


We now prove the Mellin inversion formula, using the calculus of residues. Let 
a, = (1/2) — n. Consider the rectangle with corners 


Oo tiT, GQ, +iT, @,—iT and oo—iT. 
Denote by R,,7 this rectangle. Then, 


1 n-1 (—x) 
— x *T(s)ds = ——, 
2ni JR,7 2 i! 


We first show that the contribution of this integral over the horizontal segments 
goes to0 as T — oo. Write s = o + it with |o| bounded and t = T. By Stirling’s 
formula we have 


T(s) ~ s8~'2e%./2n as |s| > 00. 
But 
gi 29-8 as eo tit—1/2)log [s|+é arg(s)) po it 
hence 
|sS-/2e-5] = |g|- 1/2 et AB ee 


However, t and arg(s) have the same sign, so if s is contained in a vertical strip 
and |t| > 1 we have 


P(s) = O (It\?-7e""). 
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We conclude from this estimate that the integral of ['(s)x~-* over the horizontal 
segments of the rectangle goes to 0 as T — oo with n fixed. To conclude the 
proof, it suffices to show that the integral of (s)x~* over the vertical line Re(s) = 
—n + 1/2 goes to 0. To show this, we can use Exercise 6 (b). First, a change of 
variable gives 


i T(s)x sds = I T(¢ —n)x$*"de. 
Re(s)=—n+1/2 Re(t)=1/2 


But we know from Exercise 6 (b) that 


4"(n!) 


[PU/2 —n +it)| < a 


[1/2 + iz)I, 


Therefore 
4” ! CO 

i T'(s)x ‘ds| < (n ee] [P(/2 +it)|dt. 

Re(s)=—n+1/2 (2n)! —0o 


Stirling’s formula (see Exercise 6 (b)) shows that I’ is integrable over the line 
Re(s) = 1/2, and this proves that the desired integral goes to 0. Hence 


1 
e*= oni x *T(s)ds 
i 


o=00 


as was to be shown. 
Exercise XV.2.8. Define the alternate Laplace transform L~ by 
[o.@) 
L~ f(w)= i f@e'dt. 
0 
(a) Let f(t) =e™ fort > 0. Show that 


L f(w)= — for Re(w) < Re(z). 


(b) Let f(t) = t8~'e-* for t > 0. Show that 
L~ f(w) =T(s\(@-w)* for Re(w) < Re(z). 
Here (z — w) is defined by taking —m/2 < arg(z — w) < 1/2. 


Solution. (a) For Re(w) < Re(z) we have 


ee. 1 oo 1 
/ eed = me | a : 
0 —(Z — w) 0 Z—-—w 


(b) Consider the function g(¢) = ¢5~'e~$ for the logarithm defined on C — Reo. 
integrating g along the contour given by 
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we obtain 0 by Cauchy’s formula. We claim that the integral along the arcs tend 
to 0. For the large arc Spr we have 


g ; : : 
1(R) = i g(t)dt = i (Rei?) !e- Re” Rie'® ao, 
Sr 0 


Here, Sp = {Re’? :0< 0 < gy}. Choose c > 0 so that for 0 < 6 < g we have 
c <cos@ < 1. Then 


[I(R)| < ip RReG)-1 ,-8 Im(s),—R cos@ Rag 
0 
< C RR) eRe 


so that |/(R)| — 0 as R — oo. Similarly, the integral along the arc of radius € is 
bounded by C’e®*e—€ which goes to 0 as € —> 0. Therefore, letting R — 00 


and € — 0 we get 
/ g(o)dg = / godt 
0 L 


where L is the line segment u(z — w) with 0 < u < oo and oriented by increasing 
u. We obtain 


foe) foe) 
i pole dt = / ((z — w)u)ys!e (z= w)du 
0 0 
hence 
P(s)=(z-—w)L fw) 
as was to be shown. 


Exercise XV.2.9. Consider the gamma function in a vertical strip x; < Re(z) < 
x2. Let a be a complex number. Show that the function 


zee P(z+a)/T(z) = hz) 
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has a polynomial growth in the strip (as distinguished from exponential growth). 
In other words, there exists k > 0 such that 
|A(z)| = O\z|*) for |z| —> 00, z in the strip. 
Solution. We use Stirling’s formula, which applies for large |z| because we are in 
a strip. We have 
T(z + a) (z of ayta-l/2e-zta In 
I(z) ze-/2e-2./ 2 

It suffices to prove that 

(z + ajeta-1/2 

geo /2 

has polynomial growth. Write z = x +iy anda = u+iv and let 6 be the argument 
of z +a. Also, let y be the argument of z. Then 


\(z payee NA) = JeZte-1/2)logz+a)| a ex tu-1/2) log |z+a|—8(y+v) 


and 
jz 1/2 = je@—1/2)log zy = e—1/2)loglzi-ye | 
As |z| — 00, we have |z| ~ |z + a| and since we assume that x is bounded we 
have 
\(z Agta? Bs, Ce os leit Piel and |z2~1/2| Bye bos lzl+ Dizi 


where C;, C2, B,, Bz and D are constants. This proves that the quotient ['(z + 
a)/ T(z) has polynomial growth in a strip. 


Let the Paley-Wiener space consist of those entire functions f for which there 
exists a positive number C having the following property. Given an integer N > 0, 
we have 


Ix] 


(1+ y|)*’ 


where the implied constant in < depends on f and N. We may say that f is at 
most of exponential growth with respect to x, and is rapidly decreasing, uniformly 
in every vertical strip of finite width. 


Exercise XV.2.10. If f is C® (infinitely differentiable) on the open interval }0, oo[ 
and has compact support, then its Mellin transform Mf defined by 


| f(x +iy)| « 


Mf(2) = [ foes 


is in the Paley—Wiener space. [Hint: Integrate by parts.] 


Solution. Select 0 < a < 1 < b < oo such that the support of f is contained in 
[a, b]. Since f has compact support we can apply Lemma 1.1 and we see that Mf 
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is entire. Integrating by parts n + 1 times we find 
(—1)""! loo) sy " 
Mf (z) = ——-————- mre" dt. 
f(z) res rer aren a | fer 


We have the estimate 


[o.e) 
if fr wordt 
0 


Conclude. 


b b 
</ [Fa |e" dt < prion | If" '@lde. 
a a 


Exercise XV.2.11. Let F be in the Paley—Wiener space. For any real x, define the 
function 'M,.F by 


dt 
MPO) = f F(2)t?—. 
Re(z)=x U 
The integral is supposed to be taken on the vertical line z = x + iy, with fixed x, 
and —o < y < 00. Show that' M, F is independent of x, so can be written'M F. 


[Hint: Use Cauchy’s theorem.] Prove that'M,,F has compact support on ]0, oof. 


Solution. Let xo and x; be real numbers. We integrate F(z)t* over a rectangle as 
shown on the figure: 


Since F is entire, Cauchy’s theorem implies 
dt 
i] F (z)t® T= 0. 
Rr U 


We are interested in the behavior of the integral over the horizontal segments as 
T — oo. Consider the segment in the upper half plane, call it Sx and parametrize 
it by u +iT with x9 < u < x,. We then have 


dt 
i F(z)t?— 
St U 


x1 
<|/ |F(u +iT)|t"du. 
xo 
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But F belongs to the Paley—Wiener space so 


x1 |u| , 
[ roxt : : 
St U 


<M u<——_., 
:  A+ITI) Tp’ (1 + |T]) 


where M and M’ are positive constants. This proves that the integral along Sz 
tends to 0 as T — oo. The same result holds for the segment in the lower half 
plane, so combined with Cauchy’s theorem and the correct orientation we find 


d d 
il Ft - i F(t =0. 
Re(z)=xo u Re(z)=x1 u 


Hence ‘M,, F(t) ='M,, F(t), as was to be shown. 

We now prove that ‘M, F,, has compact support in ]0, co[. Choose N = 2 and 
let C be the constant that appears in the Paley-Wiener estimate. We may assume 
of course that C > 1. Suppose that 0 < ¢ < 1/(2C). Then the fact that 


dz 7 ° otiu 
F(z)t®*— = F(o +iu)tet du 
Re(o) U 00 


implies the following estimate 


|'MF| ee cet io [ __} 
MF|< B | ———{ t° du < BC” rf ——_ du, 
oo (1 + (ul)? oo (1 + |ul)? 


where B is a positive constant. The integral on the right converges, so there exists 
a constant B’ which verifies 


t , i 
lmr| <B't 


for allo > 0. Letting 0 — oo yields ‘MF = 0. Now suppose t > 2C. Then a 
similar argument shows that if o < 0, then we get the estimate 


' MF|< = Bs. 


for some positive constant B’. Letting o > —oo yields 'MF = 0. Hence'’MF 
has compact support in ]O, oof. 


Exercise XV.2.12. Let a, b be real numbers > 0. Define the K-Bessel function 
oe. 2p 4 pe dt 
K1. K,(a, b) = / ge Se one 
0 


Prove that K, is an entire function of s. Prove that 
K 2. K,(a, b) = (b/a)’ K;(ab), 
where for c > 0 we define 
a dt 
K 3. K,(c) = / ee, 
0 t 
Prove that 
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K 4. K;(c) = K-_,(c). 
K5. Kip(c) = /a/ce. 


[Hint: Differentiate the integral for ./x K ,/2(x) under the integral sign.] Let xp > 0 
and 09 < 0 < 9;. Show that there exists a number C = C(Xo, 00, 01) such that if 
X > xo, then 


K6. K,22Ce. 
Prove that 
| Ts — 1/2) 
K7. enn, |e 2 feces 
I. Gale SG) 


for Re(s) > 1/2. Also prove that 


co eixu > 
K 8. T(s) i= wri” = 2/1 (x /2)5 2K. 1 o(x) 
for Re(s) > 1/2. 


Solution. If s = x +iy belongs to a compact set K, we want to show that the two 
integrals 


1 (oe) 
(92+ x pp teg? = 
[ e (a*t+b /t) 4x lat and / e (a*t+b /t) 4% lat 
0 1 


converge uniformly in s. The first integral converges because near 0, et is 
bounded and i e~°'/'t*—1dt converges uniformly for s € K because for all small 
—b?/t,x-1 —b? /2t 
t we have e t*"'<e : 
. 2 . 

The second integral also converges because for all large t, e~”/* is bounded 
and for all large ¢ and all s € K we have e~*' t*-! < e-*"/2, Since the integrand 
(e~@'+'/45)/t is homomorphic in s for each t > 0 we conclude that K,(a, b) is 
entire. 


K 3. In the integral K;(a, b) put t = (bu)/a. Then 


© b\'d b\* 
K,(a, b) = i grlamerahiais (2) asi (2) K,(ab). 
0 a u a 


K 4. We change variables u = 1/t, then 


0 foe) du 
K_,(c) on i e+) YS y(—y~*)du a i ecu tl/w)ys 2 = K,(c). 
(oe) 0 u 


K 5. Let g(x) = K1/2(x) and A(x) = ./xg(x). Changing variables t = u/x we get 


CO 
ec) = [ et My M2 y-W2qy 
0 
sO 


oe 2 
h(x) - | et ty dy, 
0 
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Since 


0 jo? —2x 2 
—u—x*/u,,—1/2) _ —u-x*/u 
—(e u = e > 
ax ( ) u3/2 
we see that the integral 


fe,¢) 
[ Dye" udu 
0 


converges uniformly for x € [a, b] with O < a < b, so we can differentiate under 
the integral sign and we get 


o° 2 
h'(x) = / edu, 
0 


The change of variables g = x?/u gives 
0 
—2x 2 
, = —q7-x"/ 2 142 a 
woo = [Gare MH aida = ~2h00, 


so h(x) = Ce~2* for some constant C. Moreover, if we let u = a? and if we use 
the continuity of h at 0 we get 


foe} [o.@) 2 
C =) eu du =i ea lada = Jn, 
0 0 
so 
ue 
Kip(c) = [ze or 
c 
K 6. By definition we have 


a dt 
Kg(x) = i ieee aoe 
0 


fe) 1/8 8 foe) 
ee 
0 0 1/8 8 


and get the desired bound for each integral separately. Since t + 1/t > 2 for all 
t > 0 we see that the middle integral is trivially bounded by a constant times e~?*. 
For the first integral, note that 


We split this integral as 


whenever 0 < ¢ < 1/8. Therefore 


1/8 1/8 
i enseting se [ enroeine <Ce, 
0 0 


A similar argument applies to the third integral. 
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K 7. We have 


r ioe) 1 ent ts— 1 
©f waar (eye =2/ ili Gap ide 


If t = (u? + 1)q, then dt = (u? + 1)dq so that 


foe) 1 CO oe) 2 1 
r ——_—du=2 eV eI gs ; 
(s) i G41 u i i e " 4e-4g*~"dqdu 


The change of variable a = u./q implies 


i. en Ady = ale a a LE g'P. 
0 


For Re(s) > 1/2 the hypotheses of Theorem 3.5 are verified so that 


fore) 1 foe) eww qe4qs-! 
rol eee? apy ene 
= va [re go ae dq = Vas - 5). 


K 8. To prove this last formula, proceed like we just did. Write '(s) as an invegral 
change the order of integration, and make the change of variables t > (u? + 
1)t. Then use the fact that e~* */2 ig its own Fourier transform where the Fourier 
transform is appropriately normalized. Make a final change of variables t — tx 
and conclude. 
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Exercise XV.3.1. For each real number x, we let {x} be the unique number such 
that x — {x} is an integer and 0 < {x} < 1. Let N be a positive integer. Prove the 
addition formula (distribution relation) 

N-1 

N* D0 Ss, (x + J/N}) = &(s, (Nx). 

j=0 
From this formula and Theorem 3.2, deduce another proof for the multiplication 
formula of the gamma function. 


Solution. Fix x and select j’ such that {x + j/N} = {x}+/N forall j < j’ and 
{x + j/N} = {x} + j/N — 1 forall j > j’. Also, let o be the unique integer such 
that 


Then, N{x} = {Nx} + p. 
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Now write the sum N~* ew i=0 'e(s, {x + j/N}) as a double sum 


NE ele =N YY oa 


j=0 n=0 
and interchange sum signs to get 
oo N-1 1 
d, » N5(n + {x + j/N})5- 
We now split the inner sum in two parts, namely 
N-1 1 


i 
2, Ns(n + {x + j/N}) Tae Ns(n + {x + j/N})> 


Some simple manipulations show that the first sum is equal to 


j 
1 
2 (nN + {Nx}+p+4j)° 
and the second sum is equal to 
(Gi (a — DN + IN} + FD 


Now collecting terms properly, we find that 


N-1 
N* D0 60s, (x + J/N}) — 60s, (Nx}) 
j=0 


is equal to 
Gis oes et ee ge ee 
jap (CN HINx} +e + 7% ((Nxpe (+ {Nx} (op —1+{Nx})* 


To show that the above expression is equal to 0, it suffices to notice that p+ j’+1 = 
N. This proves the addition formula. 
To prove the multiplication formula of the gamma function, 


N-1 


Nz-1/2 
[]>(2+2)= D(Nz)N 


j=0 


where D(z) = /2 2/ T(z) we use Theorem 3.2. This theorem gives us the beginning 
of the power series expansion of an s) for s near 0, namely 


¢(s,u) = = —u — (log D(u))s + O(s*). 
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We know also that u~* = 1 — s log u + O(s”) so the term of degree 1 in the power 
series expansion of N~* pa =o O(s, {x + j/N}) is 


N-1 N-ly j 
>) ~ log D ((x + J/N}) —logN D7 5 - [x4 a}. 
es 


The addition formula implies that the above has to be equal to the first term in the 
power series expansion near s = 0 of ¢(s, {Nx}) which is 
— log D ({Nx}). 


We first evaluate the sum ar, _ {x +2 . We have 


j= j=0 j=0 
7 INW-1) , 
SANT 5 (Nels) 
N— 
Saini = =p 
= {wx} 4 2 


and therefore 


We know that {Nx} = Nx — [Nx] so we find that 
N-1 . 
1 Ne 
=lWEN D5 - {+ {| = — log ——.. 
j=0 : 


Since the logarithm transforms products into sums we see that 

N-1 N=1 

Y> Clog D ({x + j/N}) = —log [ | Dx + i/N)). 

j=0 j=0 
Hence the term of degree 1 in the power series expansion near s = 0 of the left 
hand side of the addition formula simplifies to 


sis 
— log int ({x + j/N}) — log —— 
j=0 NO 
Since this term has to be equal to — log D ({Nx}) we see that after exponentiation 
and a few lines of algebra we get the identity 
N-1 ; 
[] de + s/w") = NED ENa}). 
j=0 
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We know that D(z) = /2zI°(z) and the gamma function satisfies '(z + 1) = 
I'(z)z. Using this identity repeatedly we find that 
D({Nx}) = (Nx — 1(Nx — 2)---(Nx — [Nx)D(Nx) 
[Nx] 
N 
and similarly we find that the product |] jy ({x + j/N}) is equal to 


1 2 
— NINZ)(y _ Se ne (Xe 
= NYG \(Nx i++ (x )D(Nx) 


N-1 j j N-1 j 
x x+Z-1) (+2 -t1-1) p(x+) 
ane yy m j=0 x 
N-1 . N-1 
ie ety) Tye) 
J=0 j= 
N-1 . 
x p(s+4) 
5 N 
j=0 


So it suffices to prove 


w5 . : N-1 : 
j J : 
I (+ -1)--(«+ 4-0) I] («+4-1-1) 


j=0 j=j'+1 


=(*- 5) («-2)--(«-S). 


Collecting terms we see that the above equality holds. 
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Exercise XV.4.1. (a) Show that ¢(s) has zeros of order 1 at the even negative 
integers. 

(b) Show that the only other zeros are such that 0 < Re (s) < 1. 

(c) Prove that the zeros of (b) actually have Re(s) = 1/2. [You can ask the 
professor teaching the course for a hint on that one.] 


Solution. (a) Theorem 4.5 says that 


¢(s) = Qxy'TU — yee) 2 


g(1—s) 

If s is real and negative, we see from the definitions that [(1 — s) # 0 and 
¢(1 — s) £ 0. Also, P(1 — s) and ¢(1 — s) are holomorphic ‘for Re (s) < 0, so 
since sin(zs/2) has simple zeros at the negative even integers, we conclude that 
¢(s) has simple zeros at the negative even integers. 
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(b) We first prove that ¢ has no zeros for Re (s) > 1. For that, we use the fact that 


-1 
c(s)= I] (1 _ =) for Re (s) > 1 


P 


where the product is over all prime numbers (see Theorem 1.1 Chapter XVI in 
Lang’s book). Since for Re (s) > 1, the sum 


1 

P p* 
converges absolutely, we conclude that the product J],,(1 — 3) converges, so 
¢(s) # 0 for Re (s) > 1. The fact that the only other zeros of ¢ with Re (s) < 0 


are at the negative even integers follows from what we have just shown and the 
identity 
(s) = (2)’TU — s) (1 —s). 


(c) This is the Riemann hypothesis, one of the big unsolved problem in 
mathematics. 


i 2 
sin(zs /2) ¢ 
n 


Exercise XV.4.2. Define F(z) = & (3 + iz). Prove that F(z) = F(—2). 
Solution. Theorem 4.6 says that &(s) = &(1 — s), so clearly 


Fa) =6(5 +iz) =§ (1-35-12) =8 (5-1) = Fo. 


Exercise XV.4.3. Let C be the contour as shown on the figure below. 


Thus the path consists of | — 00, —€}, the circle which we denote by K., and the 
path from —€ to —oo. On the plane from which the negative real axis has been 
detected, we take the principal value for the log, and for complex s, 


—Ss 


Zo = oe Slogz 


The integrals will involve z°, and the two values for z in the first and third integral 


will differ by a constant. 
(a) Prove that the integral 
/ ez *dz 
Cc 


defines an entire function of s. 
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(b) Prove that for Re (1 — s) > 0 we have 
lo) 
i e’z ‘dz = 2isin ns [ e “u-*du. 
Cc 0 
(c) Show that 
1 1 
—— = — | &z ‘dz. 
T(s) 2x i a oe 


The contour integral gives another analytic continuation for 1/T(s) to the whole 
plane. 


Solution. (a) It is clear from the differentiation lemma (Lemma 1.1) and the 
exponential decay of the integrand, that the integral 


/ e*z *dz 
Cc 
defines an entire funtion of s. 


(b) We can write 
aad —00 
[eca= | +f +f ez ‘dz. 
Cc —0oo z -€ 


The integral over K, goes to 0 as € — oo because for |z| = €, 


le?z >| < Cee (s) 


| ez ‘dz 


0 —00 
/ ez *dz = / ete Stlog(—t)—iz) gy 4 i ete Sllog(—1)+iz) Gy 
Cc —00 0 


= (e'"* se8 go) fe e"usdu 
0 


foe) 
= 2i sins [ e “u*du 
0 


hence 


< C’e!-Re (s) 


So 


as was to be shown. 
(c) Since for Re (1 — s) > 0 we have P(1 — s) = f>° e™“u‘du and 


PQs sin(7rs) 


we See at once from (b) that 
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The Prime Number Theorem 


XVI.1_ Basic Analytic Properties of the Zeta Function 


Exercise XVI.1.1. Let f and g be two functions defined on the integers > 0 
and <n+1. Assume that f(n + 1) = 0. Let G(k) = g(1) +--+ + g(k). Prove the 
formula for summation by parts: 


YD fs = FH — fk + GW. 


k=1 k=1 
Solution. We define G(0) = 0. Then 


Yo FMs) = D5 FONE — GR - 1) 
k=1 k=1 


=>) FG) — > fGE-1 
k=1 k=1 


n 


= ¢ f(OGK) — 5-1 fm + I)G(m) 
k=1 


m=0 


= il 


n 


F()GK) — YO fim + NG) 
1 


k m=1 


the last equality holding because f(1)G(O) = 0 = f(n + 1)G(n). Hence 


Il 


Y fs) = SF ® — fk + EH 
k=1 k=1 
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as was to be shown. 
Exercise XVI.1.2. Prove the integral expression for ® in Proposition 1.4. 


Solution. We order the primes in an increasing sequence 2 = p; < po <---. 
Then we have 


0° g(x) Pi g(x) Pn+i PC) ay Poti P(X) 5, 
‘| xstl dx = / Persad x+ ay A yet -vf yet? 
because g(x) = 0 for x € (1, py). We have 


Pati 
/ ee dx = (pn) hae = 9(Pn y(Pa* = Pa) Pus) 
Pn 


AY 


Therefore 


ioe) oO 
g(x) 
s / Hl dx = 3 P(Pn)(Pa” — Pasi) 
n=1 
But ¢(p,) = are log p; so taking finite sums and summing by parts we find 


N N 
D> o(Pn (Pz Shi p= ee log Dn. 
n=l n=) 


Letting N — oo we obtain 


foe) foe) 
g(x) log Pn 
sf rT ied y —— = &), 


n=1 n 


as was to be shown. 


Exercise XVI.1.3. Let {a,} be a sequence of complex numbers such that > ay 
converges. Let {b,} be a sequence of real numbers which is increasing, i.e., by < 
bn4i for all n, and by —> 00 as n —> oo. Prove that 


Does this conclusion still hold if we only assume that the partial sums of an, are 
bounded? 


Solution. Given € > 0, select a positive integer no such that for all m > no we 
have | )oy-no+1 4n| < € and b,, > 0. Then for N > no splitting the sum we obtain 
1 & N 
By De nbn] S do anbn 
n=1 


= Anbn| + |— 
by 7 N n=no+1 


The first sum will be < € for all large NV. For the second sum we use summation 
by parts to obtain, after some elementary computations, 


N N-1 
Yo abn = by(An — An) — D> (Ak — Ang)(be+1 — bi)» 


n=notl k=not+1 
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where A, = ) ;_1 4 are the partial sums. Therefore by the triangle inequality, 
the fact that |A, — Ax,| < € for all k > no and that {b;} increases we get 


N 


> a,b 


n=notl 


< lbyle + €(by — dng), 


hence for all large N we have 


~ > 
— anbn| < 3€ 
by n=notl1 


which concludes the proof. 
If we only assume that the partial sums of )~ a, are bounded we cannot conclude 
that the limit is 0. Indeed, let a, = (—1)" and b, = 2”. Then 


1< 1 —2—(—2)N*! -2. 2x (-1)" 
5 oe ee ee 
and the above expression does not have a limit as N —> oo. 
Exercise XVI.1.4. Let {a,} be a sequence of complex numbers. The series 
yon 
rams 


is called a Dirichlet series. Let 09 be a real number. Prove that if the Dirichlet 
series converges for some value of s with Re(s) = 00, then it converges for all s 
with Re(s) > 00, uniformly on every compact subset of this region. 


Solution. Let so denote the point where the Dirichlet series converges. Let K 
be a compact subset of the half plane Re(s) > oo. Suppose s € K. To simplify 
the notation we define a, = logn. To show that the series )> a,/n* converges 
uniformly on K it is sufficient to show that it is uniformly Cauchy on K. We write 


n 


n n n 
ak =; pe LG Ak _(s— 

y eee y ae SOK Y ae SOK p (s—so)ax _. Y —e (s 50) 
ks k50 


k=m k=m k=m k=m 


Let cy = ay/k, by = e~ 8-9 and Sy = a, c;. Summing by parts we find 


na n n-1 
ee = Do cade = 7 Selb = Pit) — Sm—tdm + Sadr: 


k=m k=m k=m 
Putting absolute values and using the triangle inequality, we see that we must 
estimate the three terms 


n-1 
D> Sebi = bess], |Sm—1bm| and |SpDnl.- 


k=m 
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Since S; converges as k — oo, there exists a positive number M such that |S,| <M 
for all k. Hence 
n-1 


<M 0 [by — bisil- 


k=m 


n-1 
> Sx (be — dest) 
k=m 


Let z = s — so, so that 


Oke 
by — by = eM — eH = zf e “dt. 
ak 


But there exists 6, B > 0 such that if z = s — 5) = x +iy, then x > 6 > O and 
|z| < B uniformly for s € K.So 


Ak+1 
/ e “dt 
Ok 


n—-1 


Ye Silbe = bist) 


k=m 


[Dy — Desil S |z\ 


Ak+1 B 
= B | edt < a — eo *Ak+1) 


ak 


and therefore 


< C(e-**" oe e*%n) 


< Ce om 


so the term waa Sx(by — by41) is uniformly Cauchy as n,m —> ov. The 
inequalities 


|Sm-10m| < Mle~*"| < Me%% 
and 
[Snbn| < Me 
combined with the estimate for poen Si(by — by41) show that 


n a 
ois 


—>0O asn,m—> oo 


uniformly for s € K. 


Exercise XVI.1.5. Let {a,,} be a sequence of complex numbers. Assume that there 
exists a number C and o, > 0 such that 


la, +---+a,|< Cn" forall n. 
Prove that )~ a,/n* converges for Re(s) > 01. [Use summation by parts. ] 


Solution. Let o = Re(s) and S, = a, +--- + a,. Summing by parts we find 


n n—1 
ak 1 1 Sm—1 +S, 
E-D8(e-arp) me ae 


k=m k=m 


Using the same estimate as in Theorem 1.2 (the mean value theorem) we get 


1 1 
ke (k+D5 


Is| 
<< 
— Roth’ 
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so if o — oa, = €«, then 


n-1 1 
ds = (k + ay) |< 


k=m 


Cls| yan ait 


But >> 1/k!*€ converges and we have 


so we conclude that )° a;,/k* satisfies the Cauchy criterion of convergence. 

Exercise XVI.1.6. Prove the following theorem. 

Let {a,} be a sequence of complex numbers, and let A, denote the partial sum 
An = A, +--+ +p. 


Let 0 < o < 1, and assume that there is a complex number p such that for all n 
we have 


|An —np| < Cn", 


or in other words, A, = np + O(n). Then the function f defined by the Dirichlet 
series 


f= eo 4 for Re(s) > 1 


has an analytic continuation to the region Re(s) > 01, where it is analytic except 
for a simple pole with residue p at s = 1. 


[Hint: Consider f(s) — pf(s), use Theorem 1.2, and apply Exercise 5.] 
Solution. The hint gives the proof away. Applying Exercise 5 to the Dirichlet 


series 
an — P Qn 
eae eae 
we see that this series converges uniformly on compact subsets of the half plane 


Re(s) > oj so it defines a holomorphic function there. Since the zeta function is 
holomorphic on Re(s) > o; except for a simple pole at s = 1 we are done. 


XVI.2 The Main Lemma and its Application 


Exercise XVI.2.1. Prove the lemma allowing you to differentiate under the inte- 
gral sign in as great a generality as you can, but including at least the case used 
in the case of the Laplace transform used before Lemma 2.2. 


Solution. Suppose f is bounded and piecewise continuous. We use the notation of 
the differentiation lemma, §1 of Chapter XV. Let f(t, z) = f(ne~“. Let U denote 
the right half plane Re(z) > O and let 7 = [0, 00). Finally, let K be a compact 
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subset of U. There exists 5 > O such that for all z © K we have Re(z) > 54. 
Observe that if B is a bound for f, then for all z € K we have 


If(t, z)| < Be* 


sO fj f(t, z)dt is uniformly convergent for z € K, and for each ¢ the function 
zt> f(t, Z) is analytic. Let {J,,} be a sequence of closed intervals increasing to I. 
Then choosing a disc D as in the differentiation lemma, we find that 


_! f f@ 
VOT oa poe 


so 


secre gh ff 2 Para 
I 


2ni Jy 6-2 


For each n, define 


Re gare 
Ty 


220i C~-Z 


so that restricting z as in the differentiation lemma we get 


1 1 
8n(Z) = oni [ ae i Fa, nar dt. 


The expression in bracket is continuous in ¢, so g, is analytic. The hypotheses 
imply that g, — g uniformly on K, so g is analytic, as was to be shown. 


Remark. If we only assume that f is bounded and that f? | f(t)|dt exists for all 
a, b > Othe only difficulty is to show that the expression Si. f(t, ¢)dt is continuous 
in ¢. Writing J, = [a, b] we have 


b 
<[ If @ le“! — e™ |de. 
a 


[ sonar- [ fe.zoat 
In In 

Uniform continuity of a continuous function on a compact set implies that given 
€ > O there exists 5 > 0 such that if |¢ — | < 4, then 

Jeo! —e5'| < € forallt € [a, Db]. 


So 


b 
/ f(t, ¢)dt — i Flt, to)dt| <« i flat 


whenever |f — Z| < 6. 
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| 1. Complex Numbers 


1.1 Basic algebraic and geometric properties 


1. Verify that 
(a) (v2-i) —i(1-2i) 9) 
(b) (2—3i)(-2+i) = -1+8 


Solution. We have 
(v2-1) —i(1-v2i) Sat a ee aes 5. 


and 
(2—3i)(—2+i) = —442i4 6-377 = -44348i=-148i. 


x 
2. Reduce the quantity 
Si 
(1 —i)(2—i)(3 —i) 
to a real number. 
Solution. We have 
DE 5i i i 1 


(1-i(2-)(3-i) (1-)(5-5i) (1-1)? -2i 2 


Chapter 1. Complex Numbers 


3. Show that 
(a) Re(iz) = —Im(z); 
(b) Im(iz) = Re(z). 


Proof. Let z= x-+ yi with x = Re(z) and y = Im(z). Then 
Re(iz) = Re(—y+.xi) = —y = —Im(z) 


and 
Im(iz) = Im(—y+xi) = x = Re(z). 


a 
4. Verify the associative law for multiplication of complex numbers. That is, show that 
(z122)z3 = z1 (2223) 


for all z1,22,z3 € C. 
Proof. Let z= x, +iy, for k = 1,2,3. Then 
(x1x2 — y1y2) + i(x2y1 +x1¥2)) (x3 +y3i) 


X1X2X3 — X3V1V2 — X2Y1Y3 — X1y2y3) 
+ i(xex3y1 +.x1%3¥2 +. x1x23 — 123) 


(z122)z3 = ((x1 +y14) (x2 + yai)) (x3 +32) 
= ( 
= ( 


and 
21 (2223) = (x1 + y14)((x2 + y2d)) (x3 + y3i)) 
= (x1 + yi) ((x2x3 — y2y3) +i(x2y3 +.x3Y2)) 
= (x1x2X3 — X31 2 — X2N1Y3 — X1)2Y3) 
+ i(xox31 +.x1x3Y2 +X1X2¥3 — Y1Y2Y3) 
Therefore, 
(z122)Z3 = 21 (Z2z3) 
|_| 
5. Compute 
2+i 
(a) Pipe 
(b) (1—2i)* 


Answer: (a) (3+ 4i)/5, (b) —7 + 241. 


1.1 Basic algebraic and geomef»ric properties 


6. Let f be the map sending each complex number 


Z=x+yi-7 [2 : 


Show that f(z1z2) = f(z1)f(z2) for all z1,z2 € C. 
Proof. Let z, =x, +y,i for k = 1,2. Then 

2122 = (x1 + yi) (2 +yai) = (x1¥2 — yiy2) + i(x2y1 + x1y2) 
and hence 


X1X2 — Xoyy +X 
f (z122) = 1x%2 — y1y2 2¥1 12 ; 
—X2V1 —X1V2  X1X2 — V1 y2 


On the other hand, 


xX} Mi | x2 yo xyxX2—yiy2 = xayi +xX1y2 
V4 2)= = ; 
Fla) Fe) ee s iy ‘| eee eae 


Therefore, f(z122) = f(z1)f(z2). 


7. Use binomial theorem 


n_{"\ n n\ n-1 n n—1 n\n 
(a+b)’ = (Se + (1)« b+...4 (1) + (")o 
be y (7) arto 
to expand 


(a) (1+/31)": 
(b) 1 e/3i) ON. 


Solution. By binomial theorem, 
2011 9011 2011 2011 
1+ 31)! = ( ) (vai = ( jae 
evi =F Pom E Ct 


Since ik = (—1)” for k = 2m even and ik = (—1)'"i for k = 2m+ 1 odd, 


(14+ V3i)70l! = 


0<2m<2011 ( 2m 


2011 
re > ( )anvat—1y" 
0<2m+1<2011 


=n HE, on) 


m=0 
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Similarly, 


(44) _ ( 


8. Graph the following regions in the complex plane: 
(a) {z:Rez>2Imz}; 
(b) {z: 2/2 < Argz < 37/4}; 
(c) {z:|z—4i+2] > 2}. 


Solution. (a) 


Figure 1.1: 


1.1 Basic algebraic and geometric properties 1] 


(b) 


Figure 1.2: 


(c) 


Figure 1.3: 
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9. Find all complex solutions of the following equations: 


(a) Z=Z; 
(b) 7+z=0; 
(c) Z=-. 

i 


Solution. (a) Let z= z+iy. Thus 


Z = Zz 
x+iy = x+iy 
x-ty = x+iy 
Ey eae DY 
y= 0 
Hence, z = z if and only if Imz= 0. 
(b) Let z= z-+iy. Thus 


z+z = 0 
xtiyt+ztiy = 0 
x—iy+xt+iy = 0 

2H eM) 
= i) 


Hence, z+ z if and only if Rez = 0. 
(c) In this part we have 
9 = 


Z=— SRD ew PHD SS Lf =3. 
z 


9 
Hence, z = — if and only if |z| = 3. a 
Z 


10. Suppose that z; and zz are complex numbers, with z;z2 real and non-zero. Show that 
there exists a real number r such that zj = rZ. 


Proof. Let z} = x, + iy, and z2 = x2 + iy2 with x1,x2,y1,y2 € R. Thus 


2122 = X1X2 — yiy2 + (x1y2 + 1X2 )i 
Since z1Z2 is real and non-zero, z; ~ 0, z2 # 0, and 
x1xX2—yiy2~#O and xy2+y1x2 = 0. 


Thus, since z2 4 0, then 
ZI xit+iy x2 +12 


2 © x%2—iy2 x2+iy2 
x1xX2 —Yiyat (x1y2 +y1x2)i 
x3 +3 
x1x2—y1y2 
x3 +5 
x1xX2 —y1y2 


x5 +Y5 


By setting r= , we have the result. Hi 
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11. The set Q adjoin \/2 is defined by Q (v2) = {p+av2 [D,qGe gh. 
(a) Show that Q (v2) is a field. 
(b) Is V3 Q(v2)? 


Proof. (a) Let p+ qvV2,r+sV2€Q (v2). Since Q C R and R is a field, we have 
the following: 
Closure under (+): 


(p+qv2) +(r+sv2) = (p+r)+(q+s)v2€Q(v2) 
Closure under (-): 

(p+av2)- (r+sv2) = (pr+2sq)+(rq+ ps)V2 €Q (v2) 
(b) Suppose that 3 =a+bV2€Q (v2) Note that b £ 0. Thus we have 


V3 —bvV2 


=a 
3-2V2V3b4+2b> = a? 
2V6b 3a". 
Since b £ 0, 
aa" 
V6 = am 
That is, /6 € Q, which is a contradiction. Therefore, V3 ¢Q (v2) |_| 
1.2. Modulus 
1. Show that 


lar —z2|° + za + 22/7 = 2(lza |? + [z2I*) 
for all zj,z2 € C. 
Proof. We have 
|er — Z2|? + |z1 +22]? 
= (21 — 22) (Z1 —Z2) + (ta +22) (Z1 +22 


= ((z1Z1 + 20%2) — (z1Z2 + 22%1)) + ((z1Z1 + 2022) + (z1Z2 + 2221)) 
= 2(z212 +.22%2) = 2(\z1|? + zal”). 


= (21-22) (z1 — 22) + (z1 +22) (z1 +20) 
) 
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2. Verify that /2|z| > |Rez|+|Imz|. 
Hint: Reduce this inequality to (|x| — |y|)? > 0. 


Solution. Note that 


0 < (|Rez|+|Imz|)? = |Rez|? — 2|Rez||Imz|+|Imz|. 


Thus 
2|Rez||Imz| < |Rez|? +|Imz|’, 
and then 
|Rez|? +2|Rez||Imz|+|Imz|? < 2(|Rez|? +|Imz|’). 
That is 


(|Rez| +|Imz|)* < 2(|Rez|? +|Imz|*) = 2Iz)’, 


and therefore, 
|Rez|+|Imz| < v2Iz. 


3. Sketch the curves in the complex plane given by 
(a) Im(z) = —1; 
(b) |z— 1] =|z+i); 
(oC) 22) Sl2=2), 
Solution. Let z= x-+ yi. 
(a) {Im(z) = —1} = {y = —1} is the horizontal line passing through the point —i. 
(b) Since 
|z—1| = |z+i| S |(x-1) + yi] = |x + (y+ Li 
© |(x- 1) +yil? = |x + (9+ Dil? 
@ (x- 1) ty =x + (yt 1)? 
@ox+y=0, 
the curve is the line x+ y = 0. 
(c) Since 
2\z| = |z—2| > 2|x+ yi] = |(x—2) + yi 
Ax +yil* = |(x—2) +yi)? 
A(x’ ty") =(x-2)+y" 
& 3x7 +4x43y? =4 
eres an fae 
x+= =— 
cy 
a 2| 4 
ake ie 


pal aa 


the curve is the circle with centre at —2/3 and radius 4/3. 


1.2 Modulus lie) 


4. Show that 
R*—R zi +iz R‘+R 
R*+R+17 [2+z+1]7~ (R-1)? 


for all z satisfying |z| = R > 1. 
Proof. When |z| = R > 1, 
Iz + ig| > |z“| — lizl = |el* lille] = R*-R 
and 
Jo tz4 1 <i [Fle +|l =e? +e] +1 =R°+ R41 


by triangle inequality. Hence 


Z+iz R*—R 
2t+ztl|~ R?+R+1- 
On the other hand, 


Jz4 + iz] < |z*| + fiz| = |z|* + |i|z]| = R°+R 


and 
—14+V3i —~1—V3i 
le+z+1|= pies a ak: 
D) 2 
el), Sale|. es 
ale 2 & 2 
> (fe!-] AEA) (gf 
= z 5) z 5) 
= (R-—1)(R—1) =(R-1)* 
Therefore, 
z+ iz R*+R 
z+z+1|~ (R-1)? 
| 
5. Show that 
|Log(z)| < |In|z||-+2 (1.1) 
for all z4~ 0. 


Proof. Since Log(z) = In|z|+iArg(z) for —m < Arg(z) < 7, 
| Log(z)| = |In|z| +7Arg(z)| < |In |z||+ |@Arg(z)| < [In [g|| +2. 
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1.3 Exponential and Polar Form, Complex roots 
1. Express the following in the form x + ty, with x,y € R: 
(a) + = 
(b) all the 3rd roots of —87; 


i+] 1337 
o (=) 


Solution. (a) 


(b) We have that 


—it 
8; = 23 a 
8i exp ( 5 ) 


Thus the cube roots are 


(c) 


a 
Sl 
Na” 
oD 
Ww 
~— 
| 
i 
ie) 
x 
S 
AIS 
NN _” 
D 
Los) 
~ 


= oe 13377i 
. a, 
= exp (167 -2mi+ 7‘) 
es m, I1+i 
— =| => —_—. 
a 
2. Find the principal argument and exponential form of 
i 

(a) z= iar 
(b) z=vV3+4+i; 


(ce) 22-2 
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Answer: 
(a) Arg(z) = 2/4 and z = (2/2) exp(zi/4). 
(b) Arg(z) = 7/6 and z = 2exp(zi/6). 
(c) Arg(z) = —tan~!(1/2) and z= /Sexp(—tan~!(1/2)i). 
3. Find all the complex roots of the equations: 
(a) 2° = —9; 
(b) 27+2z+ (1—i) =0. 


Solution. (a) The roots are 


gs /—9 — /geni = W/3 07/6 p2mni/6 (m =0, 1,2,3,4,5) 


5/6 3 5/6 3 5/6 3 5/6 3 
Bee. nee ve oN ia SS) 
3 oD ae: a GD 


(b) The roots are 


24+ VI-MI-I 


7 2 
es ee es ee —] + e7i/4e2mai/2 (m = 0, 1) 


OE an She, v2\ v2. 
BOS 


4. Find the four roots of the polynomial z+ + 16 and use these to factor z* + 16 into two 
quadratic polynomials with real coefficients. 


Solution. The four roots of z* + 16 are given by 
S16 = V16e% = V6 e7/4e2mri/4 
= 2emi/4 2e3mi/4 269Hi/4 7 o7mi/4 
for m = 0,1,2,3. We see that these roots appear in conjugate pairs: 
27/4 — 27/4 and 2637/4 = Qe5xi/4, 


This gives the way to factor z+ + 16 into two quadratic polynomials of real coeffi- 
cients: 
z+ 16 = (z—2e™/*)(z — 2e°*!/4) (z — 20°*'/4) (z — 2e 7/4) 
= ((z = 26/4) (z — 2¢7mi/4)) ((: = Det) (z at 26°Ri/4) 
= (27 — 2Re(2e™/4)z 4.4) (27 — 2Re(2e°*/4)z2 4 4) 
= (¢° —2V2z+4) (27 +2V2z2+4) 
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5. Do the following: 
(a) Use exponential form to compute 
i. (1 AY ey ae 
ii, (14+ V3i)-701!, 
(b) Prove that 


y 2011 (—3)” = 92010 
coma 2m 

and 
pee 2011 (—3)” _ 92010 
= 2m+1 ; 


Solution. Since 


: P38, Ti 
1a vain2($4+29)) =20xp(#), 


we have 
20112 20112 
(1+ V3i)?O = 2H exp ( 3 ) = 20H p( ; 2 
— 2011 exp (s10%i zs =) 
— 2011 exp TI — 72011 LW 
a ae 
= 27191 + Vi). 


Similarly, 
(1 + a/ Bi) = PF _ V3i). 
By Problem 7 in section 1.1, we have 


2 fe V3i) as (1 fi V3) 
1005 ) 1005 2011 
= ( (—3)" +i ( )c-syrvs. 


mn \ 2m Any 2+ 1 
It follows that 


1005 1005 
2011 jhe. 2011 ie ROG 
a bem 2) = ys (eet) oe 


m=0 m=0 
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6. Establish the identity 
1— zt 


l+z42 4-042" = (z# 1) 


and then use it to derive Lagrange’s trigonometric identity: 


1-z 


1 +cos @ +cos26---+cosn@ = = + ——4,— (0<@<2z). 
2 2 sin 5 


Hint: As for the first identity, write S = 1+z+277+---+2z" and consider the 
difference S — zS. To derive the second identity, write z= e® in the first one. 


Proof. If z #1, then 
(I—z)(l+zt--t2") = ltztet2"=(ct22 42-4211) 


jog 
Thus 
y—ztl 
lt¢ztetetz"= l—z’ Lee 
n+1, it 22> 
Taking z = e!®, where 0 < @ < 27, then z 4 1. Thus 
: : ; 1— e(nt1)@ = e(nt+1)e 
id 2i0 |. ni@  __ ee 
aes ae: [ei ~ —¢i6/2 (ci0/2 — --1672) 
—e#9/2(1 ey aka 
7 2isin(0 /2) 
i(e7i8/2 — ele) ) 
. 2sin(@ /2) 
1 sinf(n+ 5)0] .cos(@/2) —cos|(n+ 5)6] 
~ 2° Qsin(@/2) |! 2 sin(0/2) 


Equating real and imaginary parts, we obtain 


1 si 1g 
1+cos@+cos2@---+cosn@ = SS 


and 
cos(@/2) —cos[(n + 4)6] 


2sin(0/2) 


sin@+sin2@---+sinn@ = 
|_| 


7. Use complex numbers to prove the Law of Cosine: Let AABC be a triangle with 
|BC| =a, |CA| = b, |AB| = c and ZBCA = @. Then 


a’ +b’ —2abcos 0 = c’. 
Hint: Place C at the origin, B at z; and A at z2. Prove that 


2122 + 2221 = 2|z122| cos 0. 
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Proof. Following the hint, we let C = 0, B = z; and A = z). Then a = |z1|, b = |zp| 
and c = |z2 — z;|. So 


a +b? — ce? = |24\? +|z0|* — zo —z1 |" 
= (2121 +2222) — (22 — 21) (Z2 — 21) 


= (2121 +2222) — (22 — 21) (Z2 —Z1) 
= (2421 +: 22%2) — (2121 + 2222 — 2122 — 2221) 


= 21Z2 +227]. 
Let z} =r) e!*! and n= roe! Then 


2D +z = rye me® + rere! 
= (rye!) (re 1) + (rye!) (rye) 


i(@;—@) 0-01) 


= ryrye! + ryryell 


= 2r,r2.cos( 0, — 02) = 2|z1||z2| cos 9 = 2abcos @. 
Therefore, we have 
a +b? —c? = 7%. +22 = 2abcos 0 
and hence 


a’ +b? —2abcos@ = c’. 


| 2. Functions 


2.1 Basic notions 
1. Write the following functions f(z) in the forms f(z) = u(x, y) +iv(x,y) under Carte- 


sian coordinates with u(x,y) = Re(f(z)) and v(x,y) = Im(f(z)): 
(a) f@)=ote+1 


Solution. (a) 


f(z) = (xt+iyi+(xt+iy)41 

= (x+y) -y +2y)+x+iy4+1 
ey =a oy ir Sa eae 
= 9 —3xy +x4+14i(3x"y—y' +y). 


(b) 


f(z) =2 —z=(xt+yi)’ —(xt+yi) 
= (x3 + 3x" yi — 3xy* — y3i) — (x + yi) 
= (x3 — 3xy? — x) +i(3x2y—y> —y), 
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(c) 
1 1 
PQ) = i-z —x+(1-y)i 
—x—(1—y)i 
aoe iy) 
= x wan Sy 
~ SECS? ayy 
(d) 


f(z) = exp(z) = exp((x+yi)?) 
= exp((x? — y?) + 2xyi) 
= ey’ (cos(2xy) + isin(2xy)) 


=e cos(2xy) — ieX sin(2xy) 
a 


2. Suppose that f(z) = v= Dy (2x —2xy), where z=x-+ iy. Use the expressions 
ee ned sid ya Z 
a) aan? 
to write f(z) in terms of z and simplify the result. 


Solution. We have 
f(z) = x°-y’ —2y+ i(2x—2xy) 
= x*~y’+i2x— idxy—2y 
= (x—iy)*+i(2x+2iy) 
= 27 42iz. 


3. Suppose p(z) is a polynomial with real coefficients. Prove that 
(a) p(z) = p(2); 
(b) p(z) = 0 if and only if p(z) = 0; 
(c) the roots of p(z) = 0 appear in conjugate pairs, i.e., if zo is a root of p(z) = 0, 
SO iS Zo. 


Proof. Let p(z) = a9 +a1zZ+...+4y2" for ao, a1, ...,d, € R. Then 


P(z) = a9 Fayz+ oF anz" 
= GQ + QZ +--+ +anz" 
=a + (@)Z+---+(Ga)z" 
= ag + ajZ+-+++an2" = p(Z). 


If p(z) =, then p(z) = 0 and hence p(Z) = p(z) = 0; on the other hand, if p(Z) = 0, 
then p(z) = p(z) = 0 and hence p(z) = 0. 
By the above, p(zo) = 0 if and only if p(Z) = 0. Therefore, zo is a root of p(z) = 0 


if and only if Zo is. a 
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4. Let 
Zz 


12) = = 
«) si a 
Find the inverse image of the disk |z| < 1/2 under T and sketch it. 
Solution. Let D = {|z| < 1/2}. The inverse image of D under T is 


T-\(D) ={2€C:T(2) ED} = {ITO < 3} 


1 
<5} =(2kl<le+lh 


Let z=x+ yi. Then 


2\z| < |zt+ 1] 4x? +y") < (x41)? +9" 
& 3x” —2x+43y? <1 


oS : Ze 
Pals 
So 
2 
T—'(D) = a ae 
(D) {2 Zz 3 <3} 
is the disk with centre at 1/3 and radius 2/3. a 


5. Sketch the following sets in the complex plane C and determine whether they are 
open, closed, or neither; bounded; connected. Briefly state your reason. 


(a) |z+3| <1; 
(b) |Im(z)| > 1; 
() de z43|-< 2, 


Solution. (a) Since {\z+3| < 1} ={(x+3)?+y?—1 <0} and f(x,y) = (x+3)?+ 
y* — 1 is acontinuous function on R?, the set is open. It is not closed since the only 
sets that are both open and closed in C are @ and C. 

Since 


[z| = |z+3—3| < |z+3|4+|-3] = |z+3|/+3 <4 


for all |z+3] < 1, {|Z +3] < 1} C {|z| <4} and hence it is bounded. 
It is connected since it is a convex set. |_| 


Solution. (b) We have 


{|Im(z)| > 1} = {h] = 1} = ty 2 TU {y < -]}. 
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Since f(x,y) = y is continuous on R?, both {y > 1} and {y < —1} are closed and 
hence {|Im(z)| > 1} is closed. It is not open since the only sets that are both open 
and closed in C are 0 and C. 

Since z, =n-+2i € {|Im(z)] > 1} for all n € Z and 


lim |z,| = lim Vn? +4 =, 
n-oo n—-oo 


the set is unbounded. 
The set is not connected. Otherwise, let p = 2i and g = —2i. There is a polygonal 
path 


PoP1 UPip2U.--UPn-1Pn 
with po = P, Pn = g and px € {|Im(z)| > 1} for allO<k <n. 
Let 0 <m <n be the largest integer such that p», € {y > 1}. Then pmi1 € {y < —1}. 
So Im(pm) > 1 > 0 and Im(pn41) < —1 < 0. It follows that there is a point p € 
PmPmni such that Im(p) = 0. This is a contradiction since PmPm+i C {|Im(z)| > 1} 
but p ¢ {|Im(z)| > 1}. Therefore the set is not connected. a 


Solution. (c) Since —2 € {1 < |z+3] < 2} and {\z+2| <r} ¢ {1 < |z+3] < 2} 
for all r > 0, {1 < |z+3] < 2} is not open. Similarly, —1 is a point lying on its 
complement 

{iS243/) <2)" ={iz+3| 22} {\2+3) = 1} 
and {|z+1| <r} Z {1 < |z+3] < 2}° for all r > 0. Hence {1 < |z+3] < 2}° is not 
open and {1 < |z+3]| < 2} is not closed. In summary, {1 < |z+3] < 2} is neither 


open nor closed. 
Since 


= a SS) Seek B[Se 3c 


for all |z+3] < 2, {1 <|z+3| <2} Cc {|z| < 5} and hence it is bounded. 

The set is connected. To see this, we let pj = —3/2, pz = —3 + 31/2, p3 = —9/2 
and p4 = —3 — 3i/2. All these points lie on the circle {|z +3] = 3/2} and hence lie 
in {1 < |z+3] <2}. 

It is easy to check that for every point p € {1 < |z+3| <2}, ppg C {1 < |z+3| < 2} 
for at least one px € {P1, P2, 3, p4}. So the set is connected. | 


. Show that 


| sin z|* = (sinx)? + (sinhy)? 
for all complex numbers z = x + yi. 
Proof. 

| sin(z)|? = | sin(x + yi)|* = | sin(x) cos(yi) + cos(x) sin(yi) |? 
= | sin(x) cosh(y) — icos(x) sinh(y) |? 
= sin’ xcosh? y+ cos x sinh? y 
= sin? x(1 + sinh y) + cos” xsinh? y 


= sin? x + (cos?x + sin” x) sinh” y = (sinx)” + (sinhy)’. 
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7. Show that 
| cos(z)|? = (cosx)* + (sinh y)? 


for all z € C, where x = Re(z) and y = Im(z). 


Proof. 
| cos(z)|? = | cos(x +yi) |? = |cos(x) cos(yi) — sin(x) sin(yi)|? 
= | cos(x) cosh(y) — isin(x) sinh(y) |? 
= cos” xcosh” y + sin? xsinh? y 
= cos*x(1+sinh?y) + sin? xsinh? y 
= cos*x+ (cos*x+ sin? x) sinh? y = (cosx)? + (sinh y)? 
| 
8. Show that 


ene a = tanz; + tan z2 
sk a 1 — (tanz;)(tanz2) 


for all complex numbers z; and zp satisfying z1, 22,71 +z2 Ana+7/2 for any integer 
n. 


Proof. Since 


i(e _ e!1) i(e 2 = ei2) 
ell 7 ew e'2 + etka 
os se — elt) (el22 4 e-i2) 4 (e-ie2 — eizz) (eli 4 e-it1) 
(ef +e—!1) (el + e~!22) 
ei(zi+z2) = e—ilzit+z2) 


2 (e!1 + e211) (e!2 + e— 22) 


tanz, + tanz2 = 


and 
i(e7% = ei!) i(e 2 =" e!2) 
_ (tan z;) (tan z2) — 1 ( gil 4 e- ) ( ei22 + e722 
(emit + eft) (eH 4 olt2) 4 (eB! — et) (e% — iz) 
= (e~1 a elZl : (e—22 an el22) 
el(aitz2) 4 ei +22) 
~ “(eit ¢ eta) (ce! 4 ef)’ 
we have 


tan z; + tanz2 eilzitz2) _ e—i(zi+z2) 
— j - : —t : 
1—(tanz))(tanz2) eli +22) 4 eH) an(z1 +22) 
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10. 


Alternatively, we can argue as follows if we assume that the identity holds for z; and 
zo real. Let 
tan z; + tan z2 


F (21,22) = tan(zi +22) — 7— (tanz,)(tanz>) 


We assume that F'(z1,Z2) = 0 for all z1,z2 € R with z), 22,21 +22 Ana+7/2. 
Fixing z; € R, we let f(z) = F(z1,z). Then f(z) is analytic in its domain 


C\({na+2/2}U{na + 2/2—z1}). 


And we know that f(z) = 0 for z real. Therefore, by the uniqueness of analytic 
functions, f(z) =0 in its domain. So F(z;,z2) = 0 for all z} € R and z2 € C in its 
domain. 

Fixing z2 € C, we let g(z) = F(z,z2). Then g(z) is analytic in its domain 


C\({nm + 1/2} U {nt + 1/2 —z9}). 


And we have proved that g(z) = 0 for z real. Therefore, by the uniqueness of analytic 
functions, g(z) = 0 in its domain. Hence F (z;,z2) = 0 for all z; € C and z2 € Cin 
its domain. a 


. Find all the complex roots of the equation cosz = 3. 


Solution. Since cosz = (e” +e “)/2, it comes down to solve the equation e” + 
e % —6, ie., 


w+tw !=6ew*?—6w+1=0 


if we let w = e%. The roots of w? —6w+ 1 =0 are w =3+2vV2. Therefore, the 
solutions for cos z = 3 are 


iz = log(3 +2V2) © <= —i(In(3 42V2) + 2nzi) = 2nz — iln(3 £2V2) 


for n integers. a 
. | an 
Calculate sin (= - i). 
Solution. 
1 | . ; 
sin (= af. i) = mo -_ ese) 
_ s(e tel a ee M4) 
i 
1 XN X X X 
or (e-'(cos 1 + isin 7? —e(cos a isin =)) 


A(t) 2 (2), 
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11. Compute cos (F +i). 


Solution. 


cos (F +i) = (etna +e t/3+i)) 


_ sen ten? pee MP) 


= at "(cos = +isin =) +e(cos > — isin =) ) 
aN angus 3 3 


ae a ee) 


12. Find 7’ and its principal value. 


Solution. We have 


ilogi _ el (2nzi+zi/2) — enn m/2 


ii =e 
for n integers and its principal value given by 


tS ei Losi 


: — ei(ti/2) =e t/2, 


13. Let f(z) be the principal branch of \/7. 
(a) Find f(—i). 


Solution. 


f(-i) = exp(; Log(—i)) = exp(5(—)) = exp\ H=2 


(b) Show that 


fz) f (22) = AF (z122) 


-14+V3i  -1-V3i 
or 5 


for all z},z2 #0, where A = 1, ) 9) 
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Proof. Since 


fe L + : L : Log(z122)) 
= exp(=Lo ~ Logz2 — = Lo 
f(ziz0) P 3 8Z1 3 8%2 3 8\<122 
it 
= exp( (Logz1 + Log z2 — Log(z1z2))) 
i 2nki 
= exp(; (Argzi + Argz2 — Arg(ziz2))) = exp(——) 
for some integer n, A = exp(2n7i/3). Therefore, 
1 ifn = 3k 
A= ¢ =HV3 ifm =3k+1 
=1Vs ifn = 3k+2 
where k € Z. a 


14. Let f(z) be the principal branch of z~‘. 
(a) Find f(i). 
Solution. 


f (i) =i! = exp(—iLog(i)) = exp(—i(ai/2)) = e7/. 


(b) Show that 
fla) f(z2) = AF (z122) 


for all z1,z2 £0, where A = 1, e? or e777. 


Proof. Since 


Fe Me2) _ exp(—iLogey — iLogzn + iLog(z122)) 
Ff (z122) 
= exp(—i(Logz; + Log zz — Log(z122))) 
= exp(—i(iArgz) + 7Argz2 — iArg(ziz2))) 
= exp(Argz; + Argz2 — Arg(z1Z2)) 


= exp(2n7) 
for some integer n, A = exp(2n7). And since 
—m < Arg(z1) <7,-m < Arg(z2) <2 
and 
— < Arg(z1z2) < 2, 
we conclude that 
—3m < Argz, + Arg z — Arg(ziz2) < 3% 


and hence —3 < 2n <3. Son=—1,0or 1 and A =e”, 1 or e*. | 
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15. 


16. 


Determine the Mobius transformation mapping 0 to 2, 27 to 0, and i to 3/2. 


Solution. Consider the function 


b 
f= Sp oe 
Then 
f(0) =2 then ° = (2.2) 
f(—2)=0 then —2ia+b=0 (2.3) 
48 ait+b _ 3 
oe 5 then oa (2.4) 


From 2.2 we get d £ 0. Notice also that we can take d to be any nonzero complex 
number. 

Let us take d = i. Thus, from expression 2.2, we have b = 2i. From 2.3, a= 1, and 
from 2.4 we have c = 1. 

Hence the transformation we are looking for is 


z+2i 
Z)= ae 
Fe) Z+1 
Remark: Other formulations are possible for different choices of the constant d, 
e.g. 
iz—2 
Fl) = iz—1 


Let T be a mapping from C to C. A fixed point of T is a point z satisfying T(z) = z. 
(a) Show that any Mobius transformation, apart from the identity, can have at most 
2 fixed points in C. 
(b) Give examples of MOébius transformations having (7) 2; (ii) 1 and (iii) no fixed 
points in C, 


Proof. (a) Let the Mobius transformation be 


az+b 
T(z) = ; 
(2) cz+d 
If T(z) =z, then 
az+b 
= zs 
cz+d 
ce +dz = aztb, 
cv +(d—a)z—b = 0. (2.5) 


Now, if c 4 0, then the expression 2.5 is a quadratic equation with one or two 
solutions. That is 
—(d—a)+[(d—a)* + 4bc]!/? 
2c ; 
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ie 


If c = 0, expression 2.5 becomes 
(d—a)z=b. 


This equation has one solution b/(d —a), if d # a. It has no solution, if d = a and 
b #0. And, finally, it has infinitely many solutions, if d = a and b = 0. 

Notice that in the last case we have d = a and b=c = 0. Since ad — bc £# 0, then 
a=d #0. Thus we have 


That is the identity, which is excluded. 
(b) (i) From part (a), if c 4 0 and (d —a)* +4bc 4 0, we will have 2 fixed points. 
Hence, the function 


is an example with two fixed points: —1 and 1. 
(ii) Now, a function with one fixed point, is the following 


(iii) Finally, with no fixed points, we have 


T(z) =z+1. 


For z € C, show that: 
(a) sinZ= sinz; 
(b) coshz = coshz. 


Proof. (a) Using the definition of sinz, we have 


a ek 7, e% ek =a! e&% e &% = e% e% — e % 
smz = : = == = zi = 7 
2i —?2i —2i 2i 


= sinz 


(b) Recall that for z = x + iy, we have that 


C= Va ee Y= eel =e. 


Thus 
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18. Find all solutions z € C of of the following (express your answers in the form x + iy): 
(a) logz = 4i; 
(b) 2’ =i. 
Solution. (a) We have that exp (logz) = z. Thus 
z= exp (logz) = exp (47) = cos4+isin4 
Notice that, if z= exp (47), then we have 
log (exp (47)) = 47+ 2n7i (n € Z) 
In particular, for n = 0, we have that log {exp (47)] = 47. 
(b) Method one: We know that z’ = exp (ilogz). Thus 
exp(ilogz) = i 
Since i = exp (i(a/2+2nz)), with n € Z, then we have 
1 
exp (i (5 +2nn) ) = exp[i(In|z|+iarg(z))] 


= exp(—arg(z) +iln|z|] 
= exp|—arg(z)]-exp [iln|z|] 
Thus 


arg(z) = 2km (kEZ) and In|z|= = +2nm (n€Z) 


Hence, 


4 
Z=exp [5 + 2na| (ne Z). 


Method two: Consider the following identity 

log [exp (ilogz)] = logi (2.6) 
Thus 

log [exp (ilogz)] = ilogz+2n zi (ny € Z) 
Hence, substituting in (2.6), we obtain 

ilogz+2n\zi = logi (ny; € Z) 


Thus 
logz = —ilogi—2n,7 (nj € Z) 


From the polar form of i, we have that r= 1 and © = 4. Thus 
: .(% 
logi=In1 +i( +2mn) (np € Z) 


So ie 1 
logz = —i fin +i (5 +2m7)| —2n\n = 3 + 27(n2 —n1) 
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with n),n2 € Z. Since nz —n, € Z, we have 
1 
logz= 5 + 2na (n € Z) 
Therefore, z’ = i when 
1 
gS exp E + 2nr| (n € Z) 
| 
19. Show that i ; 
tanh! z= —log eee ; (2.7) 
2 1-z 
Solution. If w = tanh7! z, then 
ei sinhw  e”—e-" ee — 
‘ - coshw e+e’ ew+] 
Thus 
z(e"4+1) = e”-1 
wo Z+ 1 
e a ae 
1 
2wloge = log (FX) 
l= 
1 1 21 
ap a es 
OS Oe Tag 
Hence ; i 
—- 
tanh~! z= —log ( **— }. 
anh °z 5 og (; *) 
| 
20. Find all solutions of the equation tanh z = i and express them in the form x + iy. 


Solution. Method one: 


Applying the inverse hyperbolic function in both sides we have 


z=tanh~!z=tanh!(i). 


Using the formula (2.7), we have 


tanh! (i) 


2.1 Basic notions 33 


Using the definition of log for i with r = 1 and © = 7/2 we have that 


log (i) =In1 +i(5+2nn) =i(5+2nr) (ne Z). 


2 
Therefore 
1 Nt 1 
z= tanh”! (i) = . i (5 +2nn)| = (> +nn) 
forn € Z. 
Method two: 


We know that - os ot 
epee —isin(iz) 


= = = —itan(iz). 
coshz —_ cos(iz) (iz) 


Thus, 
tanhz=i <= > -—itan(iz)=i <= > tan(iz)=—-l. 


Applying the inverse trigonometric function in both sides we have 
ig = tan”! (iz) = tan7!(—-1). (2.8) 


Now, using the formula 


—] 1 (=) 
tan z= = log | —— 
2 I—Z 


we obtain 
ee es 
tan (-1) = soe (5) 
i 
= flog 
= 5 [#(5 +200) | (n€Z) 
7 
- - (4 +nz) (n€ Z). 


Thus, substituting in (2.8), we have 


Hence 
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21. Let Q; and Q2 be nonempty, closed sets in C. 


(a) Show that the set Q] UQz is closed. 
(b) If instead Q, is nonempty and open: 
(i) could Q; UQy still be closed? 
(ii) Need it be closed? 
Give proofs or examples/counterexamples. 


Proof. (a) We need to prove that 
0 (Qy UQ2) CQ) UQ». 

Let z € 0 (Q; UQ)). Thus, for every € > 0, we have that 

Be(z) A(Q, UQ2) 40 (2.9) 
and 

Be(z) N(Q1 UQ2)* = Be(z) N(Q5NQs) FO. (2.10) 
From expression (2.9), 

Be(z)NQ1 40 or Be(z)NQ2 4, or both. 
But, from expression (2.10), we have 
Be(z)NQ5 AO and Be(z)NQ5 FO. 


Hence 
Be(z)NQ, AO and Be(z)N Qi FO, 


or 
Be(z)NQ2 40 and Be(z)NQS £9, 
or both. This means that z € dQ, or z € AQ) (or both). That is 


Z€0Q,;UAQ. 


Since Q; and Q) are closed, we have that z € dQ; UAQ, C Q; UQ». Therefore 
Q UQz is closed. 

(b) (i) The answer is ’yes’. For example, Q; = Bi (0), Qo = By (0). 

(ii) The answer is ’no’. For example, Q; = B\(0), Q2 = B2(0). In this case, Qy U 
Qy = Qz is open. x 
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2.2 Limits, Continuity and Differentiation 


1. Compute the following limits if they exist: 
iP +1. 


270 ZZ 
Solution. (a) 
_ i+]. i( +e) 
im > = lim —-—_ 
eeiz +l zea gl 


_ Jim,,_;(2” =a r) 
lim,_,—;(z—i) 


7 jlim.s-iz" —ilim,,_;z+lim,_,_;i” 


lim,-,—;Z = lim,-,_; 1 


_ ira) +f) 3 


—i-i 2 
(b) 
_ 4t+27 44+z° 
lim 
z3e0(z—1)2  240(z-!-1)2 
— 42241 lim, 49(4z? +1) 
= lim 5 = s 5 
z0(1—z) lim,_,9(1 — z) 
_ A(lim,_,9z)* + lim,_,o 1 | 
(lim,+0 1 —lim,_,9 a) 
(c) Since 
I 
lim ©) _ jim? =; 
Re(z)=0,z90 Z y—0 Yl 
and 
I 
fe Oe 
Im(z)=0,z90 Z x0 xX 


the limit does not exist. 
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2. Show the following limits: 
5 


li =: 
(a) lim Spar ae 
yy ——_————_—_ = & 
(b) pre) zz +422, : 
a Geb) as 
(c) nay eae => asic #0. 
Solution. (a) 
5 
45 4(4 4 
pie Oe at Yn =4 


ee Az 240 (1)5_ 49 (1) ~ 301424 
z z 


(b) Notice that 
eee es ea 
zoo 72 + 427 20 | 1/z2+42/z 
<— ilim : 7 
2-90 | 2* +4223 
<=> lim (z°+42z°) =0. 
z0 
74 
Therefore, iim 4 Adz =o, 
(c) 
(az+b)> _. (a/zt+bP _. (ath a 


ze (eztd)s z0(c/z+d)s 0(e+dzp 


3. Show that lim z/Z does not exist. 
Loe 


Hint: Consider what happens to the function at points of the form x + Oi for x — 0, 
x #0, and then at points of the form 0+ yi for y > 0, y £0. 


Proof. For z=x+0i, x £0, 


eee ee | as x0. 
x 


NLL AN 


On the other hand, for z= 0+ yi, y £0, 


Zz i 
ee -=-l--1 as y-0. 
Ze = yk 
However, a z/Z must be independent of direction of approach. Hence limit does 
LZ 


not exist. a 
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4. Show that if f(z) is continuous at zo, so is | f(z)]. 


Proof. Let f(z) =u(x,y) +iv(x,y). Since f(z) is continuous at zo = x9 + yol, u(x, y) 
and v(x,y) are continuous at (xo, yo). Therefore, 


(u(x,y))? + (v(a,y))? 


is continuous at (x9,yo) since the sums and products of continuous functions are 
continuous. It follows that 


P(2)| = yf ula. y9))2-+ (00,3)? 


is continuous at zo since the compositions of continuous functions are continuous. 
a 


5. Let 


et ae 
0 ifz=0 
Show that 
(a) f(z) is continuous everywhere on C; 
(b) the complex derivative f’(0) does not exist. 


Proof. Since both Z and 2” are continuous on C* = C\{0} and 2? £0, f(z) = 2/2? 
is continuous on C*. 
At z=0, we have 


Ze 
z 


li =li =li =0 

lim |f(z)| = lim lim |2| 

and hence lim,_,9 f(z) =0 = f(0). So f is also continuous at 0 and hence continuous 
everywhere on C. 

The complex derivative f’(0), if exists, is given by 


7 33 
im £0- £0) _ 2 
z30)0=—z—-0 2-40 23 
Let z=x-+ yi. If y= 0 and x — 0, then 


53 e 


. z ; 
lim a = lim-,=1. 
z=x-0 Z x0 X 


On the other hand, if x = 0 and y > 0, then 


ze  ... (=yi)? 


z=yi0 2 x0 (yi) 3 


So the limit lim,,9Z°/z> and hence f’(0) do not exist. a 
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6. Show that f(z) in (2) is actually nowhere differentiable, i.e., the complex derivative 
f'(z) does not exist for any z € C. 


Proof. It suffices to show that C-R equations fail at every z 4 0: 
0 Od OL 50 We 
(S715) 10= (Rt) 


en jad Z 
~ ax \ 22 Oy 2 


672 
= = 40 
for z #0. a 
7. Find f’(z) when 
(a) f(z) = —42+2; 
(b) f(z) = Urea 
z 
(c) f(z) = ee (Z#—5); 


(d) f(z) =e'* (2 #0). 
Answer. (a) 2z—4; (b) —8(1 —z7)z; (c) —1/(22+1)?; @ —el/2/22. 
8. Prove the following version of complex L’Hospital: Let f(z) and g(z) be two 


complex functions defined on |z— zo| < r for some r > 0. Suppose that f(zo) = 
e(zo) =0, f(z) and g(z) are differentiable at zy and g’(zo) #0. Then 


F(z) _ f'(Zo) 


im — 
z+ g(z) — g'(z0) 
[Refer to: problems Ic and 6 in section 3.1; and problem 12 in section 3.2] 


Proof. Since f(z) and g(z) are differentiable at zo, we have 


lim = f' (20) 
zm 860. Z— 2 

and 
lin g(z) a 8(Z0) <2 g’ (zo) 
oun ed) Z— ZO 


Finally, since f(zo) = g(zo) = 0, 
f(z) _ fo) 


2% g(z) a’ (Zo) 
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9. Show that if f(z) satisfies the Cauchy-Riemann equations at zg, so does (f(z))” for 
every positive integer n. 


Proof. Since f(z) satisfies the Cauchy-Riemann equations at Zo, 


($415) fea =9 


at zo. Therefore, 


(Sti) VON= ZU) +iS Vey 


= (£2) E) HFS FO 
he od - 
= fo"! (5-485) F@=0 
at Zo. B 


2.3 Analytic functions 


1. Explain why the function f(z) =2z” —3 —ze* +e“ is entire. 


Proof. Since every polynomial is entire, 2z* — 3 is entire; since both —z and é* are 
entire, their product —ze* is entire; since e* and —z are entire, their composition e * 
is entire. Finally, f(z) is the sum of 2z° — 3, —ze® and e~~ and hence entire. a 


2. Let f(z) be an analytic function on a connected open set D. If there are two constants 


cy and cz € C, not all zero, such that c f(z) + cof (z) =0 for all z € D, then f(z) is 
a constant on D. 


Proof. If cz =0, c1 #0 since cy and cz cannot be both zero. Then we have c; f(z) = 
0 and hence f(z) = 0 for all z € D. 


If cz £0, f(z) = —(c1/c2) f(z). And since f(z) is analytic in D, f(z) is anlaytic in 


D. So both f(z) and f(z) are analytic in D. Therefore, both f(z) and f(z) satisfy 
Cauchy-Riemann equations in D. Hence 


in D, where f(z) = u(x,y) +iv(x,y) with u = Re(f) and v = Im(f). It follows that 


a8), (8.,2),- 
Ox Oy a \ Oe Oy = 


and hence u, = uy = vy = vy = 0 in D. Therefore, u and v are constants on D and 
hence f(z) = const. a 
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3. Show that the function sin(Z) is nowhere analytic on C. 


Proof. Since 


Ds pO er te ) 
(Z+5] sin(Z) = on sin(Z ae 


= cos(Z) — = + icos(z \— 


Ox a 
= cos(Z) +icos(z)(—i) = 2cos(Z) 


sin(Z) is not differentiable and hence not analytic at every point z satisfying cos(Z) # 
0. At every point zo satisfying cos(Zo) = 0, i.e., z9 =n + 7/2, sin(Z) is not differ- 
entiable in |z— zo| < r for all r > 0. Hence sin(Z) is not analytic at z9 =na+7/2 
either. In conclusion, sin(Z) is nowhere analytic. a 


4. Let f(z) = u(x, y) + iv(x,y) be an entire function satisfying u(x,y) < x for all z= 
x+yi. Show that f(z) is a polynomial of degree at most one. 


Proof. Let g(z) = exp(f(z) —z). Then |g(z)| = exp(u(x,y) —x). Since u(x,y) <x, 
|g(z)| < 1 for all z. And since g(z) is entire, g(z) must be constant by Louville’s 
theorem. Therefore, g’(z) =0. That is, (f’(z) — 1)exp(f(z) — z) = 0 and hence 
f'(z) = 1 for all z. So f(z) =z-+c for some constant c. a 


5. Show that 
|exp(z> +i) + exp(—iz”)| < eX 3x" 4 e2xy 
where x = Re(z) and y = Im(z). 
Proof. Note that |e?| = e8®©), Therefore, 


|exp(z’ +i) +exp(—iz’)| < |exp(z’ +4)| + |exp(—iz’)| 
= exp(Re(z* +i)) +exp(Re(—iz’)) 
= exp(Re((x* — 3xy*) + (32°y—y? + 1)i)) 
+ exp(Re(2xy— (x7 —y*)i)) 
gh 28K 4629, 


6. Let f(z) =u(x,y) +iv(x,y) be an entire function satisfying 


v(x,y) > x 


for all z=x-+yi, where u(x,y) = Re(f(z)) and v(x,y) = Im(f(z)). Show that f(z) 
is a polynomial of degree 1. 
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Proof. Let g(z) = exp(if(z) +z). Then 


|g(z)| = |exp((—v(x,y) + iu(x, y)) + («+ iy))| = expQx— v(x, y)). 


Since v(x,y) <x, x—v(x,y) < 0 and |g(z)| < 1 for all z. And since g(z) is entire, 
g(z) must be constant by Louville’s theorem. Therefore, g’(z) = 0. That is, (if’(z) + 
1) exp(if(z) +z) =0 and hence f’(z) =i for all z. So f(z) =iz+c for some constant 
C. a 


7. Show that the entire function cosh(z) takes every value in C infinitely many times. 


Proof. For every wo € C, the quadratic equation y* — 2woy + 1 = 0 has a complex 
root yo. We cannot have yo = 0 since 0* — 2w9:0+1 40. Therefore, yo 4 0 and 
there is zo € C such that e*° = yo. Then 


eX%te-9 yo+1 — 2woyo 
cosh(zo) = 5 = i = soy = Wo. 


And since cosh(z+ 271) = cosh(z), cosh(zo + 2n7i) = wo for all integers n. There- 
fore, cosh(z) takes every value wo infinitely many times. a 


8. Determine which of the following functions f(z) are entire and which are not? You 
must justify your answer. Also find the complex derivative f’(z) of f(z) if f(z) is 
entire. Here z= x-+ yi with x = Re(z) and y = Im(z). 

oH 

1+? 

Solution. Since u(x,y) = Re(f(z)) = (1 +x? +y?)7! and v(x,y) =0, uy = 

2x(1+x?+y?)~? 40 =v,. Hence the Cauchy-Riemann equations fail for f(z) 

and f(z) is not entire. 


(a) f(z) 


(b) f(z) =2° (here 2% and 3% are taken to be the principle values of 2% and 3°, 
respectively, by convention) 


Solution. Let g(z) = 2% and h(z) = 2°. Since both g(z) and h(z) are entire, 
f(z) = g(h(z)) is entire and 


f(z) = 8'(h(z))h'(z) = 2°3*(In2)(In3) 


by chain rule. 


(c) f(z) = (x? —y?) — 2xyi 


Solution. Since 


a. oe re re 
(S415) F= Ox— 29H) +i(—2y— 20) = ae Ayi £0, 


the Cauchy-Riemann equations fail for f(z) and hence f(z) is not entire. 
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(d) f(z) = (x? -y?) + 2xyi 


Solution. Since 


dd = ae a 
(5 tix \f= (2x — 2yi) +i(2y+ 2xi) =0, 


the Cauchy-Riemann equations hold for f(z) everywhere. And since f; and fy 
are continous, f(z) is analytic on C. And f’(z) = fy = 2x + 2yi = 2z. 


9. Let Cr denote the upper half of the circle |z] = R for some R > 1. Show that 


el 1 
2+z+1}— (R-1)? 


for all z lying on Cr. 


Proof. For z € Cp, |z| = R and Im(z) > 0. Let z=x+ yi. Since y = Im(z) > 0, 


Je| _ Jey) ae leo" eo) <1 


(PA) (Se) 
: 7) ‘ 2 


_ -l4+v3i =24/31 
7 2 2 


(FS) (Fs 


for z € Cr. And since 


I~ +z+1| 


2 
= (R—1)(R-1) =(R-1), 


we obtain 


el “4 1 
2+z+1}~ (R-1)? 


for z € Cp. |_| 


10. Let 


_ fell ifz40 
w={' if -=0 


Show that f(z) is continuous everywhere but nowhere analytic on C. 
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11. 


Proof. Since both Z and |z| are continuous on C, Z*/|z| is continuous on C*. There- 
fore, f(z) is continuous on C*. To see that it is continuous at 0, we just have to show 
that 
= 
lim f(z) = lim — = f(0) =0. 


z0 z0 |z| 7 


This follows from 


52 


[z| 


5|2 
iia = lim |z| =0. 


lim 
z—0 \z| z0 


z0 


Therefore, f(z) is continuous everywhere on C. 
To show that f(z) is nowhere analytic, it suffices to show that the Cauchy-Riemann 
equations fail for f(z) on C*. This follows from 


Dee 8 Z 

dx ay) \{q 
foe tee \ 7 of Dine. ee 
=(q eat ie 2) 


(4z—x—iy)z* 32 
= 0 
eB ral 7 


for z #0. Consequently, f(z) is nowhere analytic. a 


Find where 


r i 
t ary 
an (Zz) 5 ae 


is analytic? 


Solution. The branch locus of tan~!(z) is 


For w € (—<9, 0], 


-] 2 
Lee | 


—— = | ~~ € (~», - IU (I, 
w+l w+l ( pee 


so tan~!(z) is analytic in 


C\ {z: Re(z) = 0, Im(z) € (—2, —1] U[1,00)}. 
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12. 


13. 


Show that the following functions are defined on all of C, but are nowhere analytic 
(here z= x+ iy): 

(a) z+ 2xyt+i(x?+y’); 

(b) zKHe&e™. 


Proof. (a) Notice that the real and imaginary components of the function 


f(z) = f(xtiy) = 2xy +i? +y’) 


are well defined. Hence the function f(z) is defined on all C. If f(z) were analytic 
then we will have 


Uy=Vy = 2y=2y (2.11) 
and 
Uy=—Vvy => 2x=—2x (2.12) 


Equation (2.11) is true for all z € C. However, equation (2.12) is true only on 
the imaginary axis. Hence, there is no point in C for which the functions f(z) 
is differentiable on a neighbourhood (since the Cauchy Riemann equations are 
necessary for differentiability) and therefore, f(z) is nowhere analytic. 

(b) Note that the real and imaginary components of the function 


f(z) =f(xt+iy) = ee” = & cosx+ ie’ sinx 


are well defined. Hence the function f(z) is defined on all C. If f(z) were analytic 
then we will have 


Ux = Vy > —e’ sinx = & sinx > 2e”sinx = 0 => sinx =0 


and 
Uy = —Vx => e cosx = —e’ cosx = 2e” cosx = 0 => cosx = 0. 


On the one hand, we have that the roots of sinx are nz (n = 0, +1,+2,...), but 
cos(n7) = (—1)" £0. On the other hand, the roots of cosx are (2n—1)2/2 but 
sin((2n — 1)a/2) = —cos(nz) = —(—1)" £0. Consequently, the Cauchy-Riemann 
equations are not satisfied anywhere. a 


Show where the function z++ x° +i(1 —y)? is: 
(a) analytic; 
(b) differentiable (here z = x + iy). 
Solution. If the function 
f(z) = f(zt+iy) = +i(1-y)y? 


were analytic then we will have 


Uy=Vvy => 3x°=-3(1-y)?, 
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which is only satisfied at x = 0, y = 1; and, on the other hand, 
Uy = —Vx > 0 —— 0, 


which holds everywhere. Note also that the componentes of f(z), and all its first- 
order partials exist everywhere. 

Since the Cauchy-Riemann equations only hold at z = i, the function f(z) is only dif- 
ferentiable at z =i. Hence, in particular, it is not differentiable on any neighbourhood 
of any point, and therefore is nowhere analytic. a 


14. Verify that the following functions are analytic on their domain of definition, and 
state the derivative, (here z= x+iy= e!®). 
(a) z++Inr+i0, domain {z:r>0,0< 0 < 27}; 
4z+1 


(b) Li ae domain C\ {0, 1,-1}. 


Solution. (a) We have u, = 1/r, v, = 0, ug = 0, ve = 1. Hence u, u;, ug, V, Vr, Vo 
are defined and continuous on the domain, with the Cauchy-Riemann equations 
being satisfied. That is 


~ 


ruy=Vve & =1, and ug=-v & O=0. 


The derivative is then 


, af 1 1 1 
f'(z) _ e 18 (u, +iv;) = e 8 ( ) = Fr = ; 
re zg 


since z = re'®. This is defined on the whole domain, Therefore the function f(z) is 
analytic there. 

(b) The functions is a rational function and hence exists and is differentiable as long 
as the denominator does not vanish, which is true on the whole domain. Hence f is 
analytic on the whole domain, with 


Fae (¢? —z)+4—(4¢4+1)(3z7 —1) _ —(823 + 3z+1) 


Cea (mage 


2.3.1 Harmonic functions 


1. Verify that the following functions u are harmonic, and in each case give a conjugate 
harmonic function v (i.e. v such that u + iv is analytic). 
(a) u(x,y) = 3x2y + 2x? —y? — 2y?, 
(b) y(x,y) = In? +5”). 


Solution. (a) If u(x,y) = 3xy + 2x? — y? — 2y?, then 


ux = 6xy + 4x, Uy = 3x? — 3x7 —4y 
Ux, = 6y +4, Uyy = —b6y—4 
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Thus 
Au = xx + Uyy = 6y +44 (—6y—4) = 0. 


Hence, u is harmonic. 
The harmonic conjugate of u will satisfy the Cauchy-Riemann equations and have 
continuos partials of all orders. By Cauchy-Riemann equations 


Ux =Vy, Vx = Uy, 


we have that v, = 6xy + 4x. Thus 


v= [ (ov +4xay = 3xy* +4xy-+ g(x). 


Thus 
vy = 3y? + 4y +9" (x) 
Since vy = —Uy, 
By? +4y+el(x) = —3x7+3y?+4y 
g(x) = —3x° 
g(x) = —x© 


Therefore, the harmonic conjugate is 


v(x,y) = 3xy”? +4xy— 23. 


(b) If u(x, y) = In(x? — y”), then 


2K _ dy 
Wa 2 yp? My = 242 
2(y* —x*) a = 2”) 
Uu =— Sai SS  — — 
aN (x2 + y2)2 vy (x2 + y2)2 


Thus a 5. 5 

2(y* —-x 2(x* — 

" a we YP 42 =9, 
x*+y x*+y 


Au = Uxy + Uyy = 


Hence, u is harmonic. 
Similarly to the previous part, by Cauchy-Riemann equations 


Ux =Vy, Vx = Uy, 


2x 
an Thus 


we have that v, = aap 
xX“ y 


2 
v= |x ret = 2arctan= + g(x) 


So we have 
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Since vy = —Uy, 
—2y ! —2y 
Gay e+y 
g(x) = 0 
g(x) = c cER 


Hence the harmonic conjugate is 
- y 
v(x,y) = 2 arctan — 
x 


Notice that u is defined on C \ {0} and v is not defined if x = 0. a 


2. Suppose that U solves a Neumann problem for Laplace’s equation on a domain Q. 
Show that U + c also solves this problem for any c € R. Does the same result hold 
for the corresponding Dirichlet problem? 


Proof. Let n be the external unit normal to Q. If U solves a Neumann problem then 
U satisfies the following conditions 


AU=0, inQ; 
og, on dQ 


Considering U +c, we have 
A(U +c) = AU =0. 
So U +c satisfies Laplace’s equation in OQ. Furthermore, 


d dU 

Then U +c also satisfies the boundary condition on Q. Therefore, U +c solves the 
Neumann problem. 

On the other hand, if U solves a Dirichlet problem, it satisfies the conditions 


AU =0, inQ; 
U=a, ondQ 


where & € R. Certainly, U +c satisfies Laplace’s equation for any c € R. However, 
U +c satisfies the second condition only when c = 0. Hence, U + c does not solve a 
Dirichlet problem. a 


3. Let A be the domain {w|Imw < 2}. Denote the two components of the boundary 
of A by Ty = {w|Imw = 0} and I, = {w|Imw = zw}. Let C be an arbitrary real 
constant. 
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(a) Verify that the function 
T=Im (— +Ceoshw) 


is harmonic on A, and satisfies the Dirichlet boundary conditions 


(b) For what values (if any) of C is T a bounded function on A, i.e. for what values 
of C does there exist an M > 0 such that |T(w)| < M for all w € A? 


Solution. (a) Let w= u-+iv, then we have 
Ww v . : 
T=Im (< +Ceoshw) = —+Csinhusinv. 
1 1 
Then 


1 
T, = Ccoshusinv, = —+Csinhucosv 


T, 
Ty = Csinhusinv, T,y = —Csinhusinv 


Thus 
AT = Ty + Ty = Csinhusinv + (—Csinhusinv) = 0. 


Hence, T is harmonic on A. 
Notice that on I}, we have that v = 0 and so T = 0. Finally, on I> we have that 


v=, then T = ~+0= 1. 
(b) If C = 0, the solution is - and |T| < | on A. If C £0, considering the point 


| 
Wo=H+ ah we have 


1 
T (wo) 5 +Csinh 


1 
5 (1+Ce4 +Ce#) 
For a function pw sufficiently large 
C 
IT (0)| > len, 


which tends to co as ff — co, Therefore, T is unbounded on A. a 


3. Complex Integrals 


3.1 Contour integrals 


1. Evaluate the following integrals: 
2 
(a) | (+i) dt: 
tii ; 
(b) | eit at, 
0 


(c) i te“ dt when Re(z) < 0. 
0 


Solution. 
(a) 
2 2 2 
| (1? +i) a= | (t* + 2it? +i7)at 
1 1 
8 2i J 226, 14, 
“5° 3 bk 5 3° 
(b) 
e _ eo 2it n/4 
21 
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(c) 
co - 1 
te‘dt=-— | td(e”) 
0 Z/S0 
1 ZE | 22 s Zt 
=-—| te ls — e“ dt 
K 0 
ae ec, 
——— (im tee = (Jim et — ')) 
Zz t—oo Z \t-00 
_ 1 
ze 
where 
lim te” = lime” =0 
t—oo t—oo 
because 
: : : t . 
lim |te”| = lim te’®*® = lim = —lim =0 
too t—y00 t300 et too xe 


by L’ Hospital (see Problem 8 in section 2.2), and 


ee) im 20 


t300 et 


lim |e“| = lime 
t—oo t—oo 
as x = Re(z) <0. 


2. Find the contour integral Sy2dz for 
(a) vis the triangle ABC oriented counterclockwise, where A = 0, B = 1+i and 


C= -2; 
(b) yis the circle |z—i| = 2 oriented counterclockwise. 


Solution. (a) 
[re= | zdz+ | zdz+] 2dz 
y AB BC CA 
= [THe +i) 
+ f TNO) Fa(1 —N 14) —29 
+ [ a2 -0) 


1 
ay, aes ((21— 4)-+10n)d1+ [ A(t —1)dt 
0 
=14(2i-4)+5-2=2i 


(b) 


2a ' 2n boat Shy 
| i+ 2ed(it20) = [| 21-14 20-*)eHat = Bui. 
0) 0 


3.1 Contour integrals 5] 


3. Compute the following contour integral 


[x42 
2 


where L is the boundary of the triangle ABC with A = 0, B = 1 and C = i, oriented 
counter-clockwise. 


Solution. 
p= Zdz+ zdc+ f Zdz 
BC 
-[ rar (1—1) +tid((1 —t) +ti) 
+f Fiat) 
0 
1 1 1 
= rdt+(-1+i) [ (1-1) -riyar — [ (1—t)dt= 
0 0 0 
4. Evaluate the contour integral 


[ f(z)dz 


using the parametric representations for C, where 


and the curve C is 
(a) the semicircle z = ag? (0O<@<7); 
(b) the semicircle z = 2e"” (x < 0 < 2n); 
(c) the circle z = 2e’® (0 < @ < 2z). 


Solution. 


(a) 
1 4e2i0 anh ; 5a r 
= —— L = 2 is Sg 
[f@ae= [pa l20l9) = (262? — | = - mi 
(b) 
20 4e2i8 =r | adi . 
[f@d= fi —zp19 4 (2e 9) = (2e7 — i) |" = —ni 


(c) Adding (a) and (b), we have —277. 
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5. Redo previous Problem 4 using an antiderivative of f(z). 


Solution. For (a), 


2 


=) 
[r@a= — ( lim Loe) 
c 2\9 tro 


= —(In2+ai-—In2) = —7i. 


[roa= 5 
= —(In2—(In2—7i)) =—7i. 


2 
= fo — lim Leas) 


—2 Im(z)<0 


6. Let Cr be the circle |z| = R (R > 1) oriented counterclockwise. Show that 


Log(z? InR 
i) we as| <4n (EE ) 
Cr R 


and then 
L 
lim | oB(z) 4 9 
Ro JCp Z 


Proof. Using expression (1.1) in Problem 5, we have 
| Log(z’)| < |In|z*||+2=2InR+2 


for |z| = R > 1. Therefore, 


Log(z? 21nR 
[ seas <2nR (| 
CR 


zz 
ae m/2+1nR Br m+InR 
i R R ; 
And since 


InR 1 
jim an (= ) =4n fim 5 =o 


R- oo Roo 


by L’Hospital (see Problem 8 in section 2.2), 
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7. Without evaluating the integral, show that 


| dz On 
c2+z4+1 


= 
where C is the arc of the circle |z| = 3 from z = 3 to z = 3/ lying in the first quadrant. 


16 


Proof. Since 


24+Z4+1/> (2 |—|zZ]-1=|z\?-|z|-1=5 


for |z| = 3, 

1 | 1 
aS an 
Z+7Z4+1 By) 

Therefore, 


| dz 62 / 1 3m On 
< Se ee. 
cv+z4+1|/— 4 \5 10 > 16 


8. Evaluate the integral {. Re(z)dz for the following contours C from —4 to 4: 
(a) The line segments from —4 to —4— 4i to 4 — 4/ to 4; 
(b) the lower half of the circle with radius 4, centre 0; 
(c) the upper half of the circle with radius 4, centre 0. 
(d) What conclusions (if any) can you draw about the function f(z) = Re(z) from 
this? 


Solution. (a) Notice that the contour C consists of three contours: 
i. C, defined by z(t) = —4 —4it, with 0 <t < 1, followed by 
ii. C2 defined by z(t) = —4(1 — 2r) —4i, with 0 <¢ < 1, and finally 
iii. C3 defined by z(t) = 4—4i(1—1), withO<t<1 
Thus 


[ro«=f  feac= fe fiact f ployde+ f flea (3.1) 


where f(z) = Re(z). Recall also that fo. f(z)dz = J? f(z(t))z/(t)dt. 
Now, for C, we have that z'(t) = —4i. Then 


f(Qdz= [aia = 16i [at = 16it| S16: 
For C2 we have that z’(t) = 8, then 
1 
[ fede = ip [—4(1 —21)] (8)ae 
i ' (641 —32)dt 


1 1 
i 64 | rat ~32 | dt 
0 0 


gla 
a slo i 
= 32-32=0 


1 
0 
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Finally for C3 we have that z’(t) = 4i, then 


1 1 1 
f(ae= [ (4) (4i)dt = 16i | dt = 16it| = 16i. 
C3 0 0 0 
Therefore, using expression 3.1, we obtain 
| Re(z)dz = 32i 
Cc 


(b) In this case, the contour C is defined by 
z(t) = 4e” = 4cost + 4isint, 


with 2 <r < 27. Here we have z(t) = 4ie". 
Thus 


[Re(aaz = [ eosey aie 


20 : 
= 16i | coste” dt 


4 


20 20 

= 16i | cos" dt — 16 | cost sintdt 
Tu 1 

20 
20 . 24 

= si | [1 +cos(2t)|dt —16- 


1 


= 8] +e i 


1 


—0O0=87i 


(c) Finally, in this case, the contour C is defined by 
z(t) = —4e~" = —4cost + 4isint, 


with 0 <1 < 7. Here we have z'(t) = 4ie~". 
Thus 


1 . 
i Re(z)dz = i (—4 cost) (4ie~)at 
Cc 0 1 | 
= -16i | coste “dt 
0 


1 1 
= -16i [ cos" dt +16 | cost sintdt 
0 0 


1 


4 1 2 
= -8i | [1 +.cos(2t)|dt +16. 9 
0 
. 2 u 
= -8i|r4 2 2) +0=-82i 
0 


(d) We have seen that the integral along each contour has a different value. 
The reason is that the function f(z) = Re(z) is not analytic on any domain containing 
any of the contours discussed in parts (a), (b) and (c). In fact, this function is nowhere 
analytic. 

a 
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3.2 Cauchy Integral Theorem and Cauchy Integral Formula 


1. Evaluate the following integrals, justifying your procedures. For c) and d) you 
should also state why the integral is well defined (1.e., independent of the path taken). 


2d 
(a) 7 ae where C is the circle with radius 1/2, centre 1, positively oriented; 
Cu 


1 
(b) [ (« — -) dz, where C is the lower half of the circle with radius 1, centre 0, 
C Zz 


negatively oriented; 


(c) [ ze? dz: 
C 

(d) [ cosh zdz. 
C 


Solution. (a) Notice that 


4 1 
e@—-1 zg—-1 z4+1 
Thus 5 1 1 
>—dz= d dz. 
i io . lors : 
On the one hand, 


1 
[ ee, eye 
cz—l 


by Cauchy integral formula, f (zo) = ao Je LO az, 


On the other hand, since 1/(z+ 1) is analytic on and inside C, then 


1 
ae 
cz+1 


by Cauchy’s Theorem. Therefore, 


2 


(b) Notice that the integrand f(z) = e* — 1/z is analytic on C. The function 
F(z) =e&—Logz 


serves as an antiderivative of f(z). Here Logz is a branch of the logarithm chosen 
with the branch cut on the positive imaginary axis. That is, 


5 
Logz = Inr+i0, (r>0,F<0<3), 


Thus 
-1 
1 ’ ad ' 
=—=—81—e+20i = —-—e+ 11. 
e e 


[ (« — -) dz = (e* —Logz) 


1 
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(c) Since the integrand f(z) = ze’ is analytic, the integral is path independent. An 
antiderivative of f(z) is 


Thus 


(d) Since the integrand f(z) = coshz is analytic, the integral is path independent. An 
antiderivative of f(z) is 
F(z) = sinhz. 


Thus 


201 
i. coshzdz=sinhz} = sinh(27i) — sinh(zi) = 0. 
Cc 


Ti 


. Let Cr be the circle with radius R, centre 0, positively oriented. Show that 


jim [ C+4z2+7 =, 
R00 Cp (27 +4) (2? +2242) , 


Use this fact to prove that 


| +4247 = 

c (27 +4) (2? +.2z+2) 

where C is the circle with radius 5, centre 2, positively oriented. 

Solution. Recall that for a contour C of length L and a piecewise continuous f(z) on 


C, if M is a nonnegative constant such that | f(z)| < M for all points z on C at which 
f(z) is defined, then 


[reas < ML. 
Now, consider the function 
24 4Az2+7 
fo=— > 
(24 +4)(z2+2z+2) 
For |z| large, we have that 
| 14+4+4 1 
f(2)| <li 


+4 242242) el 
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On the circle Cr we have that |z| = R. Thus, for R large we have that 


2 
fOl<a 
Since the length of Cr is 27R, then 
2 An 
dz| < ML= —22R = — 
Bs f (z)dz Rot 5 
which tends to 0 as R > ©, 
On the other hand, notice that he singularities 
y= 2i, 2=—2i, 73=—-l+i, and y~=-1-i 
of the function 
ee 2+4z24+7 
(22 +4)(z*+22+2) 
are inside C and since f(z) is analytic on the annulus defined by C and Cr with 
R> 7, then 
y f(z)dz= [ f (z)dz. 
Cc Cr 
Thus 
lim [ fiddz=tim | #@dz=0. 
Rox“ JC R00 JCp 
Hence 
i; f(z)dz =0. 
C 
| 
3. Evaluate 
[ Sin Z be 
c(z+1)7 ” 


where C is the circle of radius 5, centre 0, positively oriented. 


Solution. Recall the extension of the Cauchy integral formula: 


f(z) = n! 17 f(z) 


. Zi 
2ni Jc (z—z)"t! 


Considering the function f(z) = sinz, which is analytic on C, we have 


fO(-1) = 6! i sin z _ 6! | sin z 
~ Oni Jc (z—(—1))8*! Qari Jc (z +1)" 


Since f(z) = —sinz, then 


| sinz =[ sinz 2H ca joe 
c@+l! Jo@—CD) 6 er 
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4. Let C be the boundary of the triangle with vertices at the points 0, 37 and —4 oriented 


counterclockwise. Compute the contour integral 
[ (fanée. 
Cc 


Solution. By Cauchy Integral Theorem, J. edz = 0 since C is closed and e is entire. 
Therefore, 


KG . es - [=e _ [eH ‘ [ot “ [it 
a i '(—3it)d(3it) — i '(—3i(1 —1) —4n)d(3i(1 —1) — 48) 
0 0 
1 
[ -aa-na(-4y =) 


9 7 
=—-—--12i = —12i 
55 i+8 i 
where p; = 0, p2 = 3i and p3 = —4. | 


. Compute 


1 
y zdz 
-1 
where the integrand denote the principal branch 


z' = exp(iLogz) 


of z' and where the path of integration is any continuous curve from z= —1 to z= 1 
that, except for its starting and ending points, lies below the real axis. 


Solution. Note that z'+!/(i+1) is an anti-derivative of z' outside the branch locus 
(—co, 0]. So 


Zaz = — lim - 
— i+] 1 nee ee 
_ 1 exp((i+ 1)(—ai)) 
eer | i+1 
lt+e*™ 1-+e7 
- ais _ ite lived 
i+1 2 
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6. Apply Cauchy Integral Theorem to show that 


[ f(z)dz=0 
Cc 
when C is the unit circle |z| = 1, in either direction, and when 


(a) f(z) = Sa 


(b) f(z) =e; 
(c) f(z) = Log(z+3i). 


Solution. By Cauchy Integral Theorem, f\._, f(z)dz = 0 if f(z) is analytic on and 
inside the circle |z| = 1. Hence it is enough to show that f(z) is analytic in {|z| < 1}. 

(a) f(z) is analytic in {z 4 —2, —3} and hence analytic in {|z| < 1}. 

(b) f(z) is analytic in {z:cosz=0} = {z=na+7/2,n€ Z}. Since |nt+2/2| > 
1 for all integers n, f(z) is analytic in {|z| < 1}. 

(c) Log(z) is analytic in C\(—e,0] and hence Log(z + 3/) is analytic in C\{z: 
Z=x-—3i,x € (—e,0]}. Since |x —3i| > 1 for all x real, f(z) is analytic in 
{|z|< 1}. 

a 


7. Let C; denote the positively oriented boundary of the curve given by |x| + |y| = 2 
and C> be the positively oriented circle |z| = 4. Apply Cauchy Integral Theorem to 


show that 
i f(z)dz = [ fea: 
when 
(a) f(z) = oat 
) fe) = SE 
(©) fe) = oS 


Solution. By Cauchy Integral Theorem, Jc, f(z)dz= Jo, f (z)dz if f(z) is analytic 
on and between C; and Cy. Hence it is enough to show that f(z) is analytic in 
{|x| + |y] > 2,|z] < 4}. 
(a) f(z) is analytic in {z 4 +i}. Since +i € {|x| +]y| < 2}, f(z) is analytic in 
{lx] + |y] = 2,|z] < 4}. 
(b) f(z) is analytic in {z: sin(z/2) £0} = {z 4 2nm:n€ Z}. Since 2nm € {|x|+ 
ly] < 2} for n = 0 and |2nz| > 4 forn 40 and n € Z, f(z) is analytic in 
{|x| + |y| = 2, |z| < 4}. 
(c) f(z) is analytic in {z 4 —1,—5}. Since —1 € {|x| + |y| < 2} for n = 0 and 
|—5] > 4, f(z) is analytic in {|x| + |y] > 2,|z| <4}. 
x 
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8. Let C denote the positively oriented boundary of the square whose sides lie along 
the lines x = +2 and y = +2. Evaluate each of these integrals 


zdz 
” cea! 
coshz 
b dz; 
ie 
tan(z 
—~—— dz. 
© cz—-a/2 


Solution. (a) By Cauchy Integral Formula, 


zdz 
—— = 2ni(—1) = —27i. 
i: z+l1 cy 
(b) By Cauchy Integral Theorem, 
coshz coshz coshz 
- 5 dz = 5 dc+ | 5 dz 
C£EZ lz|=r 2° +Z I-41 =r 2° +2 


for r= 1/2. By Cauchy Integral Formula, 


h h 
i ee dk =2ni — «) = 20i 
ler 2 +z ee Ae 
and 
h h 
| - Dy er ia = —2zicosh(—1). 
\etl|=r 2° +Z £ |ge-1 
Hence 


coshz 
dz = 27i(1 —cosh(—1)). 
ee : i a) 


(c) Note that tan(z/2) is analytic in {z 4 (2n+ 1)a:n € Z} and hence analytic 
inside C. Therefore, 


by Cauchy Integral Formula. 
| 


9. Find the value of the integral g(z) around the circle |z —i| = 2 oriented counterclock- 


wise when 
(a) g(z)= 24a 
(b) -8(¢) == 


2(227 +4)" 
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6] 
Solution. (a) Since —2i ¢ {|z—i| < 2} and 27 € {|z—i] < 2}, 
2i)~! 1 
| g(z)dz= | Er, = 2ni(2i+2i)-! = 
|z—i=2 |z-iJ=2 2 
by Cauchy Integral Formula. 
(b) By Cauchy Integral Theorem, 
i g(z)dz= i s(z)dz+ | g(z)dz 
|z—i]=2 lz|=r |¢—2i]=r 
for r< 1/2. Since 
it Ti 
dz = 2ni =— = 
fa +4 6 2 
and 
Ti 
z)dz=20i - = —— 
le ) (z+ 2i) | 9; 4 
by Cauchy Integral Formula, 
Ti 
a(z)dz = — 
is ( ) 4 
| 


10. Compute the integrals of the following functions along the curves C, = {|z| = 1} 


and C2 = {|z— 2] = 1}, both oriented counterclockwise: 


(a) ee 

a 

2z—22 
sinh z 


(eZ 


(b) 


Solution. (a) 


d 227)" 
i: a =} (2-2) = 2ni(2-0)-! = mi 
zj=1 22 —-Z |z|=1 z 


(b) 


sinhz (sinhz)(2 —z)~? 
a i d 
me (22—22)2°" Jigar a : 


= 2ni((sinhz)(2—z)?)'| = > 
2=0 
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11. Show that if f is analytic inside and on a simple closed curve C and Zo is not on C, 
then 
FM) f(z) 
n—1)1 f dz=(m+n—1)! | 2S 
a is a)" Jc (gaz) ne 
for all positive integers m and n. 
Proof. If zo lies outside C, then 
(m) 
i fe) a= f f@) 9 
c (z—20)" c (z—z)"t" 
by Cauchy Integral Theorem, since f(")z/(z—zo)” and f(z)/(z—zo)"*” are analytic 
on and inside C. 
If zo lies inside C, then 
FOU) a AL sth. cnstealoi 
(198 f ede = (A (2) Panag = HO (2) 
and 
F(z) (m4n—1) 
m+n—1)! i; A a eboaee 4 
(mtn I)t f age = FN (c0) 
by Cauchy Integral Formula. Therefore, 
FP) f(z) 
n—1)! f dz= m+n—1)! [| 7S a, 
( ) c (z—2Z0)" ( ) c(z—z)™t" 
a 
12. Let f(z) be an entire function. Show that f(z) is a constant if | f(z)| < In(|z|+ 1) for 


allzEC. 


Proof. For every zo € C, we have 
1 f(z) 
/ 
fx 2m ie (7 %0)* 


for all R > 0. Since 


f (2) 4 In(|z| + 1) . In(R + |zo|+ 1) 
(2m Re R 
for |z—zo| = R, 
1 ies In(R + |zo|) +1 
Fo@l=|af feed < : 
20i |z—zo|=R (z— 20) R 
And since 
— In(R+|zol+1) 1 
1 = lim ————_ = 0 
Rs R Roo R+|zo| 41 ; 


by L’Hospital (see Problem 8, section 2.2), we conclude that | f’(zo)| = 0 and hence 
f'(zo) =0 for every zo € C. Therefore, f(z) is a constant. | 
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13. 


14. 


Let Cy be the boundary of the square 
{x] <N@, |y| SN}, 


where N is a positive integer. Show that 


. dz 
lim 5 =0 
N+ JCy Z° COS Z 


Proof. When z= x+ yi € Cy, either x = +Na or y= +Na. When x = +N7, 
|cosz|* = (cosx)* + (sinh y)* > (cosx)? = (cos(Nz))? = 1 

When y = +N7, 
| cos z|* = (cosx)* + (sinhy)” > (sinhy)? = (sinh(Nz))? > 1 


Therefore, |cosz| > 1 when z € Cy. We also have |z| > Nz when z € Cy. Therefore, 


1 1 

zcosz| Nx 
and 

if dz Sao f Wl=po-_ 

Gye cOsz| Nem sce 1 N3n3 N22 
Since 

eae =" 
we conclude 

d 
lim oe) 


No J Cy 2 COS Z 7 


Let Cy be the boundary of the square 
1 1 

<Na+5, |y|<Na+o} 
{Ixl < a+ 5 ly] < T+ 5 


oriented counterclockwise, where N is a positive integer. Show that 


. dz 
lim a =0 
No JCy Z7 SINZ 


[Refer to: problem 6 in section 4.3] 
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15. 


Proof. When z=x+yi € Cy, either x = +(Na+ 7/2) ory=+(Na+7/2). When 
x=i(Nx+2/2), 


| sin z|* = (sinx)* + (sinhy)” > (sinx)? = (sin(Na+2/2))? =1 
When y = +(Na+ 77/2), 


| sinz|? = (sinx)* + (sinhy)? > (sinhy)? 
= (sinh(Na+ 2/2))? > (sinh(32/2))? > 1. 


Therefore, |sinz| > 1 when z € Cy. We also have |z| > Na+ 7/2 when z € Cy. 
Consequently, 


1 1 
2sinz| ~ (N41/2)22 
and 
| ae E 1 i a BN A2e 
Cy 2 sinz| ~~ (N+1/2)22? Joy (N+1/2)*m2, (N+1/2)x 
And since 


rr 
Eta 


we conclude 


. dz 
lim 5 = 
N00 JCy Z7 SINZ 


Compute the contour integral 


2011 
[ . dz 
Cc Z20l1 4 72010 4 72009 47" *? 


where C is the circle |z| = 2 oriented counter-clockwise. 


Solution. First, we show that all roots of 
72011 4 ,2010 4 2009 1 1 _g 

lie inside |z| < 2. Otherwise, suppose that 
72011 4 72010 1 2009, 1 9 


for some |z| > 2. Then 


ree Sane 
he ag 
z ga z20ll 
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and hence 
ie 1 1 1 1 1 i 1 
— z 2 72011) — Iz| |z|? |z|2011° 
When |z| > 2, 
1 " 1 rs 1 Z Be) 1 m 1 4 
Iz| \z|2 |z|201 5." A. 20 : 


This is a contradiction. Therefore, all roots of 
72011 4 -2010 , 2009 1 1 


lie inside |z| < 2. It follows that 


2011 2011 
[ ig dz= | dz 
C2011 4 72010 4 72009 47 Iclar 2201 4 22010 4 72009 4] 


for all R > 2 by CIT. 
We have 
22011 1 72009 —z4+1 


2011 4 72010 4 72009 4 7 aa i; * (em 22010 4 72009 47)" 


Since 


72009 _ 44 R209 4 R44] 
z(z2011 + 72010 + 72009 41) | = R(R2011 — R2010 — R2009 — 1) 


for: |z|:=R, 
/ 72009 _ 744 Pie 27(R20 +R +1) 
ilar Z(Z20HT + 22010 4 22009 4 1)" ~| = 2011 — R2010 — R2009 —] 
and hence 
lim ieee a. dz=0. 


Re J Ijar Z(Z2011 + 22010 + 72009 + 7) 


And we have 


d 
i dz=0O and Rao 270i 
|z|=R |e|=R Z 


Therefore, 


2011 
[ f pa 
(- ZOIT 4 72010 4 72009 4 | 
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16. Calculate 


2008 
i cas ES 
Gee 
where C is the circle |z| = 2 oriented counter-clockwise. 
Solution. First, we prove that all zeroes of 72° + z+ 1 lie inside the circle |z| = 2. 
Otherwise, 22° + z+ 1 =0 for some |z| > 2. Then 


1 1 
2009 — = 
& Tot USE amet 200” 


On the other hand, 
1 1 1 So 1 1 1 1 
- 72008 a 72009 | =" — |z|2008 — ]z]2009 = “92008 92009 a0 


for |z| > 2. Contradiction. So all zeroes of 72° + z+ 1 lie inside the circle |z| = 2 
and hence 27008 /(z2909 + 74 1) is analytic in |z| > 2. Therefore, 


720008 72008 
i 2009 dz= ‘ 2009 dz 
Jan 2" +z+1 Jar 2" +z+1 


for all R > 2 by Cauchy Integral Theorem. 
We observe that 


72008 1 z+1 


2009 4241 2 2(z200 4741) 


For |z| = R > 2, 
z+1 R+1 
2(z2009 +24 1)| ~ R(R2009 — R—1) 
and hence 
i z+1 2 _2a(R+1) 
iejar 20 $241 <) = R2009_ RJ" 


It follows that 


lim ge SNR == pe 
R300 I2|=R 72009 t+z+1 


Therefore, 


2008 2008 
| = ge = lim | a | 
Ijaz 2200 +741 R00 J\z|=R 22009 +74 1 


. dz ‘ 
= lim — =27i. 
Re J\7|=R Z 
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17. Let C be the circle |z| = 1 oriented counter-clockwise. 


(a) Compute 


1 
—_—_——d 
emery 


(b) Use or not use part (a) to compute 
a 1 
———d@ 
[ 4—cos@ 


Solution. The function 
1 7 1 
2—8ze+1  (¢—4—VI15)(z—44 v15) 


has a singularity in |z| < 1 atz=4— 15. Therefore, 


1 1 
>——dz=2ni lim 
ears i 4—/15)(z—4+ v5) 
Ti 
<— z—4—vI5 v1 z=4-V/15 ~—V15 


That is, 


fea eT =| x oa 


“fs e2i8 _ a8 ab 730 — 910 41 7? 


=f aw i8 =a 


— dod 
>{ — 

j rete as dog 
=-if 4—cos@ 


Therefore, 


1 
d@= 
i 4—cos@ JV15 


18. Compute the integral 


dx 
_g 2—(cosx+sinx) 
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Solution. Let z= e*. Then dz = ie'“dx, dx = —idz/z and hence 


i dx _ dx 
_22—(cosx+sinx) J-22—(e*+e—*)/2—(e* —e-*)/(2i) 


= —idz 
" \zj=1 2z — (27 + 1)/2 — (z* — 1)/(2i) 
; dz 
ae ae 2—2(1+i)z+i 
dz 


=i Df. Tile) 
_ 2mi(i-1) _ Joe 


£2 — £1 


where z, = (1+ 2/2) + (1+ V2/2)i and zp = (1 — V2/2) + (1— V2/2)i. 


19. Let f(z) be an entire function satisfying 


If(Z1 +22) S Fla) + IF 2) 


for all complex numbers z; and zy. Show that f(z) is a polynomial of degree at most 
1. 


Proof. We have 


Viet a 


> 
lI 
Us 
= 
II 
1S’) 


= Fai tz2)+ Ye AGH) 
= fler+22) + Fes) + Ye flee) 
fens bye 
=...=f(q4tat...+2) = -1(Zx). 
Therefore, : 
ys f(z) +f (22) +... +f (Zr) = f(a tzat+... +n) -i(Ex| 


for all complex numbers Z1,2Z2,...,2Z,. Particularly, this holds for z} = z2 =... = 
oy SS) 


nf (=) = f(z) 
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for all z € C and all positive integer n. Let M be the maximum of | f(z)| for |z| = 1. 
Then 


Fl =n|r (=) | sam 


for all z satisfying |z| =n. 
By Cauchy Integral Formula, 


f"(Z0) = =i ls 


Ti (z—z)? 


for |zo| <n. Since 


f(zZ)_|_ If@l —~_ 2M 


(z—2z0)3|— |z—zol? ~ (n— zal)? 


3 


for |z| =n and |zo| <n, 


: lke = a : nn 


Ti zZ—z0)° (n— zo)?” 


And since 


i 2n?M i 2M /n 
im ———. = lim ——__.. = 0, 
ne (n—|zo|)>_ 2-4 (1 — |zo|/n)3 


we conclude that f”(zo) = 0 for all zo. Therefore, f’(z) =a is a constant and 
f(z) =az+b is a polynomial of degree at most 1. | 


20. Let f(z) be an entire function satisfying that |f(z)| < |z|? for all z. Show that 
f(z) = az? for some constant a satisfying |a| <1. 


Proof. For every zo € C, we have 


WT _ a f(z) 
f (20) lac ae 


Oni (z—20) 


for all R > 0. Since 


f@)_| ele? - (R+kzol)” 
(z—2z)* — RA R4 
for |z—zo| = R, 
3! f(2) 6(R + |zol)” 
7 ey (eae We 
ell No ia (z—zo)* E R 
And since 


R 2 2 
km OR + e0l)” _ © (1+) = 
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21: 


we conclude that | f””’(zo)| = 0 and hence f’”(zo) = 0 for every zp € C. Therefore, 
f(z) =0, f(z) = 2a, f'(z) = 2az+b and f(z) = az” +bz+c for some constants 
a,b and c. 

Since | f(z)| < |z|?, jaz? +bz+ce| < |z|? for all z. Take z = 0 and we obtain |c| < 0. 
Hence c = 0. Therefore, |az” + bz| < |z|? and hence |az+b| < |z| for all z. Take 
z= 0 again and we obtain |b| < 0. Hence b = 0. So |az| < |z|? and hence |a| < 1. 
In conclusion, f(z) = az” with a satisfying |a| < 1. a 


Let f(z) be a complex polynomial of degree at least 2 and R be a positive number 
such that f(z) 4 0 for all |z| > R. Show that 


i ae 
Idl=R f(z) 


[Refer to: problem 5 in section 4.3] 


Proof. Let f(z) =ao +aiz+-+:+anz", where a, #0 and n = deg f. Since f(z) £0 
for |z| > R, 1/f(z) is analytic in |z| > R. Hence 


ace a 7 ic 


for all r > R by Cauchy Integral Theorem. 


Since 
Lf(z)| = lanl |z|" — Jan ||zI"~* — ++» — lao 
we have 
Fa 1 
F@)| ~ Tanlr"— [ay alr™—1 fa] 
for |z| =r sufficiently large. It follows that 
Loa 2mr 
er FO) < lagen Ta 
And since n > 2, 
27r 
lim 
ro ag [aga = J 
20 
= lim =0 
reo n|d,|r?—! — (n—1)|ay_i|r"—! —--- — |ay| 


by L’Hospital. Hence 


Le ate 7M hae jan 


3.3 Improper integrals a 


3.3. Improper integrals 
1. Compute the integral 


I xdx 
9 x2+1 


Solution. Consider the contour integral of z/ (z3+ 1) along Lr = [0,R], Ce = {z= 
Re" :0<t <27/3} and Mz = fte2ni/3 :0<t<R}. By Cauchy Integral Formula, 


[#- = | =f zdz 
TpOt+ 1 Sept] Sup Bt Se eti/3ja1/2 341 


By Cauchy Integral Formula, 


/ zdz 2miexp(mi/3) 
je-et/3/=1/2 23+ 1 (exp(i/3) + 1) (exp(xi/3) — exp(—zi/3)) 
_- 2mexp(zi/3) 
(exp(zi/3) +1)/3- 
For z lying on Cr, 
Z R 
< 
B+ | — R3-1 
and hence 
i zdz 27R 
< 
Ceo+1|~ 3(R3-1) 


It follows that 


d 
lim | = =0 
Roo ICeR +1 


And 
zdz R xdx 
Loe oul i/3) [ 341 
Therefore, we have 
ve xdx 2m exp(zi/3) 


(1 —exp(4ni/3)) +1 (exp(xi/3)+1)V3 


and hence 


[ xdx _ 20 
0 e+1 3/3 
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2. Compute the integral 
° COSX 
dx. 
[ ati 
Solution. Since cosx/(x*+ 1) is even, 


ye COs sf. 08% 
0 Fr a = 3 ae 


Actually, we have 


[ - COR |= 
0 xt+ a: oo X re 


since e = cosx +isinx. 
Consider the contour integral of e/(z+ +1) along the path Lp = [—R, R] and Cr = 
{|z] = R,Im(z) > 0}, oriented counterclockwise. By Cauchy Integral Theorem, we 


have 
ez eZ 
ear 
J +1 Ceo+1 


1Z e% 
Ic—ei/41=-1/2 Z4 o41* |z—e37i/4/=1/2 2° +1 


By Cauchy Integral Formula, 


ei AmiellV2tiv2)/2 
ies aa = (exi/4 — @3ni/4) (eni/4 — e—mi/4) (exi/4 — g— 31/4) 
_ (1 —i)exp((—v2 +iv2)/2) 
2/2 
and similarly, 
i es m(1+i)exp((—v2 —iv2)/2) 
j-—e3i/4}—1 /2 24+ 20/9. 


Therefore, 


elk d el% any ee me V2/2 J2/2 in(V2/2 
aa z+ Nea ae (cos(V2/2) + sin(V2/2)). 


For z lying on Cr, y = Im(z) > 0 and hence |e”“| = e~Y < 1. Hence 


el 1 
z+1|7 R4-1 


and it follows that 


| el Pre: TR 
CeO +1 | > RA—1 
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Since 
F TR 
eR1 
we conclude that 
1Z 
li dz=0. 
Roses Cevi +l 
Therefore, 
e COSXx die 1 [ el dx 
oe ae ye Ate ie | 
1 i / ek 
= — lim —— 
2Ro0Jtp +1 
i ne~V2/ 2 


2/2 


(( 


dz 


V2 


2 


)-«(2) 


4. Series 


4.1 Taylor and Laurent series 


1. Find the Taylor series of the following functions and their radii of convergence 
(a) zsinh(z*) at z= 0; 


(b) e* at z= 2; 
2 
Ze 
——— atz=-l. 
(c) (2 at Z 
Solution. (a) Since e& = Y*_9z"/n!, 


_ y oa (—1)? z2ntl 


0 2 n! 
co ZAm+3 
ora (2m+1)! 


where we observe that (1 — (—1)”)/2 =0 if n = 2m is even and 1 ifn =2m+1 
is odd. Since f(z) is entire, the radius of convergence is ©. 


76 Chapter 4. Series 


(b) Let w = z—2. Then z= w+ 2 and 


oD 
e = e+? — or eM =e Le 28 


Since f(z) is entire, the radius of convergence is ©. 
(c) Letw=z+1. Then 


2 +z m w2—w ore 3 of 2 
(l1—z)2 (2-—w)? — 2-—-wss (2—-w)?" 
We have 
3 3 1 3 y w" iy 3w"” 
2—w 21—(w/2) 2 4 Qn ters Qn+l1 
and 
Oe Ne 1 ’ 
(2—w)? 2—w 1 —(w/2) 
/ 
oo n co n—1 
y w = y nw 
(5 _ n=0 2" 
oy (n+ 1)w" 
n=0 ae 
Therefore, 
(iy ee 3w = (n+1)w 
ia? Ui ea) Dae 
(1—z)? = 2 +1 boar, 2 +1 
_ ye (n—2)(2+1)" 
iz L gn+l : 


Since f(z) is analytic in |z+ 1] < 2 and has a singularity at z = 1, the radius of 


convergence is 2. 
a 


2. Find the Taylor series of (cosz)? at z= 7. 


Solution. Let w= z—7. Then 
(cosz)? = (cos(z+ m))* 


iw —iw\ 2 1 : ; 
= € < ) = gle Fe +2) 


(cosw)* 
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3. Let f(z) be a function analytic at 0 and g(z) = f(z”). Show that g?"—!)(0) =0 for 
all positive integers n. 


Proof. Since f(z) is analytic at 0, f(z) = V7_panz” in some disk |z| < r. Therefore, 
a(z) = f (22) = 9 ane" in |z| < \/r and hence 


yo dm =F ay” 
m} a 


And since the power series representation of an analytic function is unique, we must 
have g!")(0) = 0 for m is odd, i.e., m = 2n — 1 for all positive integers n. a 


1 
4. Find a power-series expansion of the function f(z) = 55 about the point 41, and 
=% 


calculate the radius of convergence. 


Solution. Notice that 


to 1 
3-z (3—4iz) —(z—4i) 
= 1 1 
3-4) a 
3—4i 
ef eeai\" z—4i 
_ f 1 
ad (Ea) oF laag| 
That is, for |z—4i| < |3 —4i| < 5. Thus 
-Ya z—4i)” 
ani (3- 4i) cae 
with radius of convergence 5. a 


5. Find a Laurent-series expansion of the function f(z) = z~! sinh(z~!) about the point 
0, and classify the singularity at 0. 


Solution. For g(z) = sinhz we know that 


(n) sinhz, when 7 is even; 
Z = 
. coshz, when n is odd 


(9) = sinh(0) =0, when nv is even; 
: ~ )cosh(0) = 1, when n is odd 


In this case, the Maclaurin series for g(z) = sinhz is: 


3 5 
z va 
ot it ap 
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The Laurent series for g(z~!) = sinhz7! is: 


Tee 1 i. 1 
z  3!z3 — 5!29 


Thus Laurent series for f(z) = z-'g(z!) =z! sinhz7! is 


Notice that f(z) =z! sinhz! is analytic for z 4 0, which means that z = 0 is an 
isolated singularity and is, in fact, an essential singularity. 
a 


. Consider the function 


sinz 
I) = cos) —1° 


Classify the singularity at z = 0 and calculate the residue. 


Solution. Notice that f has an isolated singularity at z = 0. Thus, expanding numer- 
ator and denominator in Taylor series we have 


aera ee sae 
f@ = 35 
76 712718 
2) 4) OL 
; a ae 
a\e 3h Blok 
8 \ 2 On" 
2! 4! 6! 
Be ib gh 
ie ae 
Zz i Dee aa 
eer eee 
=) 2 4 6 1 
— 1- ~~ 
=a Bee ae )- Qf Dak 
Ft 
Let 
2 Oe 27 
sQJ=_-ert ag 
Thus we have 
=) 2 aa a 1 
_ i one eee 4.1 
f(z) =( ar st ) 1 — 2°g(z) me 


where g(z) is analytic and nonzero at z = 0, in fact, g(0) = 1/12. So for € sufficiently 
small, if |z| < €, then |g(z)| < 1. Thus for |z| < min{e, 1}, we can expand 
1 
1 — Z°g(z) 
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in a geometric series. Hence 


—2 Sete 6 12 2 
f@ = S-H+g-Ft | t+ he@ te @)?+--) 
29) > YY 202 
- (S+sp-stat ) (1420) +2 (ee) + ) 
So the residue of f atz=Ois — ae a 
i EE TR 6 


7. Prove that the coefficients c, in the expansion 
Ye ena" 
n=0 


satisfy the recurrence relation co = cy = 1, Cn = Cn_1 + Cy—2 for n > 2. What is the 
radius of convergence of the series? What would be a good name for the c,,’s? 


1 —. 
l-z-22 


Solution. Let S = y Cnz for z such that the series converges. 
n=0 
Thus 


1 
Sao a NGeie 
n=0 n=1 
and 


2S= y Cav? = prey 
n=0 n=2 


Then we have 


2 
s—28-28 = Yond" Y ene’ —J cnx 
n=0 n=1 n=2 
= co +CyZ+ ae Ge” — CQz — >. Cae = y Cpe" 


= cot(ce1—co)zt+ ¥ (Cn —en—1 — Cn-2)2" 
n=2 


Now, we know that 


then 
S-8-2S = 1 


Thus 
co=1, cy—co=O0, and cy—Cy_1 —Cy_-2 =O for n> 2. 


Therefore co = cy = 1, and cy = Cn_1 +Cn—2 for n > 2. a 
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8. Find the Laurent series of the function 
Sait 
F(2) = 22(z2+3z+2) 
in 
(a) O< |z| <1; 
(b) 1 < |z| <2; 


(c) |z| > 2; 
(d) O<|z+1] <1. 


Solution. We write f(z) as a sum of partial fractions: 


z+4 22 a 2 Ba 3 1 
z(z24+3z+2) 22 2 ztil 2(z4+2) 
For 0 < |z| < 1, 
3 co 
——= 3 —1)"2" 
zt+l1 XI va 
and 
1 ot 1 ye y (—1)"z" 
2(z+2) 41+ (z/2) = nes ; 
Therefore, 
> 2 = 1S (-1)"2" 
=— —=—+4+3 1)"z" — — 
fQ=-g tats ECW ZY se 
2 = 
oe —+ PY (-1)"(3-2"-7)z" 
< 2 n=0 
For 1 < |z| < 2, 
a wie 1 <8 y (—1)" 
zt1 ozi+(1/z) Cae ee 
and 
1 oe! 1 _ ys Bara 
2(z+2) 414+(2/2) 444 2h 
Therefore, 
D2 a ee) Te tet 
= ate 
Fe) 5 als Ca Siar ea py 2 


| 
ih 
NX 
= 
= 


4.1 Taylor and Laurent series 
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For 2 < |z| < ©, 


Bes 3: Tl _3§ Gu 
z+tloz1+(1/z) zc&_ 2 


and 


2(z+2)  2z14+(2/z) 2z d qn 


1 1 1 [ea 38 


Therefore, 


For 0 < |z+1] < 1, we let w =z+1 and then 


z+4 5 2 3 1 


22(z2+3z+2) Tip) ewe we 2(w+1) 


For 0 < |w| < 1, 


5 Die oc ay 
TCE aa 
2 Dine = = 
= = 2w")}=) 2 1)w"” 
(1—w)? (+) Gi “) x Pan 
and 
1 ie 
=—-5 )(-1)"w" 
2(w +1) 2d 
Therefore, 
Dae a as ae 
fe) = 5+ (n+ 5- ae a 
3 = 9 (-1)" 
= —— 2n+=—- Ly 
seit & (2045 2 )ern 
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9, 


10. 


Write the two Laurent series in powers of z that represent the function 


1 


f= Tae 


in certain domains and specify these domains. 
Solution. Since f(z) is analytic at z 4 0,-+i, it is analytic in 0 < |z| < 1 and 1 < 


|z| < 0, 
For 0 < |z| < 1, 


1 1 1 
f= ae (mw) 
oe y(n" - y eye 
= n=0 


and for | < |z| < ©, 


1 1 1 

Os: alte) 3 ¢ = =) 
12 00 
_ a i Lye = y"( 0 aac 
n=0 n=0 
| 
Let 

2 

z 
f(z) = 3242 


Find the Laurent series of f(z) in each of the following domains: 


(a) 1<|z|<2 
(b) 1 <|z—3] <2 


Solution. First, we write f(z) as a sum of partial fractions: 


a p82 si A 1 
2—3z+2 — (z-2)(z-1)z-2 zl 
In 1 < |z| <2, 
ae 2 Vet al 
2—3zt+2 1-2/2 z1-1/z 


S(=2 yore — : ae 


ee y qi-ngn _ yer 
n=1 


n=1 
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In 1 < |z—3| <2, 


Ze ee: 1 
z2—3z+2 (z—3)+1 2+(z—-3) 
=14+-55 (esa) -3lazesaa) 
a1 5 EC e375 Eee) 
= a aa ete Ges) 
rs 
I. Let 
f(e)= = 


Find the Laurent series of f(z) in each of the following domains: 


(a) 1<|z|<2 
(b) 0<|z—2) <1 


Solution. First, we write f(z) as a sum of partial fractions: 


e Sep i Ss a I 
2—-z-2  — (z—2)(z+1)—— 3(z-2))-3(z +1) 
In 1 < |z| <2, 
a ee Ll 
e=—g—-2 ~~ 3312/2 3z1+1/z 
pigs — 
eS a —])'" 
3 : 3z 2 yz 
1 1 1g 
se ee ql-n,n ize —1)"7-" 
3 3 ary a V2 
In0 < |z—2| <1, 
2 
aT eee 4 1 1 
eae 2 3(z-2) 33+(z-2) 
oer ae 4 1 1 
~~" 3(z—2). 91+(z—2)/3 
4 1S 
— a =—1)\'3-" — 2)" 
+agay 5 LS) 
8 4 _ 
es _] n+13-n—-2 —2)r 
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12. Find the Laurent series of 
1 
e —1 


in z up to 2° and show the series converges in 0 < |z| < 27. 


Solution. Let f(z) = 1/(e* —1). Since 


e* — | has a zero at 0 of multiplicity one and hence f(z) has pole at 0 of order 1. So 
the Laurent series of f(z) is given by 
= a_ 
f(z) = LS Anz" = = +ao +ayztarz” +a32 + y? ai 
n=—1 < n>4 


in 0 < |z| <r for some r > 0. 
Since (e* — 1) f(z) = 1, we have 


l= @ +agz+ayz* +apz* +a3z° + »y ot) 
n>5 


2 3 4 n 

z z z zg zg 
1 
( "26 ESE] 


Comparing the coefficients of 1, z, 22, 23 and z* on both sides, we obtain 


a_j;=1 

ay+S+=0 

a+F+— =0 

a+ P+ 2451 =0 
gee ee pe a6 


2 6 24 = 120 


Solving it, we have a_; = 1, ag = —1/2, ay = 1/12, ag = 0 and a3 = —1/720. 
Hence 


TAD ge ae 7 
LOS aa ay 


n>4 
and 
aq = f(z aie ak 6 79 + Lan? . 


Note that f(z) is analytic in {z: e —1 40} = {z 4 2nzi}. So it is analytic in 
0 < |z| < 2m. Therefore, f(z) is analytic in 0 < |z*| < 27, ie., 0 < |z| < 2m. So 
the series converges in 0 < |z| < 27. a 
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4.2 Classification of singularities 


1. For each of the following complex functions, do the following: 
e find all its singularities in C; 
e write the principal part of the function at each singularity; 
e for each singularity, determine whether it is a pole, a removable singularity, or 
an essential singularity; 
e compute the residue of the function at each singularity. 


1 
(a) f(z) = (aa? 
Solution. f(z) is singular at cosz= 0, i.e., z=na+7/2. Letw=z—na—7/2. 
Then 
1 1 1 


(cosz)2 (cos(w+na+2/2))?— (sinw)?’ 


Since sinw has a zero of multiplicity one at w = 0, f(z) has a pole of order 2 
atz=nat+7/2. So 


(sinw) w 50 

Since 
oo ( lw! ; oo 
(sinw)? = =w+) b,w" 
n=0 (2n 1 1) u : 

we have 

ie Bee ca w+ ¥ daw" . 

W Ww n>0 n=4 


Comparing the coefficients of 1 and w on both sides, we obtain a_2 = 1 and 
a_, =0. So the principal part of f(z) atz=na+7/2 is 


1 
(z—na — 1/2)? 


with residue 0. a 
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(0) fle) = (1-2)exp (*) 


Solution. Since e& = YP _9z"/n!, 


a-z)ep(2)=0-2) 


— 
| 
NX 


_— 


| 

M1: 
ss) 

<7 

3 
= i=) 
LM1s 
as) 

= 

= 

us 


3 
ll 
o 


| 
Ms 
S 
<y 
Ss) 
) 
1M 
S 
<a 
SS) 
we 
M 
NX 
= 


3 
ll 
o 


Therefore, f(z) has an essential singularity at z = 0 with principal part 


Hr on 


n=1 


and residue 


(©) (2) = Syr0 
Solution. Since 
sin z = 1 y (—1)"77! 
72010 Z2010 Le (2n+1)! 


oo (a1 


= oy (2n+1)! 


04 (— Lege ee 00 (— 1 i colar 


sa nee) jens Nee) 

f(z) has a pole of order 2009 at z = 0 with principal part 
y (—1)"z2n-2009 

wy. (20-41)! 

and with residue 


sinz (—1)10% 1 
Res = _ . 
z=0 72010 (2.1004+1)! 2009! 
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e& 


(d) f(z) = 1-22 
Solution. Since 1— 2? = (1—z)(1+z), f(z) has poles of order 1 at 1 and —1. 


Therefore, 
e& e& e 
Res a =— 
gee og?) ey 2 
and 
e& e& 1 
Res = =— 
goat lag (lage a 2e 


And the principal parts of f(z) at z= 1 and z = —1 are 


7 and : 
2(z—1) 2e(z+1) 


respectively. 


(©) fle) = (1-2)ex(<) 


Solution. The function has a singularity at 0 where 


(-Z)ep (2) =0-2) 


& 


mo ie Fa tae 
= 1+} ae =) eae on (2 4+z4+ 5) 
=—-—* aap ae = wae 
=-2-245 +E (5 aa) _ 


So the principal part is 


(i wem) 


n=1 


the function has an essential singularity at 0 and 
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1 
(sin z)? 


(f) f(z) = 


Solution. The function has singularities at ka fork € Z. At z=kza, we let 
w = z—kz and then 


1 7 1 - o0 (=1)'w"! = 
(sinz)2 (sinw)2 @ (2n+1)! 


1 oo (—1)"* hy" a 
~ we ( py | 


n=1 

_ 1 y y (=1)"4 ly" 

— We AN Ont)! 

1 — ‘4 

=+4 1+ ve adnw 

n=2 
So the principal part at kz is 
1 
(z—kn)2 


the function has a pole of order 2 at kz and 


Res f(z) =0 
Z=kn 
a 
1—cosz 
(g) f(z) = 5 
Zz 
Solution. The function has a singularity at 0 where 
1—cosz i. 1 i y (—1)"z" e 1 y (—1)*t1 22" 
zg a (2n)! ~ 72 Ja, “2n)! 


__1)n+1,2n—2 


= y (a ae 
= (2n)! 
So the principal part is 0, the function has a removable singularity at 0 and 


Res f(z) =0 
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e& 


> z(z—1)? 


Solution. The function has two singularities at 0 and 1. At z= 0, 


e& Lp Se" = 
z(z—1)2 Tae (£5 (Ewrne' 


(h) f(z) 


So the principal part at 0 is 1/z, the function has a pole of order | at 0 and 
Res f(z) = 1 
z=0 


At z= 1, we let w = z—1 and then 
e& e e — w" = 
= = yy — E(-) 
z(z—1)?  (1+w)w? w? (s = (s 
e Ww" — n,n 
Se (oe E) (rrr Een w 


n=2 


e n 
= 7 (: + Law 


So the principal part at 1 is 
e 
Gat 
the function has a pole of order 2 at 1 and 


Res f(z) =0 


(i) f(z) = tanz 


Solution. The function has singularities at {cosz =0} = {z=ka+7/2:k EZ. 


Atz=kn+7/2, we let w= z—ka—7/2 and then 


XN XN 
tanz = tan (w+ka+ =) = tan (w+ 


)= cos w 
2 


sin w 


Since sinw has a zero of multiplicity 1 at w = 0, tanz has a pole of order 1 at 


z=kn+27/2. Therefore 


=—1 


w=0 


Res tanz = Res 
z=kn+n/2 w=0 


( ea) _ cosw 
(sinw)’ 


sinw 
and the principal part of tanz at z= ka+ 7/2 is 
1 1 


wo z—kn—4/2° 
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@ Fe) =(1-2)sin (2) 


Solution. The function has a singularity at 0 where 


(1 — 7’) sin (<) oa (1—2’) y F (—1)" 


= +1)!)z2nt1 


GR, eee 1s em ce 


A) ((Qn+1)i)ztt At (2n+1)!)22"-! 


cy ee = (Cy 
~ oe) ((Qn+1)2e41 -d (Qn +3)z2"41 


2n+1)! | (2n+3)! 


So the principal part is 


ee ae 1 ae 
LV (oot om)? ae 


Therefore, the function has an essential singularity at 0 and 


1 1 7 
RT) gin an 6: 


a 

e 
{k) f= oT 
Solution. The function has a singularity at 0 where 


om = gat 
QO ~ 0IT Ly 7} 


oo zn—2011 2010 zn—2011 


) zn—2011 
- +¥ 
n! n! n! 


Therefore, the principal part of f(z) at z= 0 is 


2010 zn—2011 


! 
n—0 nN. 


and f(z) has a pole of order 2011 and residue 


1 


Res f(<) = so 19) 


atz=0. 
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COS Z 


@) f(z) = 


223 


Solution. The function has singularities at {¢? — 23 = 0} = {z = 0,1}. At 
z=0, z*—2 has a zero of multiplicity 2 and hence f(z) has a pole of order 2. 
Suppose that the Laurent series of f(z) at z= 0 is given by 


COSZ a_ a_ 
; ; = = 4 1 a Y anz". 
Loe Zz Zz n=O 
Hence 
a_2 a_| co (=1)""7" 
(22 —z3) | S£4+—4 ¥ age" ) =cosz=14+ Y 
Z Lan py (2n)! 


Comparing the coefficients of | and z on both sides, we obtain that a_, = 1 
and a_,; — a_2 = 0 and hence a_; = a_2 = 1. So the principal part of f(z) at 


z=Ois 
Bie 
Zz 2 


with residue 
Res f(z) = 1. 
z=0 


Atz=1, 2? —z? has a zero of multiplicity 1 and hence f(z) has a pole of order 


1. Hence 
COS Z COS Z 
Res = = —cos(l 
zl 72 —23 (22 — 23)! = (1) 


and the principal part of f(z) at z= 1 is 


cos(1) 
2—1. 


4.3 Applications of residues 
1. Calculate 
[ a7 dz 
c2z4—z) ” 
where C is the circle of radius 7, centre 0, negatively oriented. 


Solution. Observe that 
8—z 8=224+2.. 2 1 2 1 


~ 2(4—z) z4—z) z (4-z) z (z-4) 


f(z) 
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The function f has two singularities on C, z= 0 and z= 4. Both are inside C. At 
z= 4, —1/(z—4) is analytic and then 


Res f(z) =2 
z=0 
Similarly, since 2/z is analytic at z = 4, 
Res f(z) = —1 
z=4 


From Cauchy’s residue theorem, and considering that C is negatively oriented, we 
have that 


laes« = —2ni (Res Fle) + Res (2) 
= —2ni(2—1) = —2ni 


. Compute the integral 


[ dé 
9 2—cos@ 
Solution. Since 1/(2—cos @) is even, 
i det if d0 
0 2—cos@ 2J_,2—cos@ 
Let z= e!®. Then cos @ = (z+z7!)/2 and dO = —iz~'dz. Hence 
ie d@- sf. dé 
0 2—cos@ 2J/_,2—cos@ 
_ —idz 
© Salat 22(2 — (2 +271) /2) 


= , dz 
jai 227 -4z +1 
The function 


1 1 
2-441 (¢—2—V3)(z—2+ V3) 


has a singularity in |z| < 1 atz=2-— /3. Therefore, 


| a 2mi Res z 
ee 1 i a 
j= 27-4241 2-V32—-4z4+1 


a at 
(2—42+1)'|5 4 V3 


Therefore, 


[ d@ =< 
0 2-cos@ 3 
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3. Let a,b € R such that a* > b*. Calculate the integral 
is dé 
0 at+bcos@ 


Answer: 


abe 


4. Evaluate the contour integral of the following functions around the circle |z| = 2011 
oriented counterclockwise: 


1 
@) == 
sin z 


Solution. (a) f(z) =1/sinz is analytic in {z Anz :n € Z}. It has a pole of order 
one at n7 since (sinz)'|--nz = cos(nz) = (—1)" 40. So 
1 if 
es —— = 
z=nm Sinz cos(n7) 


(-1)". 


Therefore, 


dz ; 1 
| — =2Ti y Res —— 
|\z|=2011 Sinz nm coo?" sin z 


=2ni YY (-1)* =2zai. 
|\n|<640 


(b) f(z) = 1/(e* — e) is analytic in 


fe #0} = {ee #1} = {z #2nmi:nE€ Z}. 


Since (e” — e”)'|,—-2ngi = 1 40, f(z) has a pole of order one at 2nzi. So 


R L : 1 
es = = |, 
z=Inmie2 —e2 = D2e% — & 


z=2nTi 


Therefore, 


dz ; 1 
i) — ea 2ni y Res aa 
|z|=2011 €** — e 2nai]<2011 2" e«<—e 


=2ni Yo 1=2ni YY 1=1282zi. 
|2nzi|<2011 |n|<320 
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5. Let 
f(z) = (z-41)(Z— a2)...(Z- an) 


be a complex polynomial with n > 2 distinct roots a), d2,...,dn. 
(a) Prove that 


dz a“ 1 
—~ = 2ni )§, —_____~ 
Is f(z) d T1j4e(a — aj) 
for R > |ag| (k = 1,2,...,7). 
(b) Use (a) and Cauchy Integral Theorem to prove that 
“ 1 
——— et | 

fan Tj ze (4e — 45) 


for all distinct complex numbers a1, d2,...,dn. 


Proof. By Residue theorem, 


dz _ 
hai" Eke a5: 


At each az, 1/ f(z) has a pole of order one and 


-1 
1 ; —aj 1 
Res —~ = Res (I jzel 4j)) — : 
z=az f(z) =a Z— ak Tj 4x (ax — 4;) 


Therefore, 


i ae = 270i ’ — ' 
|Z|=R f(z) k=1 Tj4u(ax = aj) 
Since deg(f(z)) =n > 2, 


d ae 
Il=R f (2) 


by Problem 21 in Section 3.2. Therefore, 


6. Use Cauchy Integral Theorem or Residue Theorem to show that 


1 dz 
2 
27 [ a sinz at r= n2 


and sags that 


5= ES Sig ap ae 
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Solution. The function f(z) = 1/(z*sinz) has singularities at z= nz for n € Z. So 


1 
ailx = -¥ Res 
2ni Icy 2 sinz Zann 2? sin z 


by Residue Theorem. 
At z=nz for a nonzero integer n, 


| #0 and (sinz)'| <0. 


nt nn 


Therefore, 1 /(z”sinz) has a pole of order 1 at nz for n 4 0. It follows that 


Res 1 1 
es = 
z=nn 27 sinz —_22(sinz)! 


| (She 


~ pq2cos(nm) 27 


Zn 


forn #0. 
At z=0, 2’sinz has a zero multiplicity 3 and hence 1 /(zsinz) has a pole of order 
3. Suppose that the Laurent series of f(z) at z= 0 is given by 


a_3 eas a_ 
a ze Pe ae be Anz. 
n>0 


Then 


Q.. a_3 eae a_ 
Zz = ZB + oF + YE anc! 


n>0 
= (1-5 4+ Dane" a_3ta_pztaiz t+ YP anz" =], 
n>3 n>3 
Comparing the coefficients of 1, z and z” on both sides, we have 

a_3= 1 
a2= 0 
a_3 

sia ae ee 


Solving the equation, we obtain a_; = 1/6, a_2 = 0 and a_3 = 1. So 


1 1 


Res =—— : 
z=0 77sinz 6 


Therefore, 


1 dz “ 1 
—= Sa y Res =— 
2RiJCy 2° SinZ =, “Wy Z= NM Z° SINZ 
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We observe that 


coe) ae Coote 


n2 72 7 (—n)222 


and hence we obtain 
1 dz L gee (1) 
= 2 ; 
2Ni [. zsinz 6 * L 272 


By Problem 14 in section 3.2, we have 


ety dz 
lim SS re = 
Noo 271 JCy 2“ SiNZ 


Consequently, 
1 oS (—1)” 
—+2 =0 
aT py nn 

That is, 
2 oo n co n+l 
To (aDE Wye!) 
a XL n2 ae n2 

| 
4.3.1 Improper integrals 
: 7 COSX 
1. Compute the integral . Peony | x 


Solution. since e* = cosx+isinx, 


°- cosx = ee 
a ek i _ © gy 
aa * e( oo xt +x7 +41 *) 


Actually, we have 


[ CcOSx a a e* he 
ee es ee ee ee | 


in this case since sinx/(x*+x7 + 1) is odd. 

Consider the contour integral of e”/(z4 +z? + 1) along the path Lr = [—R, R] and 
Cr = {|z| = R,Im(z) > 0}, oriented counterclockwise. By CIT or residue theorem, 
we have 


bntteilosded 
dz dz 
IpOt2+l CeO +241 
n 1z 
=2zi ) Res ——.—_ 
PUSS we aa 
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where z1,Z2,.-.,Zn are the singularities of e!*/(z+ +z? +1) inside the region {|z| < 
R,Im(z) > O}. 

We find the singularities of e/(z* +z? + 1) by solving z4 +z? + 1 = 0: we observe 
that (z2 — 1)(z4+2*+1) = 2°—1. So the function has four singularities te”!/> and 
+e?%'/3 Two of them e”/> and e?”/? lie above the real axis. Therefore, 


1Z e% 
——.——-dz +f aoa 
ces ete el 
ek 1Z 
=2mi| Res =—;—~+ Res =— ; 
( Res, S++] east e+l ) 


Since all zeros of z+ -+z*+ 1 have multiplicity one, all poles of 


ee /(A4+274+1) 
have order one. Therefore, 
nes _ exp((—V3 +i)/2) 
—eri/3 A+ 2241 (A+ 22+ 1)! zeeti/3 J/3i—-3 
and 
nes _ exp((—V3—i)/2) 
zaeni(3 A +727 +1 (+22+1)! z—e2mi/3 V3i+3 , 
Hence 


i e d +f a d = ( v3eos (5) + 3sin(5) 
———adz = = —|}. 
Ip t2t+l CeO +22+1 3 2 ) 


For z lying on Cr, y = Im(z) > 0 and hence |e”“| = e~Y < 1. Hence 


< 
Che) ea kat 


ez | 1 


and it follows that 


e% mR 
ee sny, [7 | ae 
bac | — R4—R2-1 


Since 
TR 
im ———.——- = 
Rome R4+—R2-1 0, 
we conclude that 
Iz 
lim | ——.——dz=0. 


R00 J Ce 24+ 27+ 1 
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Therefore, 


[ COSx d [ el d 
——.——-dx = ——.——_dx 
oo xt +x241 oo x4 +x241 


e% 
=lim | =—5—dz 
Roo Jip Zt +1 


1 1 
= - (V3c0s (5) +3sin (5)) : 
2. Compute the integral 
ne sinx 
> x. 
, 42x42” 


Solution. since e* = cosx+isinx, 


os sinx = et 
dx =1 | 
Ee orcs a( [aa *) 


Consider the contour integral of e” /(z? + 2z” + 2) along the path Lz = [—R, R] and 
Cr = {|z| = R, Im(z) => 0}, oriented counterclockwise. 

Since e”/(z? + 2z+2) has two isolated singularities at —1 +i with —1 +i lying 
inside the curve Le UCr, we have 


e% d e% F 
>> ct f +, dz 
Deer es Cr 27 +2274+2 
IZ 
=2nmi Res ————— 
z=—14iz7+2z4+2 
1Z 


= 270i 


ese 2) |e anes 
2niexp(—i-1 

_ Host i )_ * (cos(1) — isin(1)) 
; e 


by Cauchy Integral Theorem or residue theorem. 
For z lying on Cr, y = Im(z) > 0 and hence |e””| = e~Y < 1. Hence 


iZ 


e it 
< 
FETS < RRS 


and it follows that 


Z TR 
— R2—2R?2—2 


Be 
eer 
Since 

mR 


ee 
jim Roop? 2 9 
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we conclude that 


: et 


] ~——,—~ dz = 0. 
Re Jcy +2242" 


Therefore, 


Pe sinx a el 
dx =] | 
(Be rores, : a cesres: *) 


ev 
=I hi soe dd 
e (ym ele :) 


1 
= —-—sin(1). 
7; sin(1) 
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